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Abstract

We study the family of quadratic maps f,(x) = 1 — az® on the interval

[-1,1] with 0 < @ < 2. When small holes are introduced into the system,
we prove the existence of an absolutely continuous conditionally invariant
measure using the method of Markov extensions. The measure has a den-
sity which is bounded away from zero and is analogous to the density for the
corresponding closed system. These results establish the exponential escape
rate of Lebesgue measure from the system, despite the contraction in a neigh-
borhood of the critical point of the map. We also prove convergence of the
conditionally invariant measure to the SRB measure for f, as the size of the
hole goes to zero.

1 Introduction

Consider a particle on a billiard table with convex boundaries so that the dynamics
of the particle are hyperbolic, i.e. the trajectories are unstable with respect to initial
conditions. Suppose a small hole is made in the table. What are the statistical
properties of the trajectories in this system? If p,, is the probability that a trajectory
remains on the table until time n, what is the decay rate of p,? More generally,
we can place a particle randomly on the table according to an initial distribution
to. If p, represents its normalized distribution at time n (assuming the particle
has not escaped by time n), does u, converge to some p independent of pg? Such
a measure 4 is a conditionally invariant measure for the open billiard system.

Considering the billiard table with a small hole as a perturbation of the billiard
table with no holes, we can pose a related question in terms of the stability of
the closed system: does the conditionally invariant measure of the open system
converge to the invariant measure of the closed system as the size of the hole tends
to zero?

The billiard table with a hole as a model for an open chaotic dynamical system
was proposed by Pianigiani and Yorke ([PY]). Although these questions remain
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open, dynamical systems with holes have been studied in some detail. Mathe-
matical results so far have focused on open systems which are uniformly hyper-
bolic. Pianigiani and Yorke [PY] and later Collet, Martinez and Schmitt ([CMS1],
[CMS2]) studied expanding maps which admit a finite Markov partition after the
introduction of holes. These results were generalized to Smooth smale horseshoes
([C1], [C2]) and a class of scattering billiards with a non-eclipsing condition ([LM],
[R]). Recently, Chernov and Markarian ([CM2], [CM1]) studied Anosov diffeomor-
phisms with holes which were elements of a finite Markov partition. In [CMT1]
and [CMT2], the Markov restriction on the holes was relaxed, but the results still
used strongly the Markov partitions associated with Anosov diffeomorphisms.

In low-dimensional settings, efforts to drop the Markov requirements on both
the map and the holes have had some success for expanding maps of the interval. A
spectral analysis of the transfer operator was performed in [BK] and the stability of
the spectrum was established in [KL] for perturbations of expanding maps including
small holes. More constructive techniques using bounded variation and contraction
mapping arguments have been used in [BCh] and [LiM] to prove the existence and
properties of conditionally invariant measures. Markov extensions were used in [D]
to drop some of the earlier technical requirements and limit only the size of the
holes.

This brief survey highlights the classes of systems with holes which have been
studied to date: expanding maps in one dimension; and in higher dimensions,
systems which admit finite Markov partitions. These systems are all uniformly
hyperbolic.

In this paper, we seek to understand the escape dynamics of a class of open
systems which are not uniformly hyperbolic, but which do exhibit exponential re-
currence times. To do this, we construct Markov extensions for certain parameter
values of the logistic family after the introduction of holes. We then use the results
obtained in [D] for abstract tower maps with holes to determine the existence and
properties of a conditionally invariant measure.

In this use of Markov extensions, we follow the approach of Young in [Y2], in
which Markov extensions were used to study a variety of closed systems including
Axiom A diffeomorphisms, piecewise hyperbolic maps, Hénon maps, logistic maps,
and a class of scattering billiards (see also [Y3], [BY]). Chernov ([Chl], [Ch2],
[Ch3]) has also used this technique to study the statistical properties of other chaotic
systems. By extending the use of Markov extensions to open systems, we hope to
be able to study more general classes of systems with holes and in particular those
which satisfy neither uniform hyperbolicity nor Markov requirements.

The outline of the paper is as follows. In Section 2 we introduce the class
of logistic maps which we shall study in this paper and state our main results.
Section 3 reviews the setting and main results for tower maps in [D] which we will
use. In Section 4 we construct Markov extensions for our class of logistic maps with
holes and in Section 5, we use the results of Section 3 to determine the existence
and properties of a conditionally invariant measure.

1.1 Conditionally Invariant Measures

The problem of the billiard table with a hole can be rephrased for maps of the
interval as follows.



Let T be a map of an interval I to itself. We take the hole H to be a finite
union of open intervals and keep track of the iterates of a point until it reaches the
hole. Once a point enters H, it is not allowed to return.

Let I = I\H and let T = T|(INT~'I). A probability measure x on I is said
to be conditionally invariant if

for every Borel subset A of I. The measure 1 is called an absolutely continuous con-
ditionally invariant measure (abbreviated a.c.c.i.m.) if it is absolutely continuous
with respect to Lebesgue measure.

The quantity A = u(T11) is called the eigenvalue of the measure and — log A
represents the exponential rate at which mass escapes from the system. From the
point of view of physical observables, we are interested in conditionally invariant
measures whose escape rate indicates the rate at which (normalized) Lebesgue
measure escapes from the system. For this reason, we will restrict our attention
to the existence and properties of absolutely continuous conditionally invariant
measures in this paper.

2 Setting and Statement of Results

We begin by defining the class of logistic maps that we shall study in this paper.

2.1 A Class of Logistic Maps

One class of logistic maps which has been studied in some detail are those satisfying
the Misiurewicz condition: namely, that there are no attracting or semi-attracting
periodic orbits. In this paper, we study parameter values of a for which f, satisfies
a slightly more generalized set of conditions. This approach follows that of Wang
and Young in [WY2]. We define the class of maps M as follows.

Definition 2.1 The logistic map f = f, is in M if there exists a 6o > 0 such that:
(a) The critical orbit is bounded away from 0: dist(f™(0),0) > 2d¢ for all n > 0;

(b) Dynamics outside of (—dg,d¢): There exist A\g > 0, My € Z* and 0 < ¢g < 1
such that

(i) foAr all n > My, if x, f(z),..., " Yz) ¢ (=b0,00), then |(f*)(x)| >
e on;

(ii) for anyn, ifx, f(x),..., " (x) ¢ (=0, d0) and f*(x) € (=69, do), then
(™) ()] = coetom;

(¢) Recovery time for @ € (—dp,d0): For all x € (=dy,d0), there exists so(x) ~
log ﬁ such that fi(x) ¢ (=80, 00) for all j < so and |(f%0)(z)| > c5tesros.



Lemma 2.5 of [WY1] implies that maps satisfying the Misiurewicz condition
belong to M. In viewing this class of maps, we divide the phase space into two
parts: (—do,dp) and its complement. Part (b) of the definition says that f is
essentially expanding outside of (—dg, dg) while part (c) ensures that when orbits
come close to the critical point, they subsequently spend enough time away from
(=d0,90) for their derivatives to recover some exponential growth.

Although our method of proof will work for any map satisfying the above def-
inition, for definiteness, we take a near 2 in the proofs contained in Section 4. In
this parameter range, we think of \g as log1.9.

2.2 Introduction of the Hole

A hole H in [-1,1] is a finite union of open intervals H;, j = 1,... L. We wish
to study the dynamics of f, € M on [—1,1]\H and in particular to establish an
exponential rate of escape from [—1,1]. To this end, we define I = [-1,1], I = I\ H.
We fix a, let T = f, and set I" = (\}_,T~'I. Let T = T|I".

Our first assumption on the hole involves its location in [—1,1].

(A1) The critical orbit is bounded away from H.

We define r to be the smaller of this distance and dg.
Our second condition on H is that the positions of its components are generic
with respect to one another.

(A2) For a fixed mo € Z*, Jeg > 0 such that for any interval w C I, if

|Tw| < eo for 0 < i < my, then there is at most one i and one j
such that T%w N H; # 0.

We are free to choose mg and generally mg will depend on A\g. For a near 2, we
mentioned earlier that A\g = log 1.9 and in this case my = 10 is large enough.

Practically, condition (A2) may be difficult to check. However, if we let N, (A)
be the deleted eg-neighborhood of a set A, then (A2) is implied by the simpler
condition N, (T°H) N N.,(T7H) = () for every pair i # j, 0 < i,j < my.

The third assumption is on the size of the hole. We use m interchangeably
as Lebesgue measure on both the tower and on the interval [—1,1]. Let 6 be the
exponential rate of return given by Proposition 4.2, € be the length scale of the
reference intervals A9, and D be the constant in Lemma 4.4. Our assumption on
the measure of the hole is the following.

(1-0)> &2

A3 H<—m— —.

(a3)  m(m) < S0 =

As we will see in Section 4, e ~ 62 and D ~ % so the restriction on the size of the
hole is ~ §° where § < §y defines a neighborhood of the critical point which we
shall use to keep track of intervals that pass near the critical point and subsequently
need time for their derivatives to recover. (A3) in turn implies the following upper
bound

homo _
m(H) < €es 2
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S 9 et D) cod (1)



which we shall use to ensure that a part of every piece of length ¢ is returned to the
base of the tower. (A3) itself is used to ensure that the tower we construct satisfies
condition (H2) of Section 3 on the measure of the holes in the tower. Equation (1)
is implied by (A3) for small § since it only requires that m(H) ~ 6.

These three conditions will allow us to construct a Markov extension for 7" with
an exponential rate of return. In order to prove that the conditionally invariant
measure obtained in Section 5.3 is bounded away from zero, we need a transitivity
condition. We shall use the following fact about maps in the class M:

I ng = no(eo) such that for every interval J C I with |J| > %, TmJ 2 [1—a,l].

