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ABSTRACT. We present a functional analytic framework based on the spectrum of the transfer
operator to study billiard maps associated with perturbations of the periodic Lorentz gas. We
show that recently constructed Banach spaces for the billiard map of the classical Lorentz gas are
flexible enough to admit a wide variety of perturbations, including: movements and deformations
of scatterers; billiards subject to external forces; nonelastic reflections with kicks and slips at the
boundaries of the scatterers; and random perturbations comprised of these and possibly other
classes of maps. The spectra and spectral projections of the transfer operators are shown to vary
continuously with such perturbations so that the spectral gap enjoyed by the classical billiard
persists and important limit theorems follow.

1. INTRODUCTION

The Lorentz gas is known to enjoy strong ergodic properties: both the continuous time dy-
namics and the billiard maps are completely hyperbolic, ergodic, K-mixing and Bernoulli (see
[S, IGOL [SC| ICH] and the references therein). Young [Y] proved exponential decay of correlations
for billiard maps corresponding to the finite horizon periodic Lorentz gas using Markov extensions;
this technique was subsequently extended to other dispersing billiards [Chl] and used to obtain im-
portant limit theorems such as local large deviation estimates and almost-sure invariance principles
IMNT1, MN2, RY].

In this setting, it is natural to ask how the statistical properties of dispersing billiard maps vary
with the shape and position of the scatterers. Alternatively, one may change the billiard dynamics
by introducing an external force between collisions or by considering nonelastic reflections at the
boundaries. Such perturbed dynamics lead to nonequilibrium billiards whose invariant measures
are singular with respect to Lebesgue measure.

One of the first nonequilibrium physical models that was studied rigorously is the periodic Lorentz
gas with a small constant electrical field [CELST) I[CELS2] and the well-known Ohm’s law was proved
for that case. More general external forces were handled in [Ch2] [Ch4l, [CD2] and billiards with
kicks at reflections have been studied in [MPS] [Z]. Recently, Chernov and Dolgopyat [CDI] used
coupling methods to study the motion of a point particle colliding with a moving scatterer. Locally
perturbed periodic rearrangements of scatterers have also been the subject of recent studies [DSV].
Despite such successes, the study of perturbations of billiards has thus far been handled on a case by
case basis, with methods adapted and developed for each specific type of perturbation considered.

In this paper, we propose a unified framework in which to study a large class of perturbations
of dispersing billiards. This framework is based on the spectral analysis of the transfer operator
associated with the billiard map and uses the recent work [DZ] which successfully constructed
Banach spaces on which the transfer operator for the classical periodic Lorentz gas has a spectral

gap.
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We first present abstract conditions under which we have uniform control of spectral data for a
given class of perturbed maps. We then prove that four broad classes of perturbations of billiards
fit within this framework, namely:

(i) Tables with shifted, rotated or deformed scatterers;
(ii) Billiards under small external forces which bend trajectories during flight;
(iii) Billiards with kicks or twists at reflections, including slips along the disk;
(iv) Random perturbations comprised of maps with uniform properties (including any of the
above classes, or a combination of them).

In particular, the results on random perturbations are a version of time-dependent billiards, in which
scatterers are allowed to change positions between collisions. The fact that our main theorems, [2.2]
and [2.3] are proved in an abstract setting will facilitate the application of this framework to other
classes of perturbations as they arise in future works.

The present functional analytic approach uses the Banach spaces constructed in [DZ] as well as
the perturbative framework of Keller and Liverani [KL] to prove that the spectral data and spectral
projectors, including invariant measures, rates of decay of correlations, variance in the central limit
theorem, etc, vary Holder continuously for the classes of perturbations mentioned above (see [Bl L]
for expositions of this approach). In addition, this approach yields new results for the perturbed
billiard maps in terms of local limit theorems, in particular giving new information about the
evolution of noninvariant measures in the context of these limit theorems. For example, applying
Corollary to billiards under external forces and kicks, we obtain a local large deviation estimate
with a rate function that is the same for all probability measures in our Banach space. This implies
in particular that Lebesgue measure and the singular SRB measure for the perturbed billiard have
the same large deviation rate function.

The paper is organized as follows. In Section 2, we describe our abstract framework, state
precisely the applications which serve as our model perturbations and formulate our main results.
In Section 3, we lay out our common approach under the general conditions (H1)-(H5) which
guarantee the required uniform Lasota-Yorke inequalities for Theorem proved in Section [4
we also formulate conditions (C1)-(C4) to verify that a perturbation is small in the sense of our
Banach spaces for Theorem proved in Section [b} The investigations of the concrete models are
provided in Sections [6] and

2. SETTING AND RESULTS

In this section, we describe the abstract framework into which we will place our perturbations
and formulate precisely the classes of concrete deterministic perturbations to which our results
apply. We also formulate a class of random perturbations with maps drawn from any mixture of
the deterministic perturbations described below. We postpone until Section [3|a precise description
of the Banach spaces and the formal requirements on the abstract class of maps F.

2.1. Perturbative framework. We recall here the perturbative framework of Keller and Liverani
[KL]. Suppose there exist two Banach spaces (B, || - ||g) and (Buw,| - |») with the unit ball of B
compactly embedded in By, |-|w < || ||, and a family of bounded linear operators {L. }.>¢ defined
on both B, and B such that the following holdsH There exist constants C,n > 0 and ¢ < 1 such
that for all e > 0 and n > 0,

|L2h|w < C1"|hlw for all h € By,

2.1
2.1) |L2h|g < Co™||h|lg + Cn™|h|w  for all h € B.

1The results of [KL] hold in a more general setting, but we only state the version we need for our purposes.



A FUNCTIONAL ANALYTIC APPROACH TO PERTURBATIONS OF THE LORENTZ GAS 3

If 0 < n, the operators L. are quasi-compact with essential spectral radius bounded by o and
spectral radius at most 1 (see for example [B]). Suppose further that

(2.2) [||1Lc — Lol|| := sup{|Lch — Lohlw : h € B, ||hls < 1} < p(e),

where p(e) is a non-increasing upper semicontinuous function satisfying lim._,o p(¢) = 0.

The main result of [KL] is the following. Let sp(Ly) denote the spectrum of £y. For any o1 > o,
by quasi-compactness, sp(Ly) N{z € C : |z| > o1} consists of finitely many eigenvalues o1, ..., 0k
of finite multiplicity. Thus there exists ¢, > 0 and we may choose o such that |g; — 0j| > t, for
i # j and dist(sp(Lo), {|z] = 01}) > t«. For t < t, and € > 0, define the spectral projections,

v .= = (z— L) tdz and

270 o= g; =t

— z— L) " dz.
211 |z\:cr1( )

Theorem 2.1. ([KL]) Assume that (2.1) and [2.2) hold. Then for eacht < t, and s < 1 — &%

logo ’
there exist €1, C > 0 such that for any 0 < e < €1, the spectral projections Hg) and Hgal) are well

defined and satisfy, for each j =1,...k,
(1) Y - 0| < Cp(e)* and [T — T[] < Cp(e)* ;

(2) rank(IY)) = mnk(ng));
3) 12215 < Co?, for alln > 0.

chn) =

We say an operator £ has a spectral gap if £ has a simple eigenvalue of maximum modulus
and all other eigenvalues have strictly smaller modulus. The above theorem implies in particular
that if £y has a spectral gap, then so does L. for e sufficiently small. In addition, the related
statistical properties (for instance, invariant measures, rates of decay of correlations, variance of
the Central Limit Theorem) are stable and vary Holder continuously as a function of p(e). This is
the framework into which we will place our perturbations of the Lorentz gas.

2.2. An abstract result for a class of maps with uniform properties. We begin by fixing the
phase space M of a billiard map associated with a periodic Lorentz gas. That is, we place finitely
many (disjoint) scatterers I';, i = 1,...d, on T? which have C?> boundaries with strictly positive
curvature. The classical billiard flow on the table T? \ U;{interior I';} is induced by a particle
traveling at unit speed and undergoing elastic collisions at the boundaries. In what follows, we
also consider particles whose motion between collisions follows slightly curved trajectories (due to
external forces) as well as certain types of collisions which do not obey the usual law of reflection.

In all cases, the billiard map associated with the flow is the Poincaré map corresponding to
collisions with the scatterers. Its phase space is M = UL, I; x [~7/2,7/2], where each I; is an
interval with endpoints identified and |I;| = |0T], i.e. the length of I; equals the arclength of oT';,
i=1,...d. M is parametrized by the canonical coordinates (r, ¢) where r represents the arclength
parameter on the boundaries of the scatterers (oriented clockwise) and ¢ represents the angle an
outgoing (postcollisional) trajectory makes with the unit normal to the boundary at the point of
collision.

The phase space M and coordinates so defined are fixed for all classes of perturbations we
consider; however, the configuration space (the billiard table on which the particles flow) and the
laws which govern the motion of the particles may vary as long as all variations give rise to the
same phase space M, i.e. the number of I'; and the arclengths of their boundaries do not change.
See Remark for a way to relax this requirement on the arclength. For any =z = (r,¢) € M,
we define 7(x) to be the first collision of the trajectory starting at x under the billiard flow. The
billiard map is defined wherever 7(x) < co. We say that the billiard has finite horizon if there is
an upper bound on the function 7. Otherwise, we say the billiard has infinite horizon. Notice that
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the function 7 depends on the placement of the scatterers in T2, while M is independent of their
placement.

We assume there exists a class of maps F on M satisfying properties (H1)-(H5) of Section
with uniform constants. For each T € F, in Section [3.2] we define the transfer operator L associated
with T" on an appropriate class of distributions A by

Lrh() =h(y oT), for suitable test functions .

In Section we define Banach spaces of distributions (B, || - ||5) and (By, | - |w), preserved under
the action of L7, T' € F, such that the unit ball of B is compactly embedded in B,,.

Theorem 2.2. Fix M as above and suppose there exists a class of maps F satisfying (H1)-(H5)
of Section [3.1. Then Ly is well defined as a bounded linear operator on B for each T € F. In
addition, there exist C > 0, 0 < 1 such that for any T € F and n > 0,

|L7h|w < CN"|h|w for all h € By,

|C3h|ls < Co™ |l + Cu'lBl  for all h € B,

where n > 1 is from (H5). This, plus the compactness of B in By, implies that all the operators
Ly, T € F, are quasi-compact with essential spectral radius bounded by o: i.e., outside of any

disk of radius greater than o, their spectra contain finitely many eigenvalues of finite multiplicity.
Moreover, for each T € F,

(2.3)

(i) the spectral radius of L1 is 1 and the elements of the peripheral spectrum are measures
absolutely continuous with respect to i := lim, % Z?:_ol UTl ;

(ii) an ergodic, invariant probability measure v for T is in B if and only if v is a physical
measurfﬂ for T';

(iii) there exist a finite number of g € N such that the spectrum of L on the unit circle is
ke
Ug{ezmqé :0 <k < q, k € N}. The peripheral spectrum contains no Jordan blocks.

(iv) Let SETW denote the e-neighborhood of SE,,, the singularity set for TT" (with homogeneity
strips). Then for each v in the peripheral spectrum and n € N, we have I/(an’e) < Cre®,
for some constants C,, > 0.

(v) If (Tw) is ergodic, then 1 is a simple eigenvalue. If (T™, [) is ergodic for all n € N, then
1 is the only eigenvalue of modulus 1, (T, [) is mizing and enjoys exponential decay of
correlations for Hélder observables.