For each component of the hole Hj, 71 (TH ;) is comprised of two intervals: H;
and its symmetric counterpart which we shall call G;. The transitivity condition we

need on the holes is stated in terms of the integer ng and the collection of intervals
Hj; and Gj.

(A4)  (a) T'H; NGj =0 for all jke[1,...L],0<i<ng.
b) T°H; N H, =0 for all j,ke[l,...L],1<i<ny.
J

Taking i = 0, we see that (A4)(a) implies {T1(x)} # 0 for every z € [1 —a, 1], i.e.
the hole is not allowed to eliminate both preimages of any point. Given the small
size of the holes, assumption (A4) can be interpreted as requiring that the holes be
in generic position with respect to one another.

2.3 Statement of Results

Theorem 2.2 Given a logistic map T € M and a hole H in [—1,1] satisfying
conditions (A1)-(A3), the open system (T,I) has a Markov extension (F,A) with
an exponential rate of return.

Projecting the a.c.c.i.m. for (F, A) onto I yields the second theorem.

Theorem 2.3 Under the conditions of Theorem 2.2, T admits an absolutely con-
tinuous conditionally invariant measure on I. The density ¢ can be written as

= p1+p2

o k
3

(1.9)~

k=1 \/z — T*(0)

(A4) is satisfied, then 1 is bounded away from zero on [1 —a, 1]\ H.

where py is of bounded variation and ps(x) < const. . If in addition

We obtain convergence of these measures as the size of the hole goes to zero.

Theorem 2.4 Let T and H satisfy (A1)-(A4). Define H, = H and let {H,} for
s € [0,t] be a sequence of holes with the following properties:

(1) mHs <s, H; C H; and each component of H; contains at most one compo-
nent of Hs;

(2) either 0,0,—9 ¢ H; or0,6,—0 € Hy for all s € [0,¢].



Let ps be the a.c.c.i.m. corresponding to H, obtained from Theorem 2.3. As s
goes to zero, the sequence i converges weakly to the unique absolutely continuous
invariant measure for T with no holes.

The conditions on the sequence of holes ensure that the intervals of monotonicity of
the map T' do not decrease in length. This allows us to choose the same constants
in our construction for each s and so gain uniform estimates.

2.4 Some Properties of Maps in the Class M

Before beginning our construction of the Markov extension of a logistic map 7T', we
review some properties of maps in the class M defined in Section 2.1.

The following lemma is proven in [WY2]. We present the proof here for com-
pleteness.

Lemma 2.5 For T € M, there exists ¢y > 0 such that the following hold for all
0 < dy:

(a) if 2, T(x),...,T" () ¢ (=5,0), then |(T™) (z)| > chdes ",
() if z,T(x),..., T" Yz) ¢ (=6,8) and T"(x) € (—b0,00), then |(T™)(x)| >

Coeg)\on
Proof. Let x satisfy T%(x) ¢ (—6,0) for i = 1, .n—1. Suppose T"(x) enters (—do, )
at times %1, ...ts before time n. Let tg = 0 and ts41 =n We set k; =t;41 —t; and
estimate the derivative on each time interval [t;,t;41]. There are four cases to
consider:

Case 1. TU(z), T 7+1( ) € (=80,80). Then |(T*) (Ttiz)| > e3 % using
Definition 2.1(b)(ii) and (c).

Case 2. T (z) ¢ (=00,00), T+ (x) € (—00,00). Then |(T*i) (Tt )| > coeroks
using Definition 2.1(b)(ii).

Case 3. T (x), Tt (x) ¢ (=00,00). If kj > My, then |(T*) (thx)| >
ek by definition 2.1(b)(i). Otherwise, |(T%)(T%z)| > cje3 ok with ¢ =
5(J)V10*167%A0(M0*1).

Case 4. T (x) € (—80,00), T+ () ¢ (—00,0). This is the same as Case 3
with an additional factor > 4.

Stringing these cases together, we obtain (b) using cases 1 and 2 and (a) with
/ /!
Co = Cp - Cp- u

It may seem at first glance that the introduction of a new § < &g is redundant
since there are analogous properties associated with each. The key difference, how-
ever, is that dg and the constants associated with it depend only on the map T,
whereas we are free to choose 6. We shall choose  depending on several factors
involved in the construction of the tower as well as the placement of the hole.

We now explore a second property of maps in the class M. This property
concerns a period of recovery for (17)(x) for orbits which pass through a 6-
neighborhood of the critical point. Let § = e~%0 and define a partition of (—4,0)



into intervals Ij, = (e*("?“),e’k), k> ko, and I, = —I_j, for k < —kg. ko will be
chosen large enough so that the series in the proof of Proposition 4.1 converge.
For z € I, define p(z) = max{n € Z : |[T9x — 170| < j%,for all j < n}. Let
= inf p(y).
px) = inf p(y)
The number p(z) is called the bound period of = by Benedicks and Carleson in [BC].
We call an interval w C I}, bound from time 1 until time p — 1 and free from time p
until w enters (—4, ) again. Then another bound period begins. Since p is constant
on each I}, we sometimes refer to p as p(k). For a near 2, the following properties
of p are proved in [BC] and outlined succinctly in [Y1].

(P1) The function p : (—6,8) — Z* is constant on each I and increasing with
|k|. In addition, for x € I,
(a) 5lk| < p(z) < 4]k];
(b) |(T9) (z)| = const|(T7)(T0)| > const(1.9)7, for all j < p(x);
(c) |(T7)(2)] > k.

The central distortion estimate which yields (P1) is given at the beginning of
Section 4.5.

We choose § small enough so that Iy, is free by the time it leaves an 3-
neighborhood of the critical orbit. This in turn implies that any interval w C I,
must be free at time n if 7"w intersects H. But we may conclude more than this.
In fact, assumption (A1) together with Lemma 4.5 ensures that each I, must grow
to a fized size before intersecting the hole. We call this fixed length &’.

We define time ¢(k) for k > ko by

a(k) = max{n € Z: [79((0,e™"))| < =, ¥j < n}.

N3

q(k) is defined analogously for k¥ < —kg. Using Lemma 4.5, we shall prove in
Section 4.5 that each I must grow to length ¢’ by time ¢(k). We also use ¢g(k) to
define our construction of the stopping time S and partition Z of Proposition 4.1.
Note that ¢(k) > p(k).

2.5 Markov Extensions

We describe the main ideas of the construction of a Markov extension for maps of
the interval following [Y3]. We carry out this construction in detail in Section 4.

Given a subinterval A and a map T, we consider the forward images of A under
the action of T. When a connected component of T™A covers A, we declare that
w, the subinterval of A satisfying T"w = A to have returned and stop iterating
it. We continue to iterate the remaining components of T™A until they return
to completely cover A. In this way, we generate a countable partition {A;} of
subintervals of A and a stopping time R : A — N, constant on elements of the
partition and satisfying T%(A;) = A. Then {A;} is a countable Markov partition
for the map TF.

In this situation, we define a Markov extension of T : |J,,~o T"A O as a dynam-
ical system F': A O for which there exists a projection 7 : A — |J,,~oT"A such
that ro F =T om.



We also call F': A O the tower model or simply the tower associated with 7'
The reason for this is the following pictorial model for the Markov extension. Let
Ag = A and define

A ={(z,n) € Ag x N: R(z) > n}.

The tower map is given by

F{F(%n):(x,nﬂ) if n+1< R(z)
F(z,n) = (T%(z),0) ifn+1=R(z)

The Ith level of the tower is Al,=; and the action of the tower map F is to map
a point up the levels of the tower until time R at which time the point is returned
to the base Ag. Note that all of the returns to the base are Markov because of the
nature of the returns of A; to A.

The flexibility of the Markov extension stems from the fact that the dynamical
system in question need not be uniformly hyperbolic. What matters is the average
behavior of the map T between returns to A. This is what allows the method to be
applied to Hénon maps and the logistic family. There are three basic steps which
are required for this method to work.

(1) given a dynamical system T : M O, we construct a Markov extension F' : A O;

(2) we prove results about (F, A) using its simpler properties: namely, controlled
hyperbolicity and a countable Markov structure with a certain decay rate in
the measure of the elements of the partition;

(3) we pass these results back to the original system (T, M).

Step (1) is completed by the construction contained in Section 4. This is the most
technical part of the paper. Step (2) is proved in [D] and those results are recalled
in Section 3. Step (3) is completed in Section 5.

3 Tower Maps with Holes

The results of [D] for tower maps with holes apply in a more general setting than
the present paper. Logistic maps are C? and the tower which we construct will
have no holes in its base. Here we recall only those results relevant to our case.
This simplifies the assumptions on the tower somewhat. We do, however, retain
the definition of the function space X in which the conditionally invariant density
lies since we will use this to establish the properties of the conditionally invariant
density for the logistic map in Section 5.

3.1 Tower with Multiple Bases

The towers studied in [D] are towers with multiple bases Aff), which are intervals of

unit length whose interiors are pairwise disjoint. The base Ay = Ufil Aéi) is also
an interval. We let m denote one-dimensional Lebesgue measure on the tower and

let Z be a countable partition of Ay whose elements are subintervals of the Agi).



Given a return time function R : AO — Z* which is constant on each element of
Z, a tower (A, F,m) is built over Ag with

A:={(z,n) € Ag x N|n < R(2)}.

As before, we call the I*" level of the tower A= A|n:l and Al(z) is the part of A
directly over A, We let A =2 Al

The action of F': A — A'is F(z,1) = (z,1+1) if (41 < R(z) and FE®)(Z(z)) =
Aéz) for some 1 < i < N where FR(Z)|Z(Z) is continuous and one-to-one and Z(z)
is the element of Z containing z.

The first assumption made on the tower is that the measure of the levels of
the tower decays exponentialy. This is crucial to the existence of an a.c.c.i.m. with
good properties.

H1 There exist A > 0 and 0 < 6 < 1 such that m(A;) < A0" for | > 0.
(

We leave assumptions about the regularity of F until after we have introduced
the holes.

3.2 Introduction of Holes and Regularity of F

A hole H in A is a union of open intervals ﬁl(’? such that (J; ﬁl(’é.) =: ﬁl(i) C Al(l)
with finitely many H. l(ij) per level . We set H; = Ufil H l(i). We require that each
H l(ij) = F! (w) where w is the union of elements of Z, thus preserving the Markov
structure of the returns to Ag. If Fl(w) = fll(’?, then the intervals on all levels
of the tower directly above H l(? are deleted since once F maps a point into H, it
disappears forever. w does not return to A,. ‘

Let A = A\H and A; = A)\ H with analogous definitions for A®) and A", We
assume the existence of a countable Markov partition {AZ(ZJ)} with (J; Al(lj) =AY
for each ¢ and [. Each Al(i]). is an interval comprised of countably many elements of
the form F'(w), w € Z, and F‘A(i) is one-to-one.

1.

In applications, {Al(lj)} is dynamically defined during the construction of the
tower and its elements are the maximal intervals which project onto the iterated
pieces of the reference set A at time [. For this reason, it is useful to keep track of
the elements Al(l; rather than the elements of F'(Z).

We denote by Al(lj)* those AZ(Z]) whose image returns to the base, i.e. such that
F(Al(’j)) = ﬁikl Aék) for some 1 < ky < ko < N, and set A* = Al(’;*

Since T' is C2, the map F has the following properties with respect to the

o (i)y.
partition {A;/}:
Properties (P2)

(a) F is C? on each Al(ij)



(b) There exist v > 1 and # > 0 such that on Al(lj)*, \13"| > ~vefl. Elsewhere,
|F'] =1.

(¢) Bounded Distortion. There exists C' > 0 such that for any z,y € Agf) and
'y € Al(?* such that F(z') = z and F(y') = y we have

Py <yl (@)
y')

Controlling the distortion for logistic maps requires a countable partition in a neigh-
borhood of the critical point. Such a partition has been introduced in Section 2.4
and equation 2 is a consequence of the distortion lemmas of Section 4.5.

Let F = F|(A\F~'H). We say F is transitive on components if for all pairs
1,7, 1 <1i,7 < N, there exists an m such that FmAéi) B} Aéj). Note that if N =1,
then transitivity on components is automatic as long as the hole allows at least one
return to the base.

3.3 Definition of a Convex Functional

The Perron-Frobenius operator associated with F acts on L*(A) by

yeF 1z

We define Py f = Pf/|Pf|r: and seek a fixed point for the operator P;. A fixed
point for P; is a conditionally invariant density for F'.
Choose ¢ > 0 small enough that e=¢ > max{f,e #}. Given f € L'(A), let

fl(ij) = fl - Let |f|oo denote the L> norm of f and define
, @

”fl(,ZJ)Hoo = |fl(fj)|oo€7§l,

i f(@)| _g
1), = sup e e
W e (@
f(x)#0

Then define
[ £1I = masc{[| fl[o, [l F]l+}

where [|flleo = supy . (1517 lleo and 1ll; = supy; 1)1 Let X = {f - A —
C | ||fll < oco}. Although |||, is not a norm, it does satisfy a convex-like inequality
on a subset Xj; of X defined by

XM={feX|||f|\§M,fzo,/Afdm=1}.

It is proved in [D] that Xj/ is a convex, compact subset of L*(A). We take M =
b

Toa where a¢ and b are defined below.
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3.4 Condition on the Holes and Main Result

We formulate a single condition involving the measure of the holes which guarantees
the existence of an a.c.c.i.m. in X.
Let ag := max{e~¢, %} and b:= 1+ C. The required condition on the holes is:

2
(H2) S N, < @
I>1

The main result we wish to recall from [D] is the following theorem. We will
apply this theorem in Section 5 after constructing the Markov extension.

Theorem 3.1 Given a tower with holes (A, F, m) with properties (P2) and under
assumptions (H1) and (H2), there exists a probability density ¢ in Xpr such that
Pro = . If in addition F is transitive on components, then ¢ is the unique

nontrivial conditionally invariant density in X and ¢ is bounded away from zero
on A.

Remark. Note that since ¢ € X, its eigenvalue A must satisfy A > e~¢. In fact,
in [D] it is proven that A > 1— M Y",o, ¢"YmH;. This estimate stems from the
lower bound on the renormalization constant for functions in the set Xj;.

4 Construction of the Tower

In this section we describe the construction of the Markov extension of T : I — I.
The construction entails finding the right length scale for the reference intervals A(®)
which will constitute the base of the tower and showing that the object we construct
has certain properties. These are summarized in Proposition 4.2 in Section 4.3 and
Proposition 4.3 in Section 4.4.

The construction of the tower involves a series of constants which we define
below. Some have been introduced already. The order of their selection is important
and follows that of the list.

o The constants g and Ny introduced in Definition 2.1. Throughout the proofs
of Section 4, for definiteness we consider A\ as log1.9.

o The minimum distance r between H and the critical orbit introduced by as-
sumption (A1).

o mg (depending on Ag) and o introduced in assumption (A2). If \g is taken
to be log 1.9, then my = 10 is large enough.

e ng (depending on €y) is the least i for which T'J D [1—a,1] for every interval
J of length at least 5. ng is used in assumption (A4) and later in Section 5.3
to prove a transitivity property for the map with holes.

o 0 = e ko which defines a §-neighborhood of the critical point and induces the
partition {1} x>k, defined in Section 2.4. § is chosen small enough to make
the series in the proof of Proposition 4.1 converge and also so that Iy, is free
by the time it leaves an g-neighborhood of the critical orbit.

11



o &', the fized length to which every I, must grow by time q(k) before intersecting
the hole, proven after Lemma 4.5.

e ¢, the length of the reference intervals A which constitute the base of the
tower. ¢ is chosen so that 4%¢ = min{e’, g, %} where C' is the nonlinearity

constant in the distortion estimate of Lemma 4.6. Since C' ~ 5%, this requires
€ ~ 62. ¢ is chosen to be small compared to ¢’ and g in order to control the
rate at which pieces are generated during the construction of the tower. The
requirement involving C ensures a minimum expansion at the return time.

We begin by defining a partition Q and a type of interval €2 which we shall use
in our construction.

Recall the partition of (-6, ) introduced earlier: {Ij}x>x,- To this partition
we join the partition of [—1,1] into the finitely many maximal intervals of I and
H. We call this new partition Q.

Let Q be an interval such that ¢ < || < 3. We require that Q C I and that
either Q C (—6,0)\{0} or Q@ C I\(-4,9).

We cover [1 —a, 1]\ H with intervals A, ... AY) each of which is of the type
Q described above, except that we restrict ¢ < |[A®)| < 2¢. The intervals A®) are
the reference intervals which will serve as the base of the tower.

4.1 Introduction of an Auxiliary Stopping Time

Let Q be an interval of the form described above. The principal properties of the
auxiliary stopping time and partition we shall construct on 2 are listed in the
following proposition.

Proposition 4.1 There exist a countable partition Z of ) and a stopping time S
satisfying

(a) S is constant on each element w € Z;
(b) TSw is defined and |TSw| > 43¢ or TS w is defined and T5w C H;
9) (x)
(T5) ()

(¢) There exits C ~ 3 such that forz,y € w, —1| < OIT%(z)-T*(y)|;

(@) [(T9) (z)| > 4%;
(e) m{z € Q:S(z) >n} < C'e 3 for some C' independent of §.
The proof of this proposition in Sections 4.1 and 4.2 follows closely the approach
of Benedicks and Young [BY] for Hénon maps without holes.
We construct Z and S as follows: we take components of Q|Q2 and place them
in the set Qp. Given Q,,_1 C Q, we proceed inductively. Let w € Q,_1. Let ¢t be

the last time w passed through (—4,d) and let k be such that T'w C Iy. If w has
not yet passed through (—9,d) by time n, set t = ¢(k) = 0.

If n > t + q(k), we look at T™w and do the following:

12



Case 1: T"w does not intersect the hole. If |T”w| > 48¢, then enter w as an
element of Z and declare the stopping time S(z) =n on w. Otherwise partition w
according to T‘”Q|w and put these pieces into ,,. If Tmw lies partly outside and
partly inside of (—6,6) then we append the piece lying outside to the piece of Tmw
lying in T4y, and do not introduce a cut there. Since € ~ §2, this added length is
negligible from time n to time n + g(ko).

Case 2: T"w intersects the hole. Set S(z) = n on the components of wNT~"H
and enter them as elements of Z. Take the remaining subintervals of w and follow
the procedure described in Case 1 for each. Note that there can be at most two
subintervals w, of w such that |T"w,| < 4% because of assumption (A2) and our
choosing 48¢ < &q.

If n < t+q(k), then Q|7™w will have only one component. We put w in €2,, and
continue to iterate it.

If n = t + q(k), then if |[T"w| < 43¢, we put w € Q,,. If |T"w| > 4%¢, we do one
of two things.

Case 1: w € ;1. Then w was not created by a cut at time t. We declare
S(z) =n on w and enter w as an element of Z.