Theorem is proved in Section |4 In Section we define a distance dr(-,-) between maps
in F. Our next result shows that this distance controls the size of perturbations in the spectra of
the associated transfer operators.

Theorem 2.3. Let 3 > 0 be from the definition of (B,]| - ||B) in Section[3.5 There exists C > 0
such that if Ty, Ty € F with dr(Th,T2) < e, then

|H‘CT1 _‘CT2|H < 055/27 where H| ’ H’ is fmm "

We prove Theorem in Section o} According to Theorem [2.1} an immediate consequence of
Theorems [2.2] and [2.3] is the following.

Corollary 2.4. If Ty € F has a spectral gap, then oll T € X (Tp) = {T € F : d(T,Tp) < €}
have a spectral gap for e sufficiently small. In particular, the maps in X, enjoy the following limit
theorems (among others), which follow from the existence of a spectral gap.

Fix T € F with a spectral gap. Let v = max{p,28 + 6} for some &6 > 0, where p and 8 are
from Sect. . Let P be a (mod 0) partition of M into countably many open, simply connected

2Recall that a physical measure for T is an ergodic, invariant probability measure v such that
limg o0 + St f(Tx) = [ f dv for a positive Lebesgue measure set of z € M.
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sets whose boundaries satisfy the assumptions of Lemma and let g be a bounded function on M
such that suppep |glcv(py < 00. Define Spg = Zz;é goTF.

(a) (Local large deviation estimate) For any (not necessarily invariant) probability measure
v E B,
| 1
igr(l)nh_{goﬁlogu<x eM: - wg(x) €t —e,t —|—€]> =—1(t)
where the rate function I(t) is independent of v € B (but may depend on T ), and t is in a
neighborhood of the mean Ti(g).
(b) (Almost-sure invariance principle). Suppose i(g) = 0 and distribute (g o T7);en according
to a probability measure v € B. Then there exist a probability space Q) with random variables

{X,} satisfying Sng dist. X, and a Brownian motion W with variance ¢> > 0 such that
for any A > 1/4,

X, = W(n) + o(n?) as n — oo almost-surely in €.
The proof of the corollary is given in Section [5.2

Remark 2.5. When T € F is a map derived from a billiard flow ® (for example, corresponding to
any of the applications described in Section , one is often interested in observables of the type
g(z) = fOT(‘T) G(®'z) dt. An important example is given by g = 1 so that g(z) = 7(z).

In the finite horizon case, when ¢ is smooth in the phase space of the flow, g is piecewise smooth
with singularities curves coinciding with those of T'. Since these singularities satisfy the assumptions
of Lemmal5.3, the results of Corollary[2.]] apply to such observables, including the free flight function
T.

In the infinite horizon case, g will not in general satisfy the assumptions of Corollary[2-4] even
when § is smooth. In particular, the important example g = T is unlikely to follow an exponential
law in large deviations due to the slow mixing on the level of the flow (see [BM] ).

2.3. Smooth random perturbations. We follow the expositions in [GL, [DL]. Suppose F is a
class of maps satisfying (H1)-(H5) and let dz(-, ) be the distance in F defined in Section For
Ty € F, e > 0, define

X(To) ={T € F:dx(T,Tp) < ¢},
to be the e-neighborhood of Tj in F.

Let (€,v) be a probability space and let g :  x M — RT be a measurable function satisfying:
There exist constants a, A > 0 such that
(i) g(w,-) € CH(M,R*") and |g(w,-)|cr(ar) < A for each w €
(ii) [q9(w,z)dr(w) =1 for each x € M;
(ii) g(w,z) > aforallw € Q, x € M.
We define a random walk on M by assigning to each w € Q, a map T € X.(Tp). Starting at
x € M, we choose T,, € X.(Tj) according to the distribution g(w,z)dv. We apply T, to x and
repeat this process starting at T,,z. We say the process defined in this way has size A(v, g) < e.
Notice that if v is the Dirac measure centered at wg, then this process corresponds to the
deterministic perturbation 7,,, of Tp. If g = 1, then the choice of T}, is independent of the position
x, while in general this formulation allows the choice of the next map to depend on the previous
step taken.
The transfer operator L, 4) associated with the random process is defined by

Logh(s) = /Q Loh(z) g(w, T- ') dv(w)

for all h € L'(M,m), where m is Lebesgue measure on M.
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Theorem 2.6. The transfer operator L, ,y satisfies the uniform Lasota-Yorke inequalities given by
Theorem . Let ¢ be given by and let € < eg. If A(v,g) < &, then there exists a constant
C > 0 depending only on (H1)-(H5), such that |||L,¢) — L1y ||| < C AP,

It follows that all the operators L, 4y enjoy a spectral gap for e sufficiently small if Lr, has a
spectral gap and the limit theorems of C’orollary apply to L

Theorem [2.6]is proved in Section [5.3)

v,g)*

2.4. Applications to concrete classes of deterministic perturbations. In this section we
describe precisely several types of perturbations of the Lorentz gas which fall under the abstract
framework we have outlined above. In light of Theorems and it suffices to check two things
for each class of perturbations we will introduce: (1) (H1)-(H5) hold uniformly in each class; (2)
the perturbations are small in the sense of the distance dz(-,-).

A. Movements and Deformations of Scatterers.
We fix the phase space M = Uleli x [=%, 5] associated with a billiard map corresponding to a
periodic Lorentz gas with d scatterers as described above. We assume that the billiard particle
moves along straight lines and undergoes elastic reflections at the boundaries.

For given Iy,...,I;, we use the notation Q = Q({I';}{_;{L;}% ) to denote the configuration
of scatterers I'y,...,I'y placed on the billiard table such that |0OI;| = ¢([;), i = 1,...,d. Since we
have fixed I1,..., I3, M remains the same for all configurations @) that we consider. For each such

configuration, we define
Tmin(Q) = inf{7(z) : 7(z) is defined for the configuration Q}.

Similarly, Kmin(Q) and Kpax(Q) denote the minimum and maximum curvatures respectively of the
I'; in the configuration Q. The constant Fpax(Q) denotes the maximum C? norm of the dT'; in Q.

For each fixed 7, Ky, Ex > 0, define Q;(7x, Ky, Ex) to be the collection of all configurations @
such that Tmin(Q) > Tv, Ki < Knin(Q) < Knax(Q) < K71, and Enax(Q) < E.. The horizon
for Q € Qi(7, Ky, Ey) is allowed to be finite or infinite. Let Fi(7s, K, Ex) be the corresponding
set of billiard maps induced by the configurations in Q;. It follows from [DZ] that for any 7" €
F1(74, Ky, Ex), L7 has a spectral gap in B. We prove the following theorems in Section @

Theorem 2.7. Fix I1,...,I; and let 7., Ky, E,. > 0. The family Fi(7s, K, Ex) satisfies (H1)-(H5)
with uniform constants depending only on 7., Ky and E,. As a consequence of Theorem|[2.9, Lt is
quasi-compact as an operator on B for each T € Fi (7, K, Ey) with uniform bounds on its essential
spectral radius.

We fix an initial configuration of scatterers Qo € Qi(74, K, Ex) and consider configurations
@ which alter each JT'; in Qp to a curve JT; having the same arclength as 9I';. We consider
each OI'; as a parametrized curve w; : I; — M and each OI'; as parametrized by u;. Define

A(Q, Qo) = o1 lui — il 1, an)-

Theorem 2.8. Choose v < min{7./2,K./2} and let Fa(Qo, Es;7) be the set of all billiard maps
corresponding to configurations Q such that A(Q, Qo) < v and Enax(Q) < E..

Then Fa(Qo, Ev;v) C Fi(14/2,K+/2, E.) and dr(Ty, Ts) < C|y[*/*® for any T, Ty € Fa(Qo, Ex; 7).
If all Ty € Fa(Qo, Ev;7) have uniformly bounded finite horizon, then dr(Ty,Ty) < C|~|*/3.

As a consequence, the eigenvalues outside a disk of radius o < 1 and the corresponding spectral
projectors of Lp vary Hélder continuously for all T € Fa(Qo, Ex;y) and all v sufficiently small.

Remark 2.9. (a) A remarkable aspect of this result is that it allows us to move configurations from
finite to infinite horizon without interrupting Holder continuity of the statistical properties such as
the rate of decay of correlations and the variance in the CLT, among others.
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(b) The requirement that all deformations of the initial configuration Qo maintain the same ar-
clength can be relaxed. The purpose of this requirement is to define the corresponding transfer
operators on fized spaces B and B,,. If a scatterer T'; is deformed into I, with a slight change in ar-
clength, we can reparametrize I'; (no longer according to arclength) using the same interval I; as for
T;. This will change the derivatives of maps in the class Fp(Qo, Ex;7y) slightly, but since properties
(H1)-(H5) have some leeway built into the uniform constants, for small enough reparametrizations
the same properties will hold with slightly weakened constants.

B. Billiards Under Small External Forces with Kicks and Slips.

As in part A, we fix 7, K, and E, and choose a fixed Qp € Qi(7y, Ky, Ey). In this section, we
consider the dynamics of the billiard map on the table @)y, but subject to external forces both
during flight and at collisions.

Let q = (x,y) be the position of a particle in a billiard table Qo and p be the velocity vector.
For a C? stationary external force, F : T? x R? — R?, the perturbed billiard flow ® satisfies the
following differential equation between collisions:

d d
(2.4) 1 =p(), > =F(ap).
At collision, the trajectory experiences possibly nonelastic reflections with slipping along the bound-
ary:
(2.5) (a*(ta), P (t:)) = (a” (t:), Rp~ (t:)) + G(a~ (t;), p~ (t:))
where Rp~(t;) = p~ (ti) + 2(n(q™) - p~)n(q™)) is the usual reflection operator, n(q) is the unit
normal vector to the billiard wall Qg at q pointing inside the table Qq, and q~ (), p~ (t;), g™ (t;)
and p*(¢;) refer to the incoming and outgoing position and velocity vectors, respectively. G is
an external force acting on the incoming trajectories. Note that we allow G to change both the
position and velocity of the particle at the moment of collision. The change in velocity can be
thought of as a kick or twist while a change in position can model a slip along the boundary at
collision.

In [Ch2, [Ch4], Chernov considered billiards under small external forces F with G = 0, and F
to be stationary. In [Z] a twist force was considered assuming F = 0 and G depending on and
affecting only the velocity, not the position. Here we consider a combination of these two cases

for systems under more general forces F and G. We make four assumptions, combining those in
ICh2l Z].

(A1) (Invariant space) Assume the dynamics preserve a smooth function £(q,p). Its level sur-
face Q. := EY(c), for any ¢ > 0, is a compact 3-d manifold such that ||p|| > 0 on Q. and for each
q€Q and p € S* the ray {(q,tp),t > 0} intersects the manifold Q. in exactly one point.

Assumption (A1) specifies an additional integral of motion, so that we only consider restricted
systems on a compact phase space. In particular, (A1) implies that the speed p = ||p|| of the
billiard along any typical trajectory at time t satisfies

0< Pmin < P(t) < Pmax < 00

for some constants pmin < Pmax. Under this assumption the particle will not become overheated,
and its speed will remain bounded. For any phase point x = (q,p) € Q for the flow, let 7(x) be
the length of the trajectory between x and its next non-tangential collision.

(A2) (Finite horizon) There exist Tymax > Tmin > 0 such that free paths between successive reflec-
tions are uniformly bounded, Ty /2 < Timin < 7(X) < Tmax < 72 1, Vx € Q. Since Qg € Q1(7, Ky, Ey),
the curvature K(r) of the boundary is also uniformly bounded for all r € 0Qy.