Case 2 w ¢ Q1. Then w was created at time ¢ by a cut between I and
I +1. So there are two intervals w and 7 such that w U+ is one interval until time
t, Ttw C I, and Ttv C Ij41; but T"w and T’W are still adjacent. T™w will overlap
a large number of the A®. On the side of w adjacent to 7, we adjoin to + the part
of w which does not completely cover the last A® on that side under ™. Let us
call this interval w’. We declare S(z) = n on w\w’ and put the interval w’ U~ into
Q,, and continue to iterate it. We do this to control the number of pieces generated
by the process described later in Section 4.3. We will need this control in order to
obtain the bounds on the conditionally invariant density in Section 5.4. (Note that
if w had been created by a cut between I, and I_;, the process of adjoining a left
over piece on that side would already have occurred at time ¢ + g(k — 1).)

Tt is clear that Proposition 4.1 (a) and (b) will be satisfied by the construction
described above. Item (c) is proven by the distortion bounds of Lemma 4.6 and
item (d) will follow immediately from that. Item (e) is proved in Section 4.2.

We close this section by showing that every interval of length at least £ will grow
to length 4%¢ using the upper bound on the size of the hole given by equation (1).
For suppose € is an interval of length at least € and suppose that 2 intersects the
hole after its very first iterate. Then there will be at most two pieces of 2 whose
image did not fall into the hole. Choose the longer of the two pieces and call it
wy. Using Lemma 2.5(a), we observe that |w;| > 3 (s — %) If w; does not

cpdes

grow to length 4%¢ , it must wait at least another mg iterates before intersecting
H again. Say this happens at time ¢;. Once again, there are at least two pieces of
w; whose images do not intersect the hole under 7% . Call the longer of these wo
and note that |ws| > % (é (5 — —mi ) — mH > Repeating this process

1 1 )
c6663>‘0 c6663>‘0("m+1)
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k times and always following the larger half, we see that

k—1

I mH €
> = 2 Sh
|wk| = ok 220656%,\0(¢m0+1)2k—i - 2kl
i=

where we have used equation (1) in the last step. Following this process until time
n, and noting that n > myk, we have

n, 1 s Ltxon
[T wg| > cyoes e
which is exponentially increasing. This will continue until a part of 2 grows to
length 48¢. If along the way, 1wy, lands in (—4,d), then our estimates only improve
since the piece cannot intersect the hole again until the partition element it lies in

grows to size ¢/ > 48¢.

4.2 Estimating the Return Time Function S

In this section we prove that m{z € Q : S(z) > n} < C’e 21, which is part (e) of
Proposition 4.1.

In order to estimate the tail of the return time function S, we will use infor-
mation about the times when an interval passes through (—4,0). Recall that for
w € Q1 if T"w intersects (—0,9), then we introduce cuts in w according to the
partition T‘"Q|w and the pieces are entered as elements of €2,,. We keep track of
which interval I each piece passes through at time n.

If an interval w is a subset of I, at time ¢;, 1 < 4 < s, then we say w has
itinerary (r1,...,7s). Let p; = p(L,,). (p1,...,Ds) are the recovery times associated
with the itinerary (r1,...,7s). Recall that if 7w lies partly outside of (—4, ) then
we append the piece lying outside to the piece of Trw lying in Iy, and do not
introduce a cut there. This will not affect the recovery time p(+ko) of Iig,.

Notice that by construction, pieces that are created by an interval landing on
(=6,0) at any given time will have different itineraries; however, if an interval is
mapped across one of the holes H; and split into two pieces, then those two pieces
may be mapped into (-4, ) at different times and so generate separate pieces with
the same itinerary. We wish to obtain an upper bound on the number of pieces with
the same itinerary up to time n that can be created from a single interval which is
iterated according to the procedure described after the statement of Proposition 4.1.

Let w C I, and let S,, be the set of elements of 2, which have the same
itinerary (r1,...,7s) at time n. Now I, cannot intersect the hole (and generate
more pieces) for the first pg iterates. Then from time pg to time ¢, it can be cut at

most 1 + [tly;—opo} times, where [-] denotes the greatest integer function. This will

be true on each time interval [¢;,¢;+1]. Thus

t1 — ty — (¢
logy (#5,) < 1+{11m]+1+[2(1+Pﬂ}+”.
mo mo

ts_ ts— s— - tb+ s
+1+[ (o1 +p 1)]+1+{n ( p)]
mo mo
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n—3 oPpi
3+1+m71:025 lfnzts+ps
S t_zsflo_ (3)
§4 ——&=i=02 izopl, if n <tgs+ ps
mo
1 s—1
n—s> . _o|r
< sl 20T ’*OM, (4)
mo

where we have used Property (P1)(a) in the last step. Now we are ready to estimate
the tail of the return time function S.

We begin with an interval 2 which may or may not be a subset of (—4,0).
Suppose w € Q, has itinerary (ro,...,rs) at times tg,...ts with s > 1 and ¢ty = 0.
If w C I, let 79 = k; otherwise, let 7o = 0. Assume |k| < n/8. For z € w,

(1) ()] = |(T" ") (T )| 1:[ (Tt =ty (Th ).

We estimate |(T"+1 =) (T* 1)| using a method similar to the proof of Lemma 2.5.
Let sg = t;, Sg+1 = ti+1 and sq,...s, be the times when w returns to (—dg, do)
between times ¢; and t,11. On each interval [s;, s;41] (except possibly when ¢ = 0
and j = 0), we are in Case 1 of the proof of Lemma 2.5 so |(15+1 753/ (Tt +5i z)| >
esto(si+1=s;), Stringing these intervals together, we have

(Tt 0y (T = eolten =) (5)
for i > 0 and |(T%1)'(z)| > coe3 ™ This yields
(T ()] 2 [(T"") (T* )] - coes ot

If n > t, 4 ps, then |(T7 1) (Tt z)| > cjdes o(n—ta=pa)eps/5 ysing property
(P1)(c) and Lemma 2.5(a). Combining these estimates, we have

(") ()] = o - choes . (6)
Since |T"w| < 43¢, we can estimate

8
4% 1 7%/\()”

lw| < e

(7)

<
6 / l)\gn - C cl
cocpes 0Co

If n < ty+p, then we note that at time ¢, |(7%)(x)| > e3*ts. Since Tt*w C I, ,
we estimate

eIl L axo(tatdfra]) - Lmsl “1xgn,— sl
—e 30T e™ T8 < —eTE 0TS (8)

coesMts o T co
We define A(ry,...75) = {z € w: S(x) > n,
K =377, |ri|. For fixed s and K, we set A7 ;o =

has itinerary rq,...7s} and
A(ry,...7s) and estimate

=

#{s-tuples with > |r;| = K} < 2°

A/~
w X
I
-l

S~
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Note that since each |r;| > A :=log }, we have s < K/A. So

#{s-tuples with }_ |r;| = K} < 2° < [K( B } ) <25(1+0(6)X
K _

where (d) — 0 as § — 0. Now we estimate

n #s-tuples with # pieces with one piece with
m( va) < ( Slril =K "\ itinerary (r1,. .., rs) ‘m itinerary (r1 rs) : (9)

.....

Let € be those points in Q N I, with S(z) > n which have made at least one
return to (—¢,0).

K/A K/A
m() < m(Alg)+ > D m(Alk) (10)
Kggn s=1 K>%n s=1

For the first term, we use equation (4), the maximum of (7) and (8), and equation (9)
to observe that

n_ 1
m(A? ) < 25(1+o(0))% - 2°F12m0 7/6*%)\071. (1)
7 CoCy

The competing factors in this expression are e~3%m and 270 Taking Ao =log 1.9
( log2 )\70

and mgo > 10, we estimate their product by €™ ™o ~ 3 ) < e,

8|ro|

Since n > %K and n > 8|k| = 8|ro|, we may write n > % + % + 2ol Equa-
tion (11) becomes
n K 4s ]- 1y 1K 7i‘7‘ |
m( SK)§2(1+0—(5)) 4 7,(3 21" 7 21 e 21lTol (12)
’ coc)

s—1

To estimate the second term of equation (10), we note that t, — > " p; <

n— % Zf;é Iri| =n— % + ‘T;I . Applying this observation to equation (4) and using
equation (8) we estimate

n-K/2 |rs| 1 s
m(A" i) < 25(1 + 0(6))K 2512 T 23wy —e~Bholtatdinal) =1 (13)
. o
. . . . 1 n—K/2 .
The competing factors in this expression are e~ 320(ts4I7:) and 2770 . Using the
ol lrol
fact that n < %K and t, > %Zj:ol |r;|, these terms become e~3M% e~52 3 and

2650 . Then if mg > 10 we conclude

1 _
—e
co

K
1

m(AL ) < 2(1+a(5)" 4° Tematolrol, (14)

Substituting equations (12) and (14) into equation (10) and summing over s, we
get

1
m(Q) < Z 21+ 0(0))% 4atl —,eiiK e~ 2" gzl
Kg%n
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1

K _K _ 1
+ E 21+ 0(8))K 43+ Ze~ 115 0lm0l
Co
K>3n
< 0467%”’ 67%|T0‘+ Z C5ef%efé>‘olr0‘

K> %n
< cge e sl
if § is taken to be sufficiently small. Note that A > 50 is forced by these estimates.
Let Q" be the set of points in QN I} which have S(z) > n and which have never
returned to (—4, ). In this case, we have a simple estimate using Lemma 2.5(a) that
|(T™) ()] > ¢jde30™. Since we are assuming that |[k| < %> we have pg < 4[k| < &
so using equation (4), the estimate on the number of pieces which can be formed
up to time n, we have

1 o 1
mQ") < 27w . e"3lon < 72%67%&)% e~ 3Xolkl < Te*% —3Xolrol
) ) )

Now if  is not a subset of (-4, ), then 7o = 0 and we have shown that

l

|

1
m{zx € Q:S(z) >n} = m(Q)+m(Q") < (Ce + c’) e 2l
0
On the other hand, if Q C (—6,0), then

m{zx e Q:S(x)>n} < Z (06 + 1/) e~ FresMolkl | m(QN (—e ¥ ,e7 %))

C
k<2 0
1 n 1 n
< |+ e_ﬁg e sk 4%
Co
k>1
< C767%

which proves Proposition 4.1(e) with C' = max {07, ce + Ci,}
0

4.3 Assembling the Complete Tower

We now have the required tools to complete the construction of the tower. This
construction is achieved by applying Proposition 4.1 repeatedly to the reference
intervals A introduced at the beginning of Section 4. We fix j and proceed one
AU) at a time. Our construction will result in a partition and stopping time with
the following properties.

Proposition 4.2 There exists a countable partition n of AY) and a stopping time
R satisfying

(a) R is constant on each element w € n;

(b) Either TERw is defined and TRw = AD for some i, or T 'w is defined and
TRw C H;

17



(c) Forz,y € w, — 1| < C|1T (x) — TR(y)|;

(d) |(T7) ()] > 4°;
(e) m{z € AU : R(z) >n} < C"0" for some 6 <1 and C" independent of §.

Proof. Since AY) is an interval of the form  in Proposition 4.1, there exists a
partition Z; of AY) and a stopping time S; with the properties of that proposition.
For each w; € Z1, we do the following.

Case 1: TS'wy € H. We set R(z) = Sy (z) for 2 € wy and enter wy as an element
of the partition 7.

Case 2: |Tslw1| > 4%, In this case, 75w, must completely cover at least 47
of the A, plus at most one extra piece on each side. If the leftmost end piece has
length less than e, then we adjoin it to the leftmost A® that is covered by TSrwy;
otherwise we leave it. We do the same for the right end piece. For each of the A(*)
that has not been adjoined to the end pieces, we enter w; NT~51A(®) as an element
of n and declare R(z) = Si(x) on this interval.

For each w1 € Z; with |Tslw1| > 48¢, we are left with at most two pieces wli with
e < \Tslwﬂ < 3¢ on which R has not yet been declared. We apply Proposition 4.1
to obtain a partition and stopping time S on each interval Tslwl Define S; =
S1 4+ S oT5 on wi. This induces a partition Z, on AW\{z : R(z) = S)(x)}. For
each piece we € Z5 we apply Cases 1 and 2 described above and as before, are left
with two pieces Ts%u2 each with length between € and 3¢ such that R has not
yet been declared on w2 We use Proposition 4.1 to define S3 = Sy + S o 752 on
AN\{R = S;}U{R = S,}) and proceed inductively.

Continuing in this way, we generate a sequence of stopping times S; and par-
titions Z; of AU)\(U};:l{R = Si}) such that Sy is constant on w; € Z; for each
k <. It is clear that R and 7 as constructed above satisfy items (a) through (d)
by Proposition 4.1. We now derive the tail estimate (e).

Fix an w; € Z; and let ¢; denote the inverse of TS restricted to wi. Then part
(e) of Proposition 4.1 yields

miz € T%wF 1 Sip1(pix) — Si(psw) > n} < Cle™ 31,

Using the distortion bound of Lemma 4.6, this becomes,

+ / |wi| n /|wi| n
m{z € w; @ Sip1(w) = Si(z) > n} <eC' ———e 2 <eC'——e 2. (15)
TS w;| €
Since we return at least 1 — 4—8 of TSIHWi we conclude, again using distortion

bounds, that at least é of wl is returned at time S;41, i.e.

IWI

m{z € wF: R(z) = Sit1(z)} > (16)

18



We wish to estimate m{z € AY) : R(z) > n}. Let a > 0 be a small number to
be chosen later.

m{R(z) >n} = z m{Si—1 <n < S;}+ Z m{S;—1 <n < S;} (17)

i<[an] i>[an]

Using equation (16) and summing over pieces wii in AU, the second sum can be
estimated by

Z m{S;_1 <n<S; <R(x)} < Z (g)ll |AW)| = <§>[an] 3AD)]. (18)

i>[an] i>[an]

To estimate the first sum in equation (17), we define A4;(ly,...,l;—1) = {x €
A9 R(x)>n, Sy <n<S;and Sy —S,_1 =, k=1,...i — 1}. Bach term in
the first sum can be estimated by

m{R(z) >n;S;_1 <n<S;}= Z m(A;(ly, ..., li—1)). (19)
Uaseli—q)
Zk Ik<n

For a fixed (I1,...,li_1), let By, = {x € AY) : R(z) > S,,(x) and Sy — Sp_1 =
lg,k=1,...m}. We condition on the B,, to obtain

i—1
m(Ai(ll, ey li—l)) = m{R >n> Si_1|Bi_1} H m{Sm — Sm—l = lm|Bm_1}.
m=1
We estimate this product using equation (15).
AD| sy T2 JAD| g
) ) < /| Tk ke ' — k2
m(A;(ly,...,0l,-1)) < eC — e 21 H eC' — e
k=1
< (2eC')lezte 3 (20)

Now we estimate
#{(ll,...,lifl) : zk:lk < TL} < < ’L'fl > < (1—|—’r(a))”

where 7(or) — 0 as o« — 0. Using equations (18), (19) and (20), equation (17)
becomes

[on]
5 3 n 2 -
m{R(z) >n} < Z (1+7(a))*(2eC)'ezie™ 21 + <3) 3|A0)|
i<[an]
andfl n 2 [an] .
< (1 + T(a))n(QeC/)anJrleTe*i + <3> 3|A(J)|
S C/Ien
where 0 := (%)0‘ for the optimal o which makes (%)a =1+ T(a))(QeC”)O‘eaz;ll. |

19



4.4 Estimating the Amount that Falls in the Hole

For each AU, we estimate the amount of Lebesgue measure that can fall into the
hole H at a given time n. This estimate will resemble the estimates of Section 4.2
and 4.3. We prove the following proposition.

Proposition 4.3 There exists a D > 0 such that for any AV,
m{z € AY) : R(z) =n and T"z € H} < Dm(H)0".

The proof of this proposition will depend on the following lemma in much the
same way that the proof of Proposition 4.2 used Proposition 4.1.

Lemma 4.4 Let Q, Z and S be as in the statement of Proposition 4.1. There
exists a D' > 0 such that

m{xeQ:S(x)=nandT"z € HY < D'm(H)e 3.

Proof. Suppose w € Z and T5w Cc H with S =n. fw C Iy, we set rg = k and
po = p(ro); otherwise, set rg = pp = 0. Suppose w has itinerary (r1,...,7rs) at
times 1, ...ts and let (p1,...,Dps) be the associated recovery times. Note that since
Tnw C H, w must be free at time n so that n > ts 4+ ps. Using equation (6), we

obtain
mH

w| < em 5o, (21)

cocho

Since T"w is free, we have n > py + Yo p; > L(|ro| + X5, |ri]) and s < £
where K =Y 7_, |r;|. We estimate using equations (3) and (21).

o2n K/A
T # s-tuples w/ # pieces with measure
m{ZC < ITO Tz e H} < Z Z ( Sril =K ) ’ (same itine‘:ary ) ’ ( 1 piece )
K=0 s=0
K -1 3 mH _.

< s . S+1 m, - —*kon

< S Y w( (D)) e
K=0 s=0
2n p i

< D 2(1+0(6)faF T2 T gme — e hon
K=0 cocho
mH 2n+lgm5 —3Xon ,— 75 Ao|rol

S 8(1+U(6)) 9mg g~ 170N 137070

coch0
A 1
< cgm(H)e 2~ 13 0lmol

for ¢ small enough and mg = 10. But since ¢ has already been chosen small enough
to make a comparable series converge in Section 4.2, the same § will work here.
If Q C I\(—4,9), then 7o = 0 and the above estimate shows that

m{zeQ:S(x)=nand Tz € H} < %m(H)e‘ﬁn,

If Q C (—4,9), then summing across the Iy, we have

m{zreQ:S(x)=nandT"z e H} < csm(H)e 71" Z e~ 13Nk,
k=ko
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This proves the lemma with D’ := max {08, Cg"mfio}. Note that D’ ~ %. O
12

1—e

Proof of Proposition 4.3. Let F, = {x € AY) : R(z) = n and 7"z € H}. Each
x € F,, will have a number of auxiliary stopping times defined by the construction
described in Section 4.3. We define S.(z) to be the time when z starts its final
auxiliary stopping time before falling into the hole. Let F! = {z € F,, : S.(z) = i}.
Note that if 2 € F! then z € w¥ and T5®wF is an interval of the type Q in
Lemma 4.4. Thus

m{y € T%®wF : S(y) =k and TF(y) € H} < D’m(H)e*TkI.
Using the distortion bound of Lemma 4.6, we obtain

lwE| EsTHe
21

T5-@uF]°
Iil_

m{z ewt :T"(x) e H} < eD'mH——" "

IN

eD'mH e~ (22)

Using equation (22) and Proposition 4.2, we estimate the size of F,.

n—1 n—1
m(F,) = m(F}) = Y m{T" € H|S.(z) =i} - m{S.(x) = i}
:‘:’2 , :(i s o = 1
< 2 2eD'm(H)e” 2 - C"0* < 2eD'C m(H)G";m
= Dm(H)o"
Note again that D ~ %. O

4.5 Distortion Bounds

We begin this section by deriving the distortion bound on which (P1) is based.
The content of this estimate is essentially to show that the derivative (7)(Tz)
for x € (—4,0) is comparable to (T™)'(T0) for 0 < n < p(z) — 1 and so grows
exponentially. We estimate

(Tm—1)(T'z) gl j
IOgm < Z|10g|T )l log|T( il

1 i i

< %;T (2) — T7(0)|
11

< R

So we have . R
dy t(1.9)" < [(T)(Tx)| < do(1.9)" (23)
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for some dy > 1 for each 0 < n < p(x) — 1. We will use this estimate in Section 5.4
when determining an upper bound for the conditionally invariant density. The
remaining results in this section concern the time ¢(k) and the main distortion
bound for pieces which return at times S and R.