8 MARK F. DEMERS AND HONG-KUN ZHANG

(A3) (Smallness of the perturbation). We assume there exists e1 > 0 small enough, such that

[Fller < e, [|Gllen <er.

Let v = (cos 0, sin #) denote the unit velocity vector with € € [0, 2x], and M be a level surface Q.
with coordinates (q, ), for some fixed ¢ > 0. Denote Ty g : M — M as the billiard map associated
to the flow on M, where M is the collision space containing all post-collision vectors based at the
boundary of the billiard table Q.

(A4) We assume both forces F and G are stationary and that G preserves tangential collisions. In
addition, we assume that the singularity set of TEIG s the same as that of TE%H

The case F = G = 0 corresponds to the classical billiard dynamics. It preserves the kinetic
energy £ = %HpH2 We denote by Fp(Qo, «,£1) the class of all perturbed billiard maps defined by
the dynamics (2.4 and (2.5) under forces F and G, satisfying assumptions (A1)-(A4).

Theorem 2.10. For any T € F(Qo, T« €1), the perturbed system T satisfies (H1)-(H5) with
uniform constants depending only on €1, T, Ky and E.

Theorem 2.11. Within the class Fg(Qo, T«,€1), the change of either the force F or G by a small
amount & yields a perturbation of size O(|6|*/3) in the distance dz(-,-).

As a consequence, the spectral gap enjoyed by the classical billiard To o persists for all Tr.g €
F(Qo, T, 1) for e1 sufficiently small so that we may apply the limit theorems of Corollary to
any such Tf G.

The limit theorems implied by Theorem are new even for the simplified maps T¥ o and Tp G-
We provide the proofs of Theorems and in Section [7}

2.5. Large perturbations: Large translations, rotations and deformations of scatterers.
If we fix 7, Ky > 0 and E, < oo, then Theorems and imply that the transfer operator L
corresponding to any T € Fi(7«, K, Ey) is quasi-compact with essential spectral radius bounded
by o < 1. In fact, [DZ, Theorem 2.5] implies that L7 has a spectral gap.

Now choose a compact interval J C R and parametrize a continuous path in Fi(7«, Ky, Ex)
according to the distance dz(-,-). To each point s € J is assigned a map Ty € F1(7«, K, Ex) and a
corresponding transfer operator Ls. Fix o7 > 0. Due to Theorem [2.3] there exists e5 > 0 such that
the spectra and spectral projectors of Ly outside the disk of radius o; vary Hoélder continuously
for s’ € B(s,e5) := (s — 5,5+ €5).

The balls B(s,es), s € J form an open cover of J and since J is compact, there is a finite
subcover {B(s;,es;) . Because these intervals overlap, as we move along the entire path from
one end of J to the other, the spectra and spectral projectors of L, vary Holder continuously in s.
We have proved the following.

Theorem 2.12. Let J C R be a compact interval and let {Ts}ses C Fi(Ts, Ky, Ex) be a continuously
parametrized path according to the distance dg(-,-). Then the spectra and spectral projectors of the
associated transfer operators Ls vary Holder continuously in the distance dz(-,-). Moreover, the
related statistical properties of Ty, such as the rate of decay of correlations and variance in the
Central Limit Theorem, vary Hélder continuously in {Ts}.

The related dynamical properties of Ts vary Holder continuously even across large movements
and deformations of scatterers as long as the resulting maps remain in Fi(7s, K, Fy). Indeed, since
J is compact, the continuity of the spectral data implies that the spectral gap is uniform along such

3The assumption on the singularity set of T% g is not essential to our approach, but is made to simplify the proofs

in Section |7} since the paper is already quite long and we include a number of distinct applications.
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paths even when the resulting configurations are no longer close to the original. This regularity
also holds as we move scatterers in such a way that the table changes from finite to infinite horizon.

Remark 2.13. One could just as well apply the above large movements of scatterers to billiards
under external forces in the uniform families Fp(Qs, Tx,€1) and allow the configurations Qs, s € J,
to change over a continuously parametrized path in Fi(7«, K«, Ex) as long as the horizon along the
path remains bounded uniformly above by 7. 1. Theorem applies to such families of maps as
well since they all possess spectral gaps by Theorem [2.11].

3. ABSTRACT FRAMEWORK

In this section, we describe the abstract framework into which we will place each class of per-
turbations that we consider. We begin by formulating general conditions (H1)-(H5) under which
the perturbations of a billiard map will satisfy the Lasota-Yorke inequalities with uniform
constants. We also introduce general conditions (C1)-(C4) to verify that a perturbation is small
in the sense of . Theorems and show that these conditions are sufficient to establish
the framework of [KL]. Once this is accomplished, we only need to check that these conditions are
satisfied for each class of perturbations described above.

3.1. A class of maps with uniform properties. We fix the phase space M = U{_, I; x (-5, 5] of
a billiard map associated with a periodic Lorentz gas as in Section We will denote (normalized)
Lebesgue measure on M by m, i.e., dm = #drdgp, where L = "7 | |I;].

We define the set So = {¢ = £5} and for a fixed kg € N, we define for & > ko, the homogeneity

strips,

(3.1) Hy, = {(r,p):7/2 -k 2 <p<m/2—(k+1)7%}.

The strips H_j, are defined similarly near ¢ = —m/2. We also define Hy = {(r,¢) : —7/2 + k;? <
© < )2 —ky?}. The set Sop = So U (Ujk|>koOHlt,) is therefore fixed and will give rise to the
singularity sets for the maps that we define below, i.e. for any map 7' that we consider, we define
ST, = Ul TTiSy i to be the singularity sets for 7", n > 0.

Suppose there exists a class of invertible maps F such that for each T € F, T : M\S{ — M\ ST,
is a C? diffeomorphism on each connected component of M \ SlT . We assume that elements of F
enjoy the following uniform properties.

(H1) Hyperbolicity and singularities.

(H1.A) Hyperbolicity. There exist continuous families of stable and unstable cones C*(z) and
C"(x), defined on all of M, which are strictly invariant for the class F, i.e., DT (z)C"%(x) C C*(Tx)
and DT~1(z)C%(z) c C*(T~1x) for all T € F wherever DT and DT are defined.

The cones C*(z) and C%(z) are uniformly transverse on M and ST, is uniformly transverse to
C*(zx) for each n € N and all T € F. We assume in addition that C*(x) is uniformly transverse to
the horizontal and vertical directions on all of M [

Moreover, there exist constants C. > 0 and A > 1 such that for all T' € F,
(3.2) |DT™(x)v|| > C; A"|v|,Yv € C*(z), and ||DT"(x)v| > C; A"||v|, Vv € C*(z),

for all n > 0, where || - || is the Euclidean norm on the tangent space 7, M.

AThis is not a restrictive assumption for perturbations of the Lorentz gas since the standard cones C*® and C*
for the billiard map satisfy this property (see for example [CM| Section 4.5]); the common cones C*°(z) and C*(x)
shared by all maps in the class F must therefore lie inside C'* (z) and o (z) and therefore satisfy this property. In
any case, a weaker formulation of this assumption is necessary: we use in the compactness argument that the lengths
of stable curves in the homogeneity strips Hyg, k > ko, are proportional to the width of the strips. This is only true if
stable curves are transverse to the horizontal direction in such strips.
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(H1.B) Accumulation of singularities. The set of curves comprising T'Sy accumulate on no
more than K points in M, where K is uniform for the class F. Moreover, there exists an indexing
scheme for the singularity curves in TSy = {Sy }nen and a uniform constant N > 0 such that if
n > N and S, NHy # 0, then

(3.3) k> csn®™,
for some uniform constants cs, vg > 0.

(H1.C) Expansion near singularities. For any stable curve W € Wwe (see (H2) below),
let W, denote the part of W between S, and S, 1, where .S, are singularity curves given by the
indexing scheme above. We assume there exists C, > 0 such that
(3.4)

Canlcos (T~ 2)] 7 jo|| < DT~ (a)ol| < O 'nfcos (T )] Mo, Vo € Wa, Vo € C(a),
where ¢(y) denotes the angle at the point y = (r,¢) € M. Let exp, denote the exponential map
from T, M to M. We require the following bound on the second derivative,

(3.5) Can®lcos (T 12)] 73 < ||D*T~(z)v|| < Oy 'n2[cos (T 12)] 73, Vo € Wy,
for all v € T, M such that T~!(exp,(v)) and T~ 'z lie in the same homogeneity strip.

Remark: Note that by bounded distortion (H4), the ezpansion factors on each component of (M \
S_1) NHy, k > ko, satisfy (3.4) and (3.5) even when W NTSy = 0.

(H2) Families of stable and unstable curves. We call W a stable curve for a map T € F if
the tangent line to W, T,W lies in C*(z) for all x € W. We call W homogeneous if W is contained
in one homogeneity strip Hy. Unstable curves are defined similarly.

Let W* denote the set of C homogeneous stable curves in M whose curvature is bounded above
by a uniform constant B > 0. We assume there exists a choice of B such that WS is invariant
under F in the following sense: For any W € Wsand T € F , the connected components of T~1W
are again elements of We. A family of unstable curves W is defined analogously, with obvious
modifications: For example, we require the connected components of TW to be elements of W for
all WeW"and T € F.

(H3) Complexity bounds.

(H3.A) One-step expansion. We assume that there exists an adapted norm || - ||, uniformly
equivalent to || - ||, in which the constant C, in (3.2) can be taken to be 1, i.e. we have expansion

and contracti(ln in one step in the adapted norm for all maps in the class F.

Let W € W#. For any T € F, we partition the connected components of 7' into maximal
pieces V; = V;(T') such that each V; is a homogeneous stable curve in some Hy, k > ko, or Hy. Let
|Jv;T'|« denote the minimum contraction on V; under 7" in the metric induced by the adapted norm
|| - ||«. We assume that for some choice of ko,

(3.6) lim sup sup sup Z |Jv, T« < 1,
550 TEF |W|<s S5

where |W| denotes the arclength of W.

(H3.B) One-step expansion with weakened exponent. There exists ¢y < 1 such that for
all ¢ > ¢p, there exists C; = C(s,d) such that for all 7' € F and any W € W* with |[W| < 4,

(3.7) Z |JViT‘(g;'0(Vi) < C,

7

where Jy, T denotes the stable Jacobian of 7" along the curve V; with respect to arc length.
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Remark: Note that comparing to (H3.A), the above sum converges even when the expansion on
each piece is weakened slightly. We formulate (3.7) in terms of the usual Euclidean norm since we
do not need C. < 1, i.e. we only need the above sum to be finite in some uniform sense.

(H4) Bounded distortion. There exists a constant Cy > 0 with the following properties. Let
W’ e W? and for any T € F, n € N, let z,y € W for some connected component W C T—"W'
such that T*W is a homogeneous stable curve for each 0 < i < n. Then,

J, " (x) 1 JwT"(x)
JuT™(y) JwT™(y)

where J,T™ is the Jacobian of T™ with respect to the smooth measure du = 7 cos pdm.

(3.8) < Cadw (z,y)'/* and — 1| < Cadw (z,9)"?,

We assume the analogous bound along unstable leaves: If W € W is an unstable curve such that
T'W is a homogeneous unstable curve for 0 < i < n, then for any x,y € W,

J/LT (CU) _1' < Cdd(Tnl‘,Tny)l/g.