Assumption (A1) implies that for each k > ko the interval (0, e~*) must grow to
at least length r before intersecting H. Recall ¢(k) as defined in Section 2.4. The
following lemma allows us to conclude that each I must grow to a fixed length by
time q(k).

Lemma 4.5 There exists a ¢y > 0 independent of 6 such that for any k with k > kg

and any n with My < n < q(k),
(a) if v,y € (0,e7F), then

(b) if x,y € I, then

Proof. Write n — 1= 1My + j for some [ € Z*, 0 < j < Mg — 1. For z,y € I, we
estimate the derivatives using Definition 2.1(b)(i).

tog LV@) 1og~”c‘+l§f]1og|<TMo>'<T1“M°x>|—1og|<TM°>'<T1+iM°y>|\
T™)(y) LA s

+ ‘1og ‘(TMOJrj)’(T"*(MOJr]—)x” —log |(TMo+j)/(jmf(Mo+j)y)“

-2

< Jlog |4 X el 0 (214 ¥00) — 0y (7440
=0
i M (F M) (P (Mo
< logZ[+ 3 O it (z) — it )|
=0
OO =i (@) - o )
: ‘bgg - (ZA)AA; glf"m)—T"(y>|e—*°<”—“M°+f>
2O 70— B4
<

exoMo

. . 2q) Mo 2 )
log;”\ () — T ()| B 3 o
1=2

(204)21\40_1

T (x) - Tn(y)|m (24)
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IN

o [(2a) X o, (2a)2Mo!
L+ 9 ( eNoMo ;6 T+ 020 (2Mo—1)
=: (1

This proves (b) directly and (a) follows simply by omitting the first term of the
sum. u

Lemma 4.5(a) says that for any k > ko, the relative scale of the partition
{T(I;)}j>k of T((0,e~*)) is maintained until time (k). The same is also true for
T((—e™*,0)). Since the ratio of |7((0,e~%))| to |T((0,e *~1))| is €2, the ratio of
1T((0,e7%))| to |T9((0,e=*~1))| is about € as well. And |T9((0,e*))| > & implies
that |7(I)| is uniformly bounded below. This minimum length is the quantity &’
introduced in Section 2.4.

Lemma 4.5(b) yields a distortion bound for z,y € I) at time g(k).

['q _ T4 [
T9() = )] o [T ey &
e | |
This implies that
c Ii| 7
ool < e ¥l 7y~ dogy))

Now we substitute the above estimate into equation (24) to obtain

(T) (x) 2=yl e e [(COM N o, (20)*M07!
lOg (Tq)/(y) < e—k—l + ‘T z—T y| 6/\0M0 ;6 + 62)\0(2M0—1)
R R ) (Qa)M" & ) (2a)2M"_1
qp 9 c1 = —XoMoi ey
< T =Ty (e Tt oo Z;e Yt @
=

= | Tz — T

From this we conclude that for z,y € I,

(@)@

T () < o T () = T(y)|- (25)

Equation (25) allows us to prove our main distortion lemma for an interval w
which is returned at time n.

Lemma 4.6 (Distortion Bounds.) If an interval w C I is such that Tw lies in
one element of Q for each i € [0,n] and S(w) = n, then there exists a constant
C > 0 such that

Tn " o R
U ) < epin(a) - ().

(1) (y)
Proof. Let ty =0, ts41 = n and {1,...1s be the times that w visits (—0,0) before
time n. Tw C I, so we set ¢; = q(k;). Since S(w) = n, we know that n > t;+qs so

-1
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for each i we can write t;11 = t; +¢; +{; for some l; € N. Then using equation (25),
we estimate

_
<)
0
—
>
3
8
|
—
S}
0
Jamp
> >
2
N
—~
>
&
S

( (1™
(T)'( (T
5 Pqi\/ (Pt Pl (Tti+ai
= Zlogaj )(jj x)—l—log(jjl)(jj )
iz (T9)(Thy) (Th)(Tti+aiy)
s li—
T/(Tt +qujx)
t; +q1 ti+q; -
< ZCQ\T — Tt +aiy| 4 log H T (Feratip) (26)

We estimate the second term by

I;i—1

L1 ooy ,
i T!(Ttit+aitig
( ) D g (79|~ log /(74|

o T(Ttitaitiy)

IN

log
j:

e %
|
—_ o

M ‘

2a5‘T/(Tt itqitJ ) T/(Tti+Qi+jy)|

<
I
- O

|
I
Sl

‘Tti+Qi+j(x) _ Ttitaits (y)|

i K li—l

(Tn)/($> Co 1.1, 11 —1x (li—j St Nt
log ———~2 < —= g7 30k 4 Z = e sl D Tt ) — T+
STy S 2\ % 2 5o (T4 (@) = T2 ()
< i Cgi + li ie—%)\(ﬂ |th+1( ) th+1( )|
T = cpd el =

= c3 Z [T () = T+ (y)| (27)

We estimate |7 (x) — T% (y)| using equation (5). Since |(Tt#+1—4)/ (Ttz)| >
esMo(ti+1=t) we have

[T () =T )| < e Pt e () - oo (g)] < o= P01 [0 (1)~ ()]
We substitute this back into equation (27) to conclude the proof.

( n)/(x) - —iXo(n—tiy1)|Fm rn
log ~————= c e s FNT™(x) =T
g o < 3;0 7" (x) (¥)]

03|Tn E e—Gx\okol
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O

Note that the constant C' ~ 7. Also, this Lemma proves item (c) of Proposition 4.1.

Ttem (d) of Proposition 4.1 follows immediately using the assumption ¢ < 491 z

and noting that |75z — TSy| < 4% since |75 'w| < 48¢ and |T”| < 4. Since
1T w]
|w]

8
> %, for any x € w we must have

. £
(79 ()] = e
from which [(T%)(z)| > 4° follows.

Remark. The weaker bound

(1) ()
(T™)' ()
can be proved using Lemma 4.5(b) instead of equation (25) in equation (26). Al-

though the bound is weaker than that in Lemma 4.6, it is valid for any time n when
T™w is free, not just when n = S(w). We shall use this bound later in Section 5.4.

—1|<C (28)

5 An a.c.c.i.m. for the Logistic Map

5.1 Defining the Tower Map

We identify A® ... A with N intervals of unit length, Aél), ey A((JN). The
partition 1 and return time function R of Proposition 4.2 induce a partition and
return time function on Ag := U, A(()i) which we refer to by the same names. We
define the tower as usual,

A :={(z,n) € Ag x N:n < R(z)}.
Recall the notation Al = A\n:l for the I*" level of the tower, and let Al(z) denote
the 1*" level above A((f). Define the projection g : Ay — 1 as piecewise linear with
Wo(Agi)) =A@ and 7r6|Aéi) = |A®|. This makes ¢ < 7, < 2¢ on Ag. If TRw C H,
then we put a hole ﬁggwm in the R(w) level of the tower above m; 'w in A(()i). This
defines the hole H in the tower A. Let A = A\ H and in general Al(i) = Al(z)\f{

Let F' be the tower map, F': A — A. Define a projection 7 : A — [—1, 1] such
that 7o F' = T'om on A. The elements of the Markov partition AZ(ZJ) are the maximal
intervals on Al(z) which project onto the dynamically defined elements of €2; in the
construction of the return time function R above the reference interval A, with
the exception that each A(()i) is taken to be a single element of the partition. Recall
that Al(z])* are the elements which return to Ag at time [ + 1.

For x € A, we have the identity 7’ o Fl(z) - (FY (z) = (TY o w(z) - «'(x). If
R(x) > 1 then (F!)(z) =1 so

7o Fl(z) = (T om(x) - 7' (x). (29)



Now let z € Aéi) with R(z) = | + 1. Let F'z = & Then 7/ o F't1(z) -
(FUHYY(2) = (THY or(z) - o' (2). But FI1(z) e A(()]) so that 7/ o FIH1(z) = |AG)|
and (FI*T1)(z) = F/(F'z) - (F')(z) = F'(&). This yields

(@)
=\ I+1y\/ |A |
F'(z)=(T""") (7=2) AGY (30)
Using this fact, Proposition 4.2(d) and equation (6), we conclude that
. 46 R /
inf B> L and g B > 003, (31)
A* 2 AF 2

We derive a distortion estimate for . Let T,y € Al(kj) be such that Fz, Fy €
A(()i). Using Lemma 4.6 and equation (30) we have

< C(2)|F(x) — F(y)|

Let F = F|(A\F~'H). F also satisfies the relation 7o F' = T'om on its domain,
and so the above estimates hold for F”.

5.2 (A,F,m) Satisfies Conditions (H1) and (H2)

Recall properties (P2) required of the tower map in Section 3 as well as assumptions
(H1) and (H2). It is clear from the discussion of the previous section that F' has

properties (P2)(a) and (P2)(c) with C' = 2Ce < Z%. Property (P2)(b) follows from
equation (31). Let v be the smallest integer such that C"Coé esW+1) > 2 For
1> v, [F'| > 2es0+D)  while for | < v, |[F'| > 2(4%)1/7. So ( ) follows with v = 2
and 3 = min{22, 2 log 4}

(H1) is batlbﬁed with the same 6 as in the statement of Proposition 4.2. This
is because mA,, = mA,, + mH, and Proposition 4.2 yields mA,, < NTCHG" while
Proposition 4.3 yields mH, < NDmH o".