(39) 7, ()

(H5) Control of Jacobian. Let 3,q < 1 be from the definition of the norms in Section and
let 0, < 1 be from (3.10). Assume there exists a constant 7 < min{A”, A9, =1} such that for any
TeF,

(J,T(z))"' <7, wherever J,T(x) is defined.

In what follows, we will work exclusively with maps in a class F which satisfy (H1)-(H5) with
uniform constants. This will allow us to establish our abstract framework in the remainder of
Section [3] and in Sections [ and [5} We will then turn to our applications in Sections [6] and [7]

3.2. Transfer operator. Recall the family of stable curves W defined by (H2). We define a
subset W* C W as follows. By (H3) we may choose dg > 0 for which there exists 6, < 1 such that
(3.10) sup sup Z | Jy, T« < 0.

TEF |W|<dy 5
We shrink &y further if necessary so that the graph transform argument in Lemma [3.3|(a) holds.
The set W* comprises all those stable curves W € W* such that |[W| < do.

For any T' € F, we define scales of spaces using the set of stable curves WW* on which the transfer
operator Lt associated with T" will act. Define T7"W? to be the set of homogeneous stable curves
W such that T™ is smooth on W and T'W € W* for 0 < i < n. It follows from (H2) that
"W C Wo.

For W € T7"W?, a complex-valued test function ¢ : M — C, and 0 < p < 1 define Hy},(¢)
to be the Holder constant of ¢ on W with exponent p measured in the Euclidean metric. Define
HE(Y) = supyer—nys Hi(¥) and let CP(T™"W?) = {¢) : M — C | HE(1)) < oo}, denote the
set of complex-valued functions which are Holder continuous on elements of T-"W?®. The set
CP(T~"W?) equipped with the norm [Vler(r-rwsy = [Y]oo + HE(v) is a Banach space. Similarly,
we define CP (Wu), the set of functions which are Hélder continuous with exponent p on unstable
curves We.

It follows from that if ¢ € CP(T~("~DW?), then ¢ o T € CP(T"W?). Thus if h €
(CP(T~"W?))', is an element of the dual of CP(T~"W?), then Ly : (CP(T~"W?))" — (CP(T~"=Dw#)Yy
acts on h by

Loh(¥) =h(poT) Vip € CP(T~-=DWw?),
Recall that du = 7 cos@dm denotes the smooth invariant measure for the unperturbed Lorentz
gas. If h € L1(M, i), then h is canonically identified with a signed measure absolutely continuous
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with respect to p, which we shall also call h, i.e., h(¢) = fM hdu. With the above identification,

we write L' (M, i) C (CP(T~"W?)) for each n € N. Then restricted to L' (M, 1), L7 acts according
to the familiar expression

LEh=hoT™" (J,T(T™"))"! for any n >0 and h € L' (M, p).

Remark 3.1. In [DZ], we used Lebesgue measure as a reference measure to show that the functional
analytic framework developed there did not need to assume the existence of a smooth invariant
measure. Now that p has been established in our function space B (defined in Sect. , however,
we find it more convenient to use it as a starting point in our study of the classes of perturbations
considered here. It also simplifies our norms and estimates slightly since for example, it eliminates
the need for the cos W weight in our test functions that was used in [DZ]. We do not assume that
W is an invariant measure for T' € F; indeed, the SRB measures for such T are in general singular
with respect to Lebesgue measure.

3.3. Definition of the Norms. The norms are defined via integration on the set of stable curves
W#. Before defining the norms, we define the notion of a distance dyys (-, -) between such curves as
well as a distance dg(-, -) defined among functions supported on these curves.

Due to the transversality condition on the stable cones C*(x) given by (H1), each stable curve W
can be viewed as the graph of a function @y (r) of the arc length parameter r. For each W € W*,
let Iy denote the interval on which ¢y is defined and set Gy (r) = (r,pw(r)) to be its graph
so that W = {Gw (r) : r € Iy }. We let my denote the unnormalized arclength measure on W,
defined using the Euclidean metric.

Let Wy, Wy € W?* and identify them with the graphs Gy, of their functions ¢w,, ¢ = 1,2.
Suppose Wi, Wa lie in the same component of M and let Iy, be the r-interval on which each curve
is defined. Denote by ¢(Iyw, Alw,) the length of the symmetric difference between Iy, and Iyy,.
Let Hy, be the homogeneity strip containing W;. We define the distance between W; and Ws to
be,

dyys (W1, Wa) = n(ky, ko) + €(Iw, Alws) + [ow, — @wsler (hy, i)
where n(ki, ko) = 0 if k1 = ko and n(kq, ko) = oo otherwise, i.e., we only compare curves which lie
in the same homogeneity strip.

For 0 < p < 1, denote by CP(W) the set of continuous complex-valued functions on W with Hélder
exponent p, measured in the Euclidean metric, which we denote by dy (-,-). We then denote by
CP(W) the closure of C*°(W) in the ép—nor [lerwy = [¥leoqwy + Hiy (¥), where Hiy, (1) is the
Holder constant of ¢ along W. Notice that with this definition, |{192]cow) < [¥1lcrwy[¥2]cr(w)-
We define CP(M) and CP(M) similarly.

Given two functions 1; € C4(W;,C), ¢ > 0, we define the distance between 1, 15 as

dq(¥1,¥2) = [th1 0 Gwy — P2 0 Gwylca(ny, niw,)-

We will define the required Banach spaces by closing C'(M) with respect to the following set of
norms. For s,p > 0, define the following norms for test functions,

[Wlwsp = W [Plerow)-
Now fix 0 < p < . Given a function h € C' (M), define the weak norm of h by

(3.11) |h|w = sup  sup / h dmyy .
Wews yecr(w) Jw
|w|W,0,p§1

SWhile CP(W) may not contain all of CP(W), it does contain CPI(W) for all p’ > p.
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Chooseﬂ a, B, ¢ > 0such that « < 1—¢p, ¢ < pand 8 < min{a, p—q}. We define the strong stable
norm of h as

(3.12) |h]ls ;== sup  sup / hy dmy
Wews peci(w) Jw
\1/1|w,a,qS1

and the strong unstable norm as

1
(3.13) Il == sup sup sup - ‘/ hiyy dmyy — hpo de’
e<eo Wi ,WaeWws Y, ECP(W, Wi Wa
dyys (W1,Wa)<e W)ilWiyOqPSl

dq(1h1,12)<e
where g > 0 is chosen less than g, the maximum length of W € W? which is determined by (3.10)).
We then define the strong norm of h by

Ills = s + BlAlL

where b is a small constant chosen in Section [4]
We define B to be the completion of C!(M) in the strong normm and B, to be the completion of
CY(M) in the weak norm.

3.4. Distance in F. We define a distance in F as follows. Let ¢ be from (3.13). For 71,7, € F
and ¢ < g, let N.(S" ;) denote the e-neighborhood in M of the singularity set S’ ; of Ti_l, 1=1,2.
We say dr(T1,T») < ¢ if the maps are close away from their singularity sets in the following sense:
For z ¢ N.(S',US8?)),

(C1) d(T{'(x), T3 '(2)) <&

(C2) ‘J“(x%—l‘ <e i,j=1,2

T(x

(C3) ‘ JwT; ((a:)

JwT;(z)
(C4) HDTf (x)v — DT2_1(33)UH < +/e, for any unit vector v € T,W, W € W*.

We do not assume that the sets S1; and 82, are close together in any sense.

1‘ <eg forany WeW?® i,7=1,2, and x € W;

3.5. Preliminary estimates. Before proving the Lasota-Yorke inequalities, we show how (H1)-
(H5) imply several other uniform properties for our class of maps F. In particular, we will be
interested in iterating the one-step expansion relations given by (H3). We recall the estimates we
need from [DZ, Section 3.2].

Let T € F and W € W*. Let V; denote the maximal connected components of T~ 1W after
cutting due to singularities and the boundaries of the homogeneity strips. To ensure that each
component of T-'W is in W?, we subdivide any of the long pieces V; whose length is > &,
where &g is chosen in . This process is then iterated so that given W € W9, we construct
the components of T~"W, which we call the n'" generation G, (W), inductively as follows. Let
Go(W) = {W} and suppose we have defined G,,—1(W) C W*. First, for any W' € G,,_1(W), we
partition 77'W’ into at most countably many pieces W/ so that T is smooth on each W/ and

(2 (2
each W/ is a homogeneous stable curve. If any W/ have length greater than dy, we subdivide those

6The restrictions on the constants are placed according to the dynamical properties of T'. For example, p < 1/3
due to the distortion bounds in (H4), while @ < 1 — ¢o so that Lemma d) can be applied with ¢ =1 — a > .

TAs a measure, h € C (M) is identified with hdy according to our earher conventlon As a consequence, Lebesgue
measure dm = (cos @)~ *du is not automatically included in B since (cosp)™' ¢ C'(M). We will prove in Lemma
that in fact, m € B (and By).
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pieces into pieces of length between dp/2 and dy. We define G, (W) to be the collection of all pieces
W C T7"W obtained in this way. Note that each W/ is in W* by (H2).

At each iterate of T—!, typical curves in G, (W) grow in size, but there exist a portion of curves
which are trapped in tiny homogeneity strips and in the infinite horizon case, stay too close to the
infinite horizon points. In Lemma [3.2] we make precise the sense in which the proportion of curves
that never grow to a fixed length decays exponentially fast.

For W eW?s n>0and 0 < k < n, let Gx(W) = {Wf} denote the k" generation pieces in
T=*W. Let Bx(W) = {i : [WF| < 60/3} and Ly(W) = {i : [WF| > 8y/3} denote the index of the
short and long elements of G, (W), respectively. We consider {Gy.}}_, as a tree with W as its root
and Gy, as the k'™ level.

At level n, we group the pieces as follows. Let W} € G, (W) and let Wf € Li(W) denote the
most recent long “ancestor” of W, i.e. k = max{0 </ <n: T"_K(Wi’;”) - Wf and j € Ly}. If no

7

such ancestor exists, set £k = 0 and Wf = W. Note that if W7 is long, then Wf = W;. Let

In(W]k) ={i: Wf € Li(W) is the most recent long ancestor of W* € G, (W)}.

The set Z,, (W) represents those curves W;* that belong to short pieces in G (W) at each time step
1 <k < n,ie. such W;* are never part of a piece that has grown to length > /3.
We collect the results of [DZ, Section 3.2] in the following lemma.

Lemma 3.2. ([DZ]) Let W € W*, T' € F and for n > 0, let ,,(W) and G,(W) be defined as
above. There exist constants C1,Co,C3 > 0, independent of W and T, such that for any n > 0,

(@) > | JwnT coqwry < C12;

€Ly (W)
B > wpT eoqwy) < Cos

W EGn (W)

|VVZn|g n 1—¢
(c) forany 0 <g¢ <1, Z W | JwnT ’CO(WZ_n) <0y
WP EG (W)
(d) fors > <, Z |‘]W¢"Tn‘20(wi”) < C%, where C3 depends on .
WP EGn (W)

Proof. The proofs of these items are combinatorial and require no more specific information about
the maps than the uniform properties given by (H2), (H3) and (H4).

(a) This is Lemma 3.1 of [DZ]. The constant C; depends only on the constant relating the Euclidean
norm || - || to the adapted norm || - ||«. As such, C; is independent of T' € F, W € W?® and n € N.
(b) This statement is [DZ, Lemma 3.2]. The constant Cy = Cs(do, b«, C1, Cyq).

(c) This is [DZ, Lemma 3.3]. It follows from (b) by an application of Jensen’s inequality.

(d) This follows from (3.7) and is proved in [DZ, Lemma 3.4]. The constant C3 = 8, 'C.(1 + Cg)*
is uniform for T' € F, but depends on . O

Next we prove a distortion bound for the stable Jacobian of T along different stable curves in
the following context. Let W', W2 € W* and suppose there exist U¥ ¢ T-"Wk, k = 1,2, such
that for 0 < ¢ < mn,

(i) T°U* € W* and the curves T°U! and T°U? lie in the same homogeneity strip;
(i) U! and U? can be put into a 1-1 correspondence by a smooth foliation {7, },ci1 of curves
Yz € W" such that {T"yz} C W creates a 1-1 correspondence between T"U' and T"U?;
(iii) |Tiv,| < 2max{|T*U|,|T*U?|}, for all x € U*.
Let Jy;xT™ denote the stable Jacobian of 7™ along the curve U k with respect to arclength.
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Lemma 3.3. In the setting above, for x € U, define x* € v,NU?. There exists Co > 0, independent
of T € F, W € W® and n > 0 such that

(a) dWS(Ulv U2) < CfoAindVVS (Wla WQ);'
Jin 1" () 1

b) [ 220 1| < Cold(TMx, T a*)Y? + (T, T 2

0) | 2T - 1| < Culd(ma T 5 4 0T, )

where (T"x, T"x*) is the angle formed by the tangent lines of T"U' and T"Us at T"x and T™z*,

respectively.

Proof. (a) This is essentially a graph transform argument adapted for this class of maps satisfying
(H1). What we need to show here is that we do not need to cut curves lying in homogeneity strips
any further in order to get the required contraction and control on distortion.

First notice that due to the uniform expansion of 7, under T™ given by of (H1), we
have || < C.CyA™"dyys (W, W?2), where C; is a constant depending only on the minimum angle
between C"(z) and C*(z) and between C"(z) and the horizontal direction. Again by the transver-
sality of v, with U' and U?, the r-intervals on which the functions @1, 2 describing the curves
U, U? are defined can differ by no more than C.CZA~"dyys(W*', W?). Letting I denote the in-
tersection of intervals on which both functions are defined and recalling the definition of dyys(-,-)
from Section it remains to estimate |1 — pp2le1(r)-

By the same observation as above, we have |1 — ¢p2eco) < C?C A "dys (WL, W?). In
order to show that the slopes of these curves also contract exponentially, we make the usual graph
transform argument using charts in the adapted norm || - ||, from (H3).

Fix 2 € U' and define charts along the orbit of  so that x; := T%z, 0 < i < n, corresponds to
the origin in each chart with the stable direction at x; given by the horizontal axis and the unstable
direction by the vertical axis in the charts. Let ¢ < 1 denote the maximum absolute value of slopes
of stable curves in the chart. Due to property (iii) before the statement of the lemma, we may
choose the size of the charts to have stable and unstable diameters < C|T*U1| for each i, for some
uniform constant C. The dynamics induced by 7! on these charts is defined by

n—1 _ -1 -1
Tﬂ?i = Xai1 © o X

where x,, are smooth maps with |xz,|c2, x5! |c2 < C for some uniform constant C.
Note that DT, and D?*T, ! satisfy (H1) with possibly larger C, and C. = 1. In the chart
coordinates, since T;i L(0) = 0, we have

T, (s, t) = (Ais + ai(s,t), Bit + Bi(s,1))

where A; is the expansion at x; in the stable direction and B; is the contraction at x; in the unstable
direction given by DT, '(0). The nonlinear functions oy, §; satisfy «;(0,0) = $;(0,0) = 0 and their
Lipschitz constants are bounded by the maximum of

(3.14) IDT,; (u) = DT, ()| < 1D T, (=) |u — o]

where u, v, z range over the chart at x;.

We fix ¢ and let (1, @2 denote two Lipschitz functions whose graphs lie in the stable cone of the

M

chart at z; and satisfy ¢;(0) =0, j = 1,2. Define L(i1, p2) = sup, CLet o) =T oy

and @h, = T —1, denote the graphs of the images of these two curves in the chart at x;_1. We wish
to estimate L(¢), ¢5). For s on the horizontal axis in the chart at x;, we write,

|1 (Aistai(s, v1(5))) — pa(Ais + ai(s, p1(5)))] < @) (Ais + ails, p1(s))) — @a(Ais + ai(s, a(s)))]
+ 05 (Ais + ai(s, 92(5))) — ¢a(Ais + ai(s, p1(s)))]

1 Billp1(s) — p2(s)| + |Bi(s, ¢1(8)) — Bi(s, p2(8))| + V|ei(s, p1(s)) — ails, pa(s))]

(IBi| + Lip(53;) + 9Lip(i))|p1(s) — wa(s)]

IN A
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On the other hand, by (3.4)),
|Ais + i(s, ¢1(s))| = (JAs| — Lip(ai) (1 +7))|s|.

Putting these together, we see that,
(3.15)

b (|Bi| + Lip(8;) + 9Lip(cy))|p1(s) — @a2(s)| _ |B;i| + Lip(8;) + YLip(ay)
Ligr,e2) < sup (A — Tip(an) (1 + 0))]s] = A~ Lip(o) (1 + 9)

Suppose that z;_1 lies in the homogeneity strip Hj and x; lies on a curve with index n according

to the index given by (H1). Then by (3.14) and (3.4) and (3.5) of (H1), the Lipshitz constants
of a; and f3; are bounded by C; 'n%k8(C 1n~1k=5) = C,2nk since the size of the chart is taken to

be on the order of the length of the curve T°U! by property (iii) of the matching. Thus,

A+ C%nk(1+ 0 4073
U9 Lgrgn) < S Ligr, ),

L(<P17902)-

/ /
L 22 < o Cn(i 1 0)
for large k, which can be made smaller than A~!. Note that since k > c;n*® by (H1), this bound
is also small for large n. Thus we may choose Ny, Ko > 0 such that the contraction is less than A~}
on all curves with index n > Ny or landing in homogeneity strip Hg, £ > Ky. On the remainder of
M, the first and second derivatives of T~! are uniformly bounded by constants depending on Ny
and K. For curves in this part of M, we choose g, the maximum length of stable curves in W?,
sufficiently small that the distortion given by is less than %(A‘l/ 2 A~1). Then by ,
since ¥ < 1, the contraction on these pieces is less than A~! as well.

If 1 and 2 do not pass through the origin, the exponential contraction in the C° norm coupled

with the above argument yields the required contraction.
JT”UlT n(T"I)

(b) It is equivalent to estimate the ratio log o T (T We write

3.16 log 7T J Tiz) — Jpig, T~ (T

(3.16) 0g e T”x ZA | Jriv, T ( z) — Jriy, (T"2")]
2

where A; = min{Jpi;, TN (Tx), Jpiy, T~ (Tx*)}.

We estimate the differences one term at a time and assume without loss of generality that the
minimum for A; is attained at T%x. Set x; = T'z, } = T'z*. Let @ (x;) denote the unit tangent
vector to T"U" at x; and notice that Jpiy, T~ (z;) = | DT} (xz)u1|| Define i (x}) similarly. Then

DT (zi)ar | — | DT (a5)a@2 || | < [|DT ™ (as)@|| — [|DT~ (a) || |
+ | DT ™ (i) | — | DT (27| |
< IDT () || [y — @2l + | D*T 1 (z0) | d(xs, ),
where z; is some point on T%v,.
Suppose T~ '; lies in the homogeneity strip Hj and z; lies on some curve W, according to the
index given in (H1). Then ||DT~(x;)||/||DT~(x;)i|| < C where C is some uniform constant for

all unit vectors i € C*(x;). Also by (H1), we have |TU’| < C,/nk®, j = 1,2, so that by property
(iii) before the statement of the lemma, d(x;, z}) < 2C,/(nk®). Thus

1D (zi) | d(wi, ) _ (Can?k®)(2Ca/(nk)) _ 2C5
DT ()i~ Ca 'nk? Tk
Using these estimates in (3.16)), we have

< 202(1(1‘1‘,1, ZE;!(_I)I/g.

’VL

1 JT" U1

z d(zi_ ¥ 1/3
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Now |1 (z;)—t2(x})|| < O0(zs,2F) < CoA™"9(T™x, T"z*) by part (a) of the lemma together with the
fact that curves in W* have C? norm uniformly bounded above. Finally, by (H1), d(z;—1, 7} ;) <
Ce A== 1d(T™2, T"z*), which completes the proof of the lemma. O

3.6. Properties of the Banach spaces. We first prove that the weak and strong norms dominate
distributional norms on M in the following sense.

Lemma 3.4. There exists C' > 0 such that for any h € By,, T € F, n >0 and ¢y € CP(T~"W?),
[h()] < Clhlw([$]oo + HE (1))

This is the analogue of Lemma 3.9 of [DZ], but it does not follow from the argument given there
since condition (H5) and the weakened Lasota-Yorke inequalities in Theorem suggest that the
spectral radius of L7 can be as much as n > 1. It is a consequence of Lemma that the spectral
radius is in fact 1 (see Section 4 4] proof of Theorem .

Proof of Lemma([3.4 Define My := I; x [—7/2,7/2]. We partition the set Hp into finitely many
boxes B; whose boundary curves are elements of W* and W* as well as the horizontal lines £7/2F
1/k3. We construct the boxes so that each B; has diameter < ¢y and is foliated by a smooth family
of stable curves {We}ec g; C W?, each of whose elements completely crosses B; in the approximate
stable direction.

We decompose the smooth measure dpu = cospdm on Bj into dp = fu(d€)due, where pg is
the conditional measure of ;1 on W and /i is the transverse measure on E;. We normalize the
measures so that pe(We) = fwé cos p dmyy,. Since the foliation is smooth, dug = pg cos pdmyy,

where |pgle1(w,) < C for some constant C' independent of {. Note that ji(E;) < Cdy due to the
transversality of curves in W?* and W*". Next we choose on each homogeneity strip Hy, ¢t > ko,
a smooth foliation {W¢}eer, C W?® whose elements all have endpoints lying in the two boundary
curves of H;. We again decompose p on Hy into du = i(d€)due, § € Ey, and duge = pg cos pdmyy,
is normalized as above. By construction, i(E;) = O(1). Given h € C*(M), ¥ € CP(T~"W?), since
T"M = M (mod 0), we have h(¢)) = [}, hpdp = [, L"h1p o T~™du. We split M = UM, and
integrate one £ at a time.

Ll oT ™du = / LrhpoT ™du+ mon—"du
M, [t|>ko
= Z / L ap o T™" pe dpwdfs(§ Z / E"hw o T™" pe duwdfi(€)
o We It >ko ¥

We change varlables and estimate the integrals on one Wy at a time. Letting W” denote the
components of G, (W) defined in Sectlon and recalling that Jyp T denotes the stable Jacobian
of T™ along the curve VVé ;» we write,

Lhp o T pe duw = Z / hw(JMT”)_lJWgziT"pé o T™ cos p o T™ dmyy
We ] i ’
< D hlalleswa ) (LT we, T leswp e © T lenwpy cos o 0 T eowz, .
i

By (4.6]), we have |p¢ o T”]Cp(wg,) < Clpgler(wy) < C for some uniform constant C. The disortion
bounds given by (H4), equation (3.8, imply that
(3.17) y(JMT")*legiT”|cp(ng) < (1+ 2Cd)\(JMT”)*JW&T%O(W&).