In Section 3, ¢ is defined so that e~¢ > max{f,e ?}. Actually, from the proof
of Proposmon 4.2, the rate of contraction of @ is slower than e~ so we may choose

& = —3logf. Then (H2) becomes

e (1O
ZG mHl 1+C .

But mH, < ¥PmH gl g,

NDmH —1 NDmH
29 2mHl<27m9 %glgim 4
=1 € 1-

S
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Using this estimate, we see that (H2) will be satisfied if H satisfies

(1- V) &(1- Vo)

mH < == T Npa

which is slightly weaker than assumption (A3).

5.3 Existence and Lower Bound for an a.c.c.i.m.

Since (A, F,m) satisfies (H1) and (H2), we conclude that there exists ¢ € Xy
such that dji := pdm is an a.c.c.i.m. with respect to F' acting on A. Let A be the
eigenvalue of ji and note that A > v/ by the remark following Theorem 3.1. By
that same remark we have

- ND
A>1=M> e Dm(H) > 1 - o

2 =V \/@)m(H) (32)

by the estimates of Section 5.2 based on assumption (A3).
Now define a measure y on I by

H(A) = fi(x~ A)

for any Borel subset A of I. Then p will be an a.c.c.i.m. with respect to T" with the
same eigenvalue \ since for any Borel A C I,

w(T7rA) = jprtoT 1A) = pFlor 1A
= Mi(m=1A) = Au(A).

Let 1 be the density of the measure pu. The fact that ¢ is bounded away from
zero relies on the genericity assumption (A4) as well as the following lemma which
is proved in a more general case in [Y1] as Lemma 2.1.

Lemma 5.1 Let I:“ € M. For every interval J C [~1,1], there exists n = n(J)
such that T™J 2 [1%0,70] = [1 — a, 1].

The integer n in the above lemma can be chosen to depend only on the length of
the interval J. If we consider only those intervals with length at least <, then we can
choose a single ng = ng(ep) such that any such interval J satisfies 7m0 J D [1—a,1].
This is the ng introduced in Section 2.2.

For convenience, we recall assumption (A4) of Section 2.2.

(A4)  (a) T'H; NGy =0 for all j,k € [1,...L],0<i<ne.
(b) T°H; N Hy =0 for all j,k € [1,...L], 1 <i < no.
Recall that the intervals G; in the statement of (A4) are the symmetric counterparts
of the H; so that T—Y(TH;) = H; UG,.
Lemma 5.2 Given any J C I such that |J| > S, then

2ng
Ursoi-a1)\a.
i=0
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Proof. Fix J as in the statement of the lemma. Suppose there exists an interval w
such that w N (Y2, T°J) = 0. Since w C 770.J, we must have w N 7% Hj, #  for
some Hj, such that Hy N T J # 0, for some integers iy, ), with i, + 4, < ng. In
other words, the piece of J that should have covered part of w fell into Hy, before
time ng. In particular, (A4)(a) implies that Gy, ... Gy, are covered by time ng, i.e.
G C T J. (A4)(b) says that G cannot fall into the hole again before time ng
so that T* G}, = T H k. We conclude that the part of w which should have been
covered by the piece of J that fell into Hj is at the latest covered by an iterate
of Gy at time mng + 7. Doing this for each k, we have w C Ule T*@G}, and so
wc T a.

In Section 4.1, we showed that every interval of length at least € grows to length
48¢ in exponential time that depends only on e. In fact, the construction holds as
long as the interval remains less than length £ due to assumption (A2). This allows
us to conclude that every interval of length & grows to length £y in exponential time
and from there, by Lemma 5.2, it covers [1 —a, 1] by time 2ny. This will imply that
the density ¢ is bounded away from zero on [1 — a, 1]\ H.

5.4 Shape of the Density and Proof of Theorem 2.4.

In this section, we derive bounds on the density 1 and show that it has the form
given in the statement of Theorem 2.3. Since the bounds depend only on H = H;
in a sequence of holes of the form described in Theorem 2.4, they are uniform in s
and allow us to prove Theorem 2.4.

Let T and {Hs} be as in the statement of Theorem 2.4. Let Iy = I\H, and
T, = T|I NT-I,. The assumptions on the holes imply that each H satisfies
assumptions (A1)-(A4) with the same choice of constants. This is because the
intervals of monotonicity of the map T only increase in length as s — 0. So we
may apply Theorems 2.2 and 2.3 for each s.

Let s be the conditionally invariant density for iy on A with eigenvalue As.
Let ¥4 be the density for us, the conditionally invariant measure for Ts on Iy. We
fix s and show that ¥ has lower and upper bounds that are independent of s.

Lower Bound.
Recall that ¢, € Xy where M = HC Thus

gov
oo oo o 1
1 = Z/ psdm < ZsupnpsmAl < supgoSZ—lmAl
1=0 7 A =0 A Ao DA
oo
C/IN Cl/
< su < T~ _su
< A?sos; STy L

since Ay > v/0. This implies that there exists an i such that

S}

Sup s > c

@
AO
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The regularity of ields a lower bound on the density, inf > M
g y Ps ¥ Ys AL s =2 C”(l—‘y—M)’
which in turn implies
: e(1-0)
fpy > ——— .
s 2 sermyan (33)

Since the length scale ¢ can be chosen independent of s (if eg works for Hy, it
will automatically work for each H, in the sequence), the constant ng of Lemma 5.2
is independent of s. The length scale € is also independent of s so we conclude that
A® will grow to cover [1 — a,1]\H, in a fixed number of iterates depending only
on ¢ and gg. Call this number Ng.

For any = € [1—a, 1]\ Hy, there exists z € A®) and n < Ny such that T7(z) = z.
Let P, be the Perron-Frobenius operator associated with the map 7. Then

Ys(y)
T ()|~ [(Te)(2)]

V

N (@) = Pls(x) = ) T

yeTs "z

So
inf > _1-vO)
(- at\&, ANo2(1 4 M)C”

which is a lower bound independent of s.

Upper Bound.

For the upper bound, we first estimate the number of preimages under the projec-
tion 7 a point in I can have on any given level of the tower A. To do this, we
consider how many unreturned pieces can be generated while iterating one of the
reference intervals A(). Once a piece is returned, it no longer generates preim-
ages on subsequent levels of the tower. There are several ways that pieces can be
generated.

(1) An interval intersects the hole and is cut into two pieces. This can happen
at most once every my iterates by assumption (A2).

(2) An interval grows to length 48¢ and the stopping time S is declared. Most of
this interval is returned, except for the two end pieces which continue to be iterated.
Thus up to two new pieces are formed. Since each piece begins with length less
than 3¢ and must grow to length 4%¢ before another stopping time is declared, this
can only happen once every 8 iterates.

(3) An interval lands on 0, the critical point. Then we consider that two new
pieces are formed, one on each side of 0. This can happen at most once every p(ko)
iterates. Note that p(kg) > %0 > 25.

(4) An interval which lands in (—6,6) reaches its recovery time. Suppose a
piece w is mapped onto an interval extending from I,. to I) at time ¢. We label the
subinterval of w which lands in I} at time ¢ as wi. Without loss of generality, assume
0 < s <r < oco. We consider w as one piece from time ¢ until time ¢ +¢(s). At time
t 4 q(s), ws is counted as a separate piece. If |Tt9()w | < 48¢, then we simply
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continue to iterate it. It will generate new pieces at the rate described by items
(1), (2) and (3) above until the next time it enters (—6,4). If |TtH (5w, | > 48¢,
then by definition of the stopping time S after Proposition 4.1 and the stopping
time R described after Proposition 4.2, only one new piece will not be returned at
time ¢ + g(s) (as opposed to the usual two pieces which are not returned when R
is declared on the middle part of an interval). This is because in the construction,
the piece of w, which does not completely cover the last AU) on the side near wy 1
is adjoined to ws41 and the stopping time S is not declared on this piece until time
t+¢q(s+1). Thus returns of this type generate at most linear growth in the number
of pieces which can overlap at any given time.

We see from these considerations that the number of pieces which can overlap
at time n and are generated by the single interval A(*) satisfies the following bound,

#{Pieces} < 2w TE TR TS < 8n2%% (34)

where we have used the fact that mg > 10 and p(kg) > 25.

We denote by wl?_l the inverse of 7T|Al(l]) Let v = 15 and ¢ = ¢, for any

s € [0,7]. The density t can be written as

i=1 1 jW(

We seek to estimate this sum by determining the growth of 71"(71'1(?7135). In gen-
eral we have the relation n'(Fly) - (FY)(y) = (T"(ry) - ©'(y). Letting y =
F’l(wl(?_lx) € Ay, we have (F!)'(y) = 1 and 7/(y) = |A®| so that

' (m) " ) = (T (zy) - |AD). (35)

Let [; be the smallest positive integer k£ < [ such that 7o F*k(wl(fj?_lm) € (=94,9).
If no such k£ exists, then set [; = [ and do Case 1 below.

Case 1. If [; > p(mo F~l (71-1(?7130)), then W(Al(lj)) is free so that |(T') (wy)| >

cochdes ol using equation (6).
Case 2. If l; < p(mo F~l (ﬂl(?_lx)), then we estimate (T')/(my) as follows.