For W € W?*, let cos W denote the average value of cos¢ on W, i.e.

cosW := W\_lf cos p dmyy .
W
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Note that there exists C. > 0, depending only on ky and the uniform transversality of C*(z) with
the horizontal direction, such that

(3.18) Clcos W < cosp(z) < C.cos W for all z € W.

Thus |cosp o Tn‘co(ng) < Cccos We. Then for z,y € W(;, we have using (13.2) of (H1),

|cospoT™(z) — cosp o T (y)] < dw (T"x, T"y)
dwp, (z,y)P — dwp (z,y)P

< CPA"P|We|'P.

Thus we have Hﬁ,n (cospoTm) < CE|We|'7P. If W C Hy, then cos We > ct~2 while [W¢| < C't3

for uniform constants ¢, 0" > 0, depending on the minimum angle between C*(x) and the horizontal.
Thus since p < 1/3, we have |cos p o T"|cn( wr,) < C cos W¢ for some uniform constant C'.

Gathering these estimates together, we have

(3.19) - L o T pedpw < Clhlu(|¢loo + HE(1)) cos(We) Y |(JuTn)_1JngTnICO(ng),
3 7

where C is uniform in 7" and n. We group the pieces Wg’l € Gn(We) according to most recent long
ancestor ng ;€ Gr(We) as described in Section Then splitting up the Jacobians according to
times k£ and n — k and using (H5), we have

DT g T eoqwey < 3 0" Mwg T oo,
% i€ (W)

(3.20) +Z > 1ka T*| o W) > 0" Twp T Fleowa)
k= 1]€Lk(W§) €L (W)

< Cl 7]9 + Z Z J Tk JngTk‘CO(Wéj)Cl (ﬂe*)nik
k= ljeLk(Wg)

where we have used Lemma (a) on each of the terms involving In(Wg ;) from time k to time n.
For each k, since |W£k ;| = 60/3, we have by bounded distortion (H4),

> \(J#Tk)_lngka\CO(WEkj) <(1+Cy%5"0 Y ) (JMT’“)_lngkade
JELL(We) ’ ’ jeLu(We) " Wes ’

<Cot / J, T dmyy .
W,
Putting this estimate together with (3.19)) and (3.20) and bringing cos W into the integral,

[ o T peduaw < ClBL (ol + H2G) (cos We+ 300 [, dpur)
3 k=1 3
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for some uniform constant C. Thus

\/MZ L’”hon*”dm’ gcyh\w(|¢|m+ﬂg(¢))(;/& cos We p(dS) + > /E cos W fi(d€)

[t|>ko
S n—k —k - n—k
+ % ];:1(779*) /Bj JJI " dp+ § § (16s) /

It|>ko k=1 H
< Clbullvl + HR@) (S B + 3 €2(8) + 0" [ 5,774y
j k=1 ¢

[t|>ko

t Ju T dy)

where in the last line we have used the fact that cosW < Ct=2 for W C H,. The first two sums
are finite since there are only finitely many E; and fi(E;) is of order 1 for each t. Since there are
only finitely many My, the first two sums remain finite when we sum over £. For the third sum, we
sum over ¢ and use the fact that [ M JMT_k dp = 1 for each k£ > 1. Thus the contribution from the
third sum is uniformly bounded in n using the fact that nf, < 1 by (H5). O

Several other properties of the spaces B and B, proved in [DZ] do not need to be reproved since
their proofs remain essentially unchanged. They are as follows.

(i) ([DZ, Lemma 3.7]) B contains piecewise Holder continuous functions h with exponent
greater than 23 provided the discontinuities of h are uniformly transverse to the stable
cones C%(x).

(ii) (|DZ, Lemma 2.1]) L is well-defined as a continuous linear operator on both B and B,,.
Moreover, there is a sequence of embeddings CV(M) — B — B, < (CP(M)), for all
v > 20.

(iii) ([DZ, Lemma 3.10]) The unit ball of (B, ]| - ||g) is compactly embedded in (By, | - |w)-

Lemma and items (i) and (ii) characterize the spaces B and B, as spaces of distributions
containing all Holder continuous and certain classes of piecewise Holder continuous functions. The
last item is necessary in order to deduce the quasi-compactness of L7 from the Lasota-Yorke
inequalities given by Theorem [2.2]

There remains one final fact to establish. As mentioned earlier, since we identify h € C'(M) with
the measure hu as an element of B, a priori Lebesgue measure may not be in B. The following
Lemma shows that Lebesgue measure is in fact in B and therefore so is hdm for any h € C1(M).

Lemma 3.5. The function (cos p)~! is in B. Therefore, Lebesque measure m = (cos@)™!  is also
in B and so is hm for any h € C1(M). Indeed, any piecewise Hélder continuous function as in item
(i) above times Lebesgue belongs to B.

Proof. In order to show (cos¢)™! € B, we must show that (cos¢)™! can be approximated by
functions h € C1(M) in the || - ||p norm. Since ||f||z = supy, || f|m, |5, our strategy will be to show
that ||(cos )~ !|m, |5 < Ck~'/? for some uniform constant C. We can then approximate (cos ¢) ™!
by 0 in homogeneity strips of sufficiently high index. More precisely, given € > 0, we choose K such
that CK~1/2 < . Then on the remaining strips k < K, (cos¢)~! has finite C'-norm and satisfies
the assumptions of [DZ, Lemma 3.7]. Thus we may find f. € C*(M) as in the proof of that lemma
such that

I(cos )" = fells < sup [(cos ), |5 + sup [[((cos @) ™" = fo)lmllm < 2e,
k>K k<K

proving that (cosp)~! € B.
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It remains to prove the claim ||(cos ) !|m, |5 < Ck~Y/2. Choose W € W, W C Hj, and let
¢ € C1(W) with |Y|wa,q < 1. Then,

(o vy < 1(cos ) oo ¥lenn W1 < [(c0s ) ey W1~

since [¢]eony < [W|[™®. On Hy, we have [W| < ¢k™* and |cosg|™! < Ck? for some uniform
constants ¢ and C' which depend only on the minimum angle of C*(z) with the horizontal. Then,
since a < 1/6,

(3.21) |(cos ) Heoqn) W] < cCR?E™33 < 'k ™1/2,

Taking the suprema over W C Hy and ¢ with |¢[waq < 1, we have ||(cos @), |s < C'k1/2,
completing the estimate on the strong stable norm.

To estimate the strong unstable norm, let ¢ < &y and choose two curves in Hy, W, W2 € W*,
such that dyys(W!, W?) <e. For i = 1,2, let 1; € CP(W?) with [Vilerawiy < 1 and dy(¥1,92) <e.

Recalling the notation of Section denote W' = {Gyyi(r) = (r,opi(r)) : 7 € Iyyi}, i = 1,2
and note that by definition of dyys(-,-), W' and W? can be put into one-to-one correspondence
by a foliation of vertical line segments of length at most €, except possibly near their endpoints.
Denote by U® the single matched connected component of W* and by ij the at most 2 unmatched

components of Wi We let © : U' — U? denote the holonomy map along the vertical foliation. We
estimate,

/ (cos @)~ Lepy dmyy — / (cos ) Lapy dmyy = Z/ (cos @) " Lep; dmyy
wi w2 A Vi
(3.22) b
+/ (cos )My dmyy —/ (cos ) Ly dmyy .
Ut U2
We first estimate over the unmatched pieces V}l Note that |VJZ| < Ce where C' depends only on

the minimum angle of C*(x) with the vertical. Recalling that |t;[co(y+) < 1 and using (3.21)) since
8 < «, we estimate

623 |X [ (cose)Mudmu| < SV o) ooy < CP2
i, J i,J

To estimate the difference on the matched pieces U?, we change variables to U using ©,

/ (cos ) " Lepy dmyy —/ (cos ) " Lahy dmyy | = ‘/ (cos ) Lapy — [(cos ) "Lehy] 0 © JO dmyy
Ut U2 Ut
< U (cos ) "1 — [(cos ) ~'4h2] © © TB|co(irn).

To estimate the C° norm of the test function, we split the difference into 3 terms and use the fact
that |1;|co < 1,

[(cos @) b1 — [(cos ) "M aba] 0 © JO|eo(ry < [(cos ) h — (cos )t 0 Oleogrny

(3.24) 1 ~1
+ [(cos ©) " |coz)th1 — th2 0 Oleouy + [(cos )™ [eowrz)[1 — JO|corn).

For the first term above, note that for z € U, | cos ¢(x) —cos poO(z)| < d(z,0(z)) < min{e, Ck—3}
for some uniform constant C' > 0. Thus

d(z,0(x)) - C,eﬁk{)’(l*ﬁ)

< (':BL3/2
cos () cospoO(x) ~ k=4 CeR

[(cos )™ (@) = (cos ) Tt 0 O()| <
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since 8 < 1/6. To estimate the second term in (3.24), denote z € U' by z = Gy (r) for some
r € Iy N Iy2 =t 1. Then [ty (x) — 2 0 O(z)| = [h1 0 Gy (1) — Y2 0 Gyyo(y| < € by definition of
dg(+,-). Thus

|(cos ) ooy l1hr — 12 0 Bleo(ny < Cke.
Finally, we estimate the third term of by noting that

THg?|
1= 78] = |1 - | < Iy — eyl <,
1+ (@Wz)
where we have used the fact that the derivative of v/1 + t2, -~ is bounded by 1 for ¢ > 0.

V142’
Putting these 3 estimates together in ([3.24)), we estimate the norm on the matched pieces by

/ (cosgo)_1¢1 dmw—/ (cosgo)_lz,/}gdmw
Ut U2

using the fact that |[U!| < Ck~3. This, combined with (3.23), yields the required estimate on the
strong unstable norm. O

< |UYC(EPR? 4 ek? + ek?) < C'Pk1,

4. PROOF OF THEOREM
The proof of Theorem relies on the following proposition.

Proposition 4.1. There exists C > 0, depending only on (H1)-(H5), such that for any T € F,
heB andn >0,

(4.1) 1C2hle < CHPlhlw
(4.2) 1c2n]ls < OO 4 A=) k|l + ™8y Bl
(4.3) L3Rl < ARl + CrC2 RS

Proof of Theorem [2.3 given Proposition[{-1. Choose 1 > o > nmax{#;~* A~9, A=%} and choose
N > 0 such that

N
o —
1L hlls = L Alls + 0 L3 Rl < 5 lIhlls + €6y ™ bl + bo™[|R ] + 0O CF 1A

< oM|hlls + Csn™ |hlw

providing b is chosen sufficiently small with respect to IN. This is the required inequality for
Theorem which implies the essential spectrum of Lr is less than o. Outside the disk of radius
o, the spectrum of L has finitely many eigenvalues, each with finite multiplicity. This follows
using the compactness of the unit ball of B in B,, [DZ, Lemma 3.10].

Despite the fact that 7 may be greater than 1, the spectral radius of L1 equals 1. To see this,
suppose z € C, |z| > 1, satisfies Lrh = zh for some h € B, h # 0. For ¢ € CP(M), Lemma
implies that,

|h() = 27" Lph(Y)] = [27"h(p o T")| < 27" Clhlw([$]eo + HE(p 0 T")) —— 0

n—oo

since Hh (¢ oT") < Ce AP 9lew(ary by (4.6). Thus h = 0, contradicting the assumption on z.
The characterization of the peripheral spectrum follows from Lemmas 5.1 and 5.2 of [DZ]. O

To prove Proposition we fix T" € F and prove the required Lasota-Yorke inequalities —
. It is shown in [DZ, Section 4] that L7 is a continuous operator on both B and B, so that
it suffices to prove the inequalities for h € C*(M). They extend to the completions by continuity.
Since these estimates are similar to those in [DZ], our purpose in repeating them is to show how
they depend explicitly on the uniform constants given by (H1)-(H5) and do not require additional
information.
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4.1. Estimating the weak norm. Let h € C}(M), W € W* and ¢ € CP(W) such that |¢|w,p <
1. For n > 0, we write,

(4.4) / Lrhpdmy = Y / J et ¢oT”de

WeGn(
where Jy»T" denotes the Jacobian of T™ along WZ-”.
Using the definition of the weak norm on each W;*, we estimate (|4.4]) by

wiegn

For z,y € W, we use (H1) to estimate,
[p(T"x) — p(T"y)| dw (T"z, T"y)P _
. < » WP s < Co AP )] o
dW(T"l’ Tn )p dW(l’ y) = W}‘C |JW cowr) = C |11Z)|C (W)

so that | o T"|cpwn) < Cel)|erwy < Ce. We use this estimate together with (H5) and (3-17) to

bound . by

/ Cohpdmw < Co(l+ 2000 B S [Iwn T oy < Cnllu,
w WreG,
where C' = C,(1 4+ 2C4)Cy and we have used Lemma (b) for the last inequality. Taking the

supremum over all W € W* and ¢ € CP(W) p < 1 yields (4.1) expressed with uniform
constants given by (H1)-(H5).

(4.6)

4.2. Estimating the strong stable norm. Let W € W? and let W;* denote the elements of
Gn(W) as defined above. For ¢ € C1(W), |¢h|w,a,q < 1, define ¢p; = [W|7! [i,.n ¢ o T™ dmyy. Using

equation (4 , we write
_ _ Jw
(4.7) / L7 dmyy = Z/ J T d} oT wi)dmw+¢i/ h T dmyy .

o Ju

To estimate the first term of ([4.7), we first estimate |¢) o T" — Ei|6q(Win). If H{, () denotes the
Hélder constant of ¢ along W, then equation (4.6)) implies

[(T"x) — (T"y)|
dw (z,y)?
for any =,y € W. Since 1), is constant on W}, we have Hgvgl (Yo T™ —1p;) < CeA™1"Hi (1), To
estimate the C° norm, note that ¢, = 1 o T"(y;) for some y; € W/*. Thus for each x € W},
[ oT" (@) — | =[vo T”(w) — o T"(yi)| < Hyyn (¥ o TT)|W|7 < CeHyy ($)A™"
This estimate together with ( and the fact that |¢|w,q,q < 1, implies
(4.9) IQZJOT —%Z) |Cq(W") < Ce Aoy < Ce AT W[
We apply (3.17] and the definition of the strong stable norm to the first term of ,

JW |VV-”"l Jwyrn T

h o™ — d < (142Cy)C. hlls— !

> /W_n o W T" ) dm < (1+2C) Sl e [T
(4.10) * °

(4.8)

< CA™™H (¥)

AT
cownr)

(Wi
(W«

0"(1+2C2)CeA™"|[R ]l Y [ JwrT" coqwpy < Can™ A™""[]s,

where Cy = (1 + 2C4)C.Cy~* and in the second line we have used (H5) and Lemma (c) with
¢=a.
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For the second term of (4.7), we use the fact that [i;] < |W|~® since [¢|wag < 1. Recall
the notation introduced before the statement of Lemma Grouping the pieces W € G, (W)
according to most recent long ancestors VVIf € Li(W), we have

JwnT"

Jw
Z|W|—a/ hJTn dmy = Z > !W|°‘/ h= e dmw

k=1jeLy(W)ieZ,(W})

—a JwnT"
+Z\W\ /hJTnde
ZEIn

where we have split up the terms involving k£ = 0 and k > 1. We estimate the terms with £ > 1 by
the weak norm and the terms with £ = 0 by the strong stable norm. Using again (3.17)) and (H5),

Jw T n
Z |W|_O‘ h Ju T” dmy < " (1 +2Cq) Z Z Z |W|_a|h|w’JWinTn|CO(W¢n)
i k=1jeLy(W)icZ,(WF)

+M(14+2C) > e
€L, (W)

[Alls| Twp T oy

[We

In the first sum above corresponding to k > 1, we write
—k k
[T T leoqwpy < Iwe T leow) [T s T |eo gty -

Thus using Lemma [3.2(a) from time & to time n,

ZZ > W wn T o) <Z > ’JWkT o (W™ > [ wn T Fleoqwn

k=1j€Ly i€Z,(WF) k=1jeLy(W) i€Ln(WF)
_ WE
< 355 Z > [T T oty i — L Cynk,
k=1jeL,(W)

since \Wf\ > 8p/3. The inner sum is bounded by C3~* for each k by Lemma (c) while the outer
sum is bounded by C/(1 — 6,) independently of n.
Finally, for the sum corresponding to k£ = 0, since

[ Twp T |eoqwpy < (L+ Ca)|T"WPIWP ™ < (1+ Ca)l Jwp T |eowy,s

we use Jensen’s inequality and Lemma (a) to estimate,

-«

Wn « T Wn n(l—a
i€Tn (W) i€Z, (W) i

Gathering these estimates together, we have

< Csn™55 | hlw + Co||hl| 02,

(4.11) Z|Wr°‘

/ h(JT™) " Jwn T dmy
w

where C5 = 3(1+2C;)C1C3 /(1 —0,) and Cg = (1 +2C,)%C). Putting together (£10) and ({11
proves ([4.2)),
1£7Rlls < '™ (A7 + 027 il + O 65 il

with C" = max{Cy, C5,Cs}, a uniform constant depending only on (H1)-(H5).
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4.3. Estimating the strong unstable norm. Fix ¢ < &g and consider two curves W1, W? € W?
with dyys (W1, W?2) < e. For n > 1, we describe how to partition T—"W* into “matched” pieces
U f and “unmatched” pieces V,f , £ =1,2. In the what follows, we use C; to denote a transversality
constant which depends only on the minimum angle between various transverse directions: the
minimum angle between C*(z) and C%(z), between ST, and C*(x), and between C*(z) and the
vertical and horizontal directions.

Let w be a connected component of W\ ST, such that T "w € G,(W). We define a smooth
local foliation {vs},cr-n, about T"w such that for each z € T7"w: (1) v, is centered at x, (2)
Yo € W“; (3) |7z] < 2BCC.A "¢ such that its image T™~,, if not cut by a singularity or the
boundary of a homogeneity strip, will have a projection on the vertical direction of length 2¢. By
item (3) and the definition of dyys(W1, W?), it follows that any curve 7™+, that is not cut by a
singularity or the boundary of a homogeneity strip must necessarily intersect W?2, except possibly
if 7™, lies near the endpoints of W'. By (H2), T'y, € W for each i > 0.

Doing this for each connected component of W'\ ST, we subdivide W\ 87, into a countable
collection of subintervals of points for which Ty, intersects W2\ ST, and subintervals for which
this is not the case. This in turn induces a corresponding partition on W2\ SZ, .

We denote by V,f the pieces in T-"W* which are not matched up by this process and note that
the images T ”V,f occur either at the endpoints of W* or because the curve 7, has been cut by a
singularity or the boundary of a homogeneity strip. In both cases, the length of the curves T"V,f
can be at most Cie due to the uniform transversality of ST, with C*(z), of C*(x) with C*%(z) and
of C*(x) with the horizontal.

In the remaining pieces the foliation {7"v,},c7—ny1 provides a one to one correspondence
between points in W' and W?2. We partition these pieces in such a way that the lengths of their
images under 7% are less than &y for each 0 < i < n and the pieces are pairwise matched by
the foliation {v,}. We call these matched pieces Uf and note that T’Uf € Gn_i(W*) for each

i =0,1,...n. For convenience, we further trim the ﬁf to pieces Uf so that Uj1 and sz are both

n

defined on the same arclength interval I;. The at most two components of T’ (U f \U f) have length
less than Cye due to the uniform transversality of C*(z) with the vertical direction. We attach
these trimmed pieces to the adjacent Uf or V,f as appropriate so as not to create any additional
components in the partition.

We further relabel any pieces Uf as Vjﬁ and consider them unmatched if for some ¢, 0 < i < n,
| T, | > 2|TiUf |. i.e. we only consider pieces matched if at each intermediate step, the distance
between them is at most of the same order as their length. We do this in order to be able to
apply Lemma to the matched pieces. Notice that since the distance between the curves at
each intermediate step is at most C;C.e and due to the uniform contraction of stable curves going
forward, we have ]T”V,f| < CC2¢ for all such pieces considered unmatched by this last criterion.

In this way we write W% = (UjT"Uf) U (UpT™V). Note that the images 7"V of the unmatched
pieces must have length < C,e for some uniform constant C, while the images of the matched
pieces Uf may be long or short.

Recalling the notation of Section we have arranged a pairing of the pieces U f with the
following property:

(412) IfU; = Gy (L) = {(r;pyi(r)) : v € I}, then U7 = G2 (L)) = {(r,pp2(r)) = r € I},

so that the point z = (r, ¢ (r)) € Uj1 can associated with the point z = (7, ¢ 2(r)) € Uj2 by
J J

the vertical line {(r, s)}se[,ﬂ/l,r/z}, for each r € I;. In addition, the Uf satisfy the assumptions of
Lemma 3.3
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Given 1y on W with [¢)y]ye op < 1 and dy(¥h1,92) < e, with the above construction we must
estimate

Lhn de—/W2 E”hwgdmw' <>

0.k

/ Z h(JT™) " Ty T g o T dmw‘
V,

‘Wl p

(413) + Z

We do the estimate over the unmatched pieces Vk first using the strong stable norm. Note that
by (4.6), |1 o Tn‘cq(V,f) < Celtelerqwey < Ce. We estimate as in Section using the fact that

|T"V}| < Cye, as noted above,

h(J,T™) 1JU1T%1 o T™ dmyy — / (J,T")~ 1JU2T"¢2 oT" dmw‘

Z‘ h(J,T™) 1JveTonnde( < Co S IRV 1T ™ Ty T o
Lk

(4.14) < Ce(1+2C)n" |12l > VEI* [ TyeT o vty

° k k

Lk
< Ce P hlls Yo 1y T bty < 2C" 0" ]LC5,
Lk
with C" = C.(1 + 2C4)?>C, where we have applied Lemma d) with ¢ = 1 — o > ¢p since there
are at most two V,f corresponding to each element Wf’n € G,(W*) as defined in Section and
é?

|JVk£Tn|C0(VkE) S |<]Wi£,nTn|cO(Wi£,n) whenever sz g W’L n.

Next, we must estimate

>

J

/ M) T T 4y o T™ dmyy — / h(J ™) T2 T ahg o T dmw‘ :
Ul J U2 J
J J
We fix j and estimate the difference. Define
¢ = (JuT™) " Tn T 1o T™) 0 Gpa 0 Gy
J J J

The function ¢; is well-defined on Uj2 and we can write,

h(J“T_l,]UJ; TM o T™ — /UQ h(J#T”)_ljszT” o 0 T

1
Uj

/ h(JHT")ljU_lT”zploT”—/ hoj| +
uj ’ Ui

(4.15)
<

| 105 = T T gm0 7).