(T (my) = (T9) (T (zy)) - (T75)' (wy)

. . . 1 1. . Sl—1. — .
The second factor in the above expression is > cocpdes*0(=k) since T4~ (1y) is

free. To estimate the first factor, we use equation (23) of Section 4.5 to note that
for z € (—4,9),

i 2 n— 2 1 n—
(T ()] = T'(z)- (X" (T2) = 2al2] - 2-(1.9) !
|Trz —Tm0| 1 . 2a R -
> 2ay| S (19" = o (1.9)%F \/|Tmz — T70).
N C R R
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Thus
(1) (ry) = dy (1) 0/l — T

/I _2a /
where df, = Wcocoé.
0

Let pl() = p(m o Fli(m (i) '2)). Recall that ¢ < 2 < Meaz on A;. Putting
Cases 1 and 2 together, we have the following bound on ¢( ).

7./
2

Mew 1, 2Meuz e~ 52001 (1.9)~
9T ¥ Sy § mer el
0N/ |x — T

T ) T

(36)
Using equation (34), we see that the first sum is less than
E:E:Ah“ e~ Hhol g1 98 < oo
cochoe
if we take A\g = log1.9.
We fix i and estimate the second term by
Z 2Me42@ FAo(l=1; )(1 9) 7] < Z 2]\4(?4176_%>‘0(l_k)(1.9>_g
A dier/ |z — Th0| CRUNC I dier/ |z — T*0|
L<py)
oy WM IEDAOTE L, pmten

where in the second line we have used the fact that the number of pieces we are
summing over from time k to time [ has not changed since these pieces are bound

53(1 k) _(1=k)
32 . So the

during that time. Using \g = log 1.9, we have e~ 320(1=k)9
sum becomes

ZZ 16Mletz e 51> (1.9)~ % -y 16Me3t(1.9)" = S ledeh
l

%m”x—Tm| k diey/|x — Tk

and both series converge.

p1 has Bounded Variation.
Note that p( ") is constant on Al(zj) We set

(i)—1

Sooﬂ—l]
n= Y o

wlomw
Al T T

Equation (35) and equation (28) of Section 4.5 imply that




which in turns yields the bound we need to estimate the variation:

T ~
e el (37)
™

Let \/; f denote the variation of a function on the interval J. Recall that the
regularity functional on the tower is given by || f[ |- = sup,
1,5 1,5

f € X. Thus ’ ’

le‘ e~¢! for any

\/f:/(') |f'] dm < ||f|A(i)_||r€€l/ | f] dm. (38)
&, Al

A(i) L,j
L,j

We now estimate the variation of p; on I.

(i)—1
=1 , (i)=1ys pom;
Vs >V oeom) () ) +2| 00—t
I ADL 5p® (AW TOMi e
1,j 2P T l,j)

Since the A" in the sum are free, we estimate the second term using

l,j
‘POWI(,?—l Me—3*ol
ro - @O=1 = Aleod (39)
s o7'rl,, 0¢0

oo

We estimate the first term one Al(zj) at a time.

i)—1 i)—1 i)—1 i)—1
Voeer @7y = [ deent) ™ @7y dm
~(al) i)

IN

i)—1 i)—1
[y 1o
S
i)—1 i)—
+/(A(z‘>) ‘QO ° 71'1(’]) ' (ﬂl(,j) l)l/l dm
s 1,7

o= Lol

- 'dm +C / d
66005 Aﬁi |(,0 | m+ Al(l) P am
27

where we have used equation (37) for the second term in the last line. We use
equation (38) for the first term in the last line to obtain

N N Me(=3X0+E) -
\V porld 7t (xl) 1)’§$/ | gadm—i—C/ Cpdm. (40)
o heod Jag) Xt
™oL ' '
Now putting together equations (39) and (40) we conclude

\I/P1§ Z

(@), ()
Ay iilizeg;

Me(=5Xo+E) . — 1l
#/ <pdm+C/ <pdm+2,673[.
€(Co0 ING ING €HCo0A
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This sum is finite since on each level of the tower, there are only finitely many Al(lj)

which are free and it is only these Al(z) which we are summing over. The number of

such pieces on a level [ of the tower has been shown in equation (34) to be bounded
by 812300 . Using this estimate, the fact that A > e~ 12 and the observation that £
is much smaller than \g, the above series is finite and so p; has bounded variation.

These estimates show that the density v has the form claimed in the statement
of Theorem 2.3. Moreover, equation (36) allows us to write 15 < g where g € Ll(f)
and g is independent of s in the sequence of holes.

Since the upper and lower bounds on ¥4 are uniform in s, we may conclude that
the sequence {u,} has a subsequence {us, } which converges weakly to a measure
v that is bounded away from zero on [1 — a,1]. The limit measure v cannot be
singular because of the uniform upper bound we derived for the sequence {1s}.
Also, since by equation (32) Ay — 1 as s — 0, we have for any Borel subset A of
[717 1}7

v(T7'A) = oo ps (T7A) = limg—eo ps, (T3 (A\Hy,))
= limpoo Ay pis, (A\Hy,) = v(A)

so that v is an absolutely continuous invariant measure for T with density bounded
away from zero on [1 —a, 1]. But there is only one such measure for 7' ([Y1]). This
implies that the entire sequence {us} converges to the unique ergodic a.c.i.m. for
T as m(H,) — 0.

Acknowledgments. The author is grateful to L.-S. Young for many helpful dis-
cussions and guidance during the writing of this paper.

References

[BC] M. Benedicks and L. Carleson, On iterates of 1 — az? on (—1,1), Ann. of
Math. 122 (1985), 1-25.

[BCh] H. van den Bedem and N. Chernov, Ezpanding maps of an interval with
holes, Ergod. Th. and Dynam. Sys. 22 (2002), 637-654.

[BK] V. Baladi and G. Keller, Zeta functions and transfer operators for piece-
wise monotonic transformations, Comm. Math. Phys. 127 (1990), 459-
477.

[BY] M. Benedicks and L.-S. Young, Markov extensions and decay of correla-
tions for certain Hénon maps, Astérisque 261 (2000), xi, 13-56.

[C1] N. N. Cencova, A natural invariant measure on Smale’s horseshoe, Soviet

Math. Dokl. 23 (1981), 87-91.

[C2] N. N. Cencova, Statistical properties of smooth Smale horseshoes, in Math-
ematical Problems of Statistical Mechanics and Dynamics, R. L. Do-
brushin, ed. Reidel: Dordrecht, 1986, pp. 199-256.

33



[Ch]

[Ch2]

[Ch3)]

[CM1]

[CM2]

[CMS1]

[CMS2]

[CMT1]

[CMT2

N. Chernov, Statistical properties of piecewise smooth hyperbolic systems
in high dimensions, Discr. Cont. Dynam. Syst. 5 (1999), 425-448.

N. Chernov, Decay of correlations and dispersing billiards, J. Stat. Phys.
94 (1999), 513-556.

N. Chernov, Sinai billiards under small external forces, Annales Henri
Poincaré 2 (2001), 197-236.

N. Chernov and R. Markarian, Ergodic properties of Anosov maps with
rectangular holes, Bol. Soc. Bras. Mat. 28 (1997), 271-314.

N. Chernov and R. Markarian, Anosov maps with rectangular holes. Non-
ergodic cases, Bol. Soc. Bras. Mat. 28 (1997), 315-342.

P. Collet, S. Martinez and B. Schmitt, The Yorke-Pianigiani measure
and the asymptotic law on the limit Cantor set of expanding systems,
Nonlinearity 7 (1994), 1437-1443.

P. Collet, S. Martinez and B. Schmitt, Quasi-stationary distribution and
Gibbs measure of expanding systems, in Instabilities and Nonequilibrium
Structures V, E. Tirapegui and W. Zeller, eds. Kluwer: Dordrecht, 1996,
pp- 205-19.

N. Chernov, R. Markarian and S. Troubetskoy, Conditionally invariant
measures for Anosov maps with small holes, Ergod. Th. and Dynam. Sys.
18 (1998), 1049-1073.

N. Chernov, R. Markarian and S. Troubetskoy, Invariant measures for
Anosov maps with small holes, Ergod. Th. and Dynam. Sys. 20 (2000),
1007-1044.

M. Demers, Markov extensions for dynamical systems with holes: an ap-
plication to expanding maps of the interval, Israel J. of Math. 146 (2005),
189-221.

G. Keller and C. Liverani, Stability of the spectrum for transfer operators,
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 28 (1999), 141-152.

C. Liverani and V. Maume-Deschamps, Lasota-Yorke maps with holes:
conditionally invariant probability measures and invariant probability mea-
sures on the survivor set, Annales de I'Institut Henri Poincaré Probability
and Statistics, 39 (2003), 385-412.

A. Lopes and R. Markarian, Open billiards: Cantor sets, invariant and
conditionally invariant probabilities, SIAM J. Appl. Math. 56 (1996), 651-
680.

G. Pianigiani and J. Yorke, Expanding maps on sets which are almost
invariant: decay and chaos, Trans. Amer. Math. Soc. 252 (1979), 351-
366.

34



P.A. Richardson, Jr., Natural measures on the unstable and invariant man-
ifolds of open billiard dynamical systems, Doctoral Dissertation, Depart-
ment of Mathematics, University of North Texas, 1999.

Q.D. Wang and L.-S. Young, Strange attractors with one direction of in-
stability, Comm. Math. Phys. 218 (2001), 1-97.

Q.D. Wang and L.-S. Young, Nonuniformly expanding 1D maps, 2005
preprint.

L.-S. Young, Decay of correlations for certain quadratic maps, Comm.
Math. Phys. 146 (1992), 123-138.

L.-S. Young, Statistical properties of dynamical systems with some hyper-
bolicity, Ann. of Math. 147 (1998), 585-650.

L.-S. Young, Recurrence times and rates of mizing, Israel J. of Math. 110
(1999), 153-188.

35