We estimate the first term on the right hand side of (4.15]) using the strong unstable norm. Using

(H5). (B9 and (50)

(4.16) (T T T by 0 T ety < Ce(1+ 200" [ Jon T oo
Notice that

(417) |GU1 [©] GU2 |C1(U2) < sup \/ 1 + FZ Cg,
reU2 \/1 + dngz/dr)

where T is the maximum slope of curves in W?* given by (H1). Using this, we estimate as in (4.16]),
|9jlerwz) < CyCe(l +2Ca)n" | T T" |eo -
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By the definition of ¢; and dg(-,-),

dy((JuT™) ™ Ty T 0 T, 65) = H (JuT™) LI Ty 0 T 0 G = 650 Gy = 0.

Jlea(ry)

By Lemma a), we have dws(Ujl, UJQ) < CoA"e =: £1. In view of (4.16) and following, we
renormalize the test functions by R; = Crn"|JynT"|co1y where C7 = CyCe(1 +2C;). Then we
J J
apply the definition of the strong unstable norm with €1 in place of €. Thus,

(418) M~

J

< 070565/\_5”77"”h|’uz \JU;T”\CO(U;)
J

/ h(J#T")_lJU_lT”wloT”—/ h;
U} 7 U?

where the sum is < Cy by Lemma (b) since there is at most one matched piece U; ! corresponding

to each element Wil’ € Go(W1) and \JUlT lcowry < [Ty 1nT ’CO winy whenever U1 C Wln

It remains to estimate the second term in (4.15) using the strong stable norm.

(4.19) h(¢; — (J,T™)~ IJUQT%Q oT")

2
Uj

< NAIIUFI |65 = (JuT™) " T2 T a0 T

caU?)’

In order to estimate the C4-norm of the function in (4.19)), we split it up into two differences. Since
|GU]g|C1 < Cy4 and |G5¢1|C1 <1,4=1,2, we write
J

65— (JuT™) 2T - 2 0 T cagoey

(T I T - gy 0 T 0 Gy = [((JUT™) e T™) - 2 0 T 0 G

IN

ilea(ry)

IN

‘((J“Tn)_lJU1Tn) o GU1 [@bl oT"o GU1 —poT" o GUQ}

ca(ty)
(4.20) o o
| [T I T 0 Gys = (LT JyaT™) 0 Ga | 2 0 T 0 G

slca(ly)

< Cy(14209)|(J,T™) 1JU1T leoqny |1 0T 0 Gy — a0 T 0 Gy

i lea(r;)
+C,C,

(J T nT™) 0 Gyr — (JUT™) 2T o Gz
J J J

ilea(r)

To bound the two differences above, we need the following lemma.

Lemma 4.2. There ezist constants Cs, Cy > 0, depending only on (H1)-(H5), such that,
() (™) Tp T 0 G — (JuT™) ™ g T™) 0 Glencryy < CBI(T™) ™ Ty T om0
(b) [0 T™ 0 Gyr —tha o T 0 Gp2eaqs,) < Coe™™?.

We postpone the proof of the lemma to Section [£:3.1] and show how this completes the estimate
on the strong unstable norm. It follows from Lemma (a) that

’(JMTn)iljU‘}Tn‘CO(U]l) <1+ 0851/37[1)’(JMTn)il‘]UJ.QTn‘CO(U]?)
which we will use to simplify (4.20). Starting from (4.19)), we apply Lemma [4.2] to (4.20) to obtain,
Z ’ / (JuT") "L Jya T 0 T") dmw‘
U2
(4.21) B
Ol Y 21T T T oy 270 < O [0 3 [T o

J J
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for some uniform constant C' where again the sum is finite as in (4.18). This completes the estimate
on the second term in (4.15). Now we use this bound, together with (4.14)) and (4.18) to estimate
(14.13))

‘/ E”hwldmw—/ E”hwgde' < CCP Il + Cl[hfluA~Emyme? 4 o | s,
wt w2

where again C' depends only on (H1)-(H5) through the estimates above. Since p — ¢ > 8 and
o > 3, we divide through by € and take the appropriate suprema to complete the proof of (&.3)).

4.3.1. Proof of Lemma [{.9 First we prove the following general fact and then use it to prove
Lemma (4.2

Lemma 4.3. Let (N,d) be a metric space and let 0 < r < s < 1. Suppose g1, g2 € C*(N,R) satisfy
lg1 — g2|CO(N) < Dse® for some constant D1 > 0. Then |[g1 — ga|er(ny < 3% max{Dy, H*(g1) +
H*(g2)}, where H*(-) denotes the Hélder constant with exponent s on N.

Proof. Since |- |cr(ny = |- [covy + H"(+), we must estimate H"(g1 — g2). Let x,y € N. Then on the
one hand, since |g1 — go| < D1e*%, we have

[(g1(2) = g2(2)) — (91(y) — 92(»))|
d(z,y)"
On the other hand, using the fact that g1, g2 € C*(N), we have

< 2Dqe%d(z,y)™"

[(91(2) — g2(@)) — (91(y) — 92(v))|
d(z,y)"
These two estimates together imply that the Holder constant of g1 — g2 is bounded by

H" (g1 — g2) < su%V min{2De°d(xz,y)"", (H*(g1) + H*(g2))d(x,y)* " }.
RIS

< (H*(g1) + H(g2))d(z,y)*™".

This expression is maximized when 2D1e%d(z,y)™" = (H*(g1) + H*(g2))d(z,y)*", i.e., when

1/s
d(z,y) =¢ (#ﬁs(g@) . Thus the Holder constant of g1 — go satisfies,

H" (g1 — g2) < £°7"(2D1) 75 (H* (1) + H*(92)) .
O

Proof of Lemma (a). Throughout the proof, for ease of notation we write Jj for (J,T™) "L J T™.
J
For any r € I;, * = Gpyi(r) and T = Gpz(r) lie on a common vertical segment. By the
J J _
construction at the beginning of Section U jl, U 3'2 lie in two homogeneous stable curves U jl and

U ]2 which are connected by the foliation {~,}. Thus z* := v, N U ]2 is uniquely defined for all = € Ujl.

Then T™(x) and T™(x*) lie on the element T™y, € W* which intersects W' and W? and has length
at most Cye. By (3.9) and Lemma [3.3(b),

[T} (2) = J5(2")] < CaCol 3 |eoqu2) (dw (T2, T"a*)/* + 6(T"2, T"a*)),

where 0(T"z, T"x*) is the angle between the tangent line to W1 at 7"z and the tangent line to W?
at T"z*. Let y € W? be the unique point in WW? which lies on the same vertical segment as T"x.
Since by assumption dyys (W', W?) < ¢, we have 0(T"z,y) < . Due to the uniform transversality
of curves in W* and W# and the fact that W? is the graph of a C? function with C2 norm bounded
by B from (H2), we have 0(y, T"z*) < BCie and so 0(T"z, T"z*) < (14 BC})e. Thus

(4.22) [J1'(z) — J3 (27)] < CaCo(Cy + 1+ BCt)€1/3|J5|c0(U;)~
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Also, by (3.8]), since * and z are both on [7;, we have |JJ'(z*) — J3(z)| < C3|J% ICO(Uz)dW(:I: z)'/3.
Putting this together with (4.22) and using the fact that dy (z*,z) < Cie by the transversahty of
Yo wWith W? yields,

(4.23) |7 (2) = J3(@)] < C'eY? I oz,
where C' = C;Cy(2C; + 1 + BCY).

Now using the fact that |GU]¢ le1(1;) < Cy from ([4.17)), we apply Lemma[d.3|with D; = C’1|J§|CO(U12)
and g; = J' o GU;;, i=1,2. By , we have
(4.24) |J1n\CO(Uj1) <1+ Cl€1/3)|J§L’c0(U;)7
and invoking , we complete the proof of (a). O
Proof of (b). Let oy be the function whose graph is W¥, defined for r € Iy, and set ff =
G;Vle oT"o GUJg, k = 1,2. Notice that since ‘G;Vlglcl <1 and ]GUJA@ < Cy, and due to the uniform
contraction along stable curves, we have Lip( fz) < Oy, where C} is independent of WE T and j.

We may assume that ff( ;) C Iy N Iy2 since if not, by the transversality of C*(x) and C*(x), we

must be in a neighborhood of one of the endpoints of W* of length at most Cje; such short pieces
may be estimated as in (4.14)) using the strong stable norm. Thus

(Y101 o Gy —4a o T" 0 Grezlea(r;) < 10 Gy 0 fi =20 Gy o fileaqs,)
+ [1hg 0 Gyz o f — b2 0 Gz 0 fFlcary)
Using the above observation about fjl, we estimate the first term of (4.25) by
(4.26) (Y10 Gy 0 fj — 20 Gz 0 fileary) < Crplvr 0 Gyn — 2 0 Gzleag1ry)) < Cre,
since dg (11, 12) < €. To estimate the second term of (4.25 - notice that since U1 and U2 are joined

by the transverse foliation {’yz} C W¥ and using the uniform contraction along stable curves under
T, we have | f f leoqr;y < Ce for a constant C' depending only on the uniform hyperbolicity of
(Hl) and the unlforrn transversahty conditions in (H2). Thus for r € I},

(4.27) [ 0 Gy © f](r) = o 0 Gy 0 f7(r)] < Cyltalen| £ (r) = fF ()P < CyClialere?.
Now we again apply Lemma [4.3] to obtain
|tha 0 Gz o fj — g 0 Gz © fFlea(r,) < Cltbalere? ™7,

for a uniform constant C'. This estimate combined with (4.26) proves part (b) since [t2|cp(r2) <
1. O

(4.25)

5. PROOF OF THEOREM [2.3]

Fix £ < g and suppose Ty, Ty € F with dz(T1,Tz) < €. We denote by S, the singularity sets
for Ty, £ = 1,2. Let h € CY(M), ||hllp < 1, and W € W5. Let ¢ € CP(W) with [¢|wo, < 1. We
must estimate

/ (Elh—ﬁgh)"(ﬂd”ﬂlw:/ Elhwdmw—/ £2h1/)dmw
(5.1) W w w
= /T1Wh¢OT1(J“T1>_1JT11WTde — /TlthOTQ(J“TQ)_l‘]TQlWB dmyy .
1 2

Notice that the estimate required is similar to that done in Section except that instead of
two close stable curves iterated under the same map, we have one stable curve iterated under two
different maps.
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We partition 17" W and Ty YW into matched and unmatched pieces as in the beginning of
Section Let g{ (W), £ = 1,2, denote the elements of TE_IW as described in Section Let
w € GH(W). Due to (C1), to each point # € w, we associate a curve 7, € W of length at most
C.e which terminates on a piece of T2_1W that lies in the same homogeneity strip, if one exists.
We also require that v, is not cut by S} U S3.

We denote by V,f those components of T[IW not matched by this process. We also include in
the set of V} all images of connected components of W N N.(S1, US?,) under 7, [1. Note that the
T gVIf occur either at the endpoints of W or near a singularity or the boundary of N.(S!; US?,).
In all cases, the length of the curves TgV,f can be at most C;Cee due to the uniform transversality
of Sfl with C*% and of C° with C%.

In the remaining pieces the foliation {~,} provides a one-to-one correspondence between points
in Tle and T}, YW . We further partition these pieces in such a way that their lengths are between
d0/2 and &y and the pieces are pairwise matched by the foliation {7, }. We call these matched pieces
U f. As in Section we trim the ﬁf to pieces Uf so that U jl and sz are defined on the same
arclength interval I;. The at most two components of Tg(ﬁ f \U f) have length at most C;C, A~ le.
We adjoin these trimmed pieces to the adjacent Uf or V,f as appropriate so as not to create more
pieces in the partition of T, [1W.

As one final step in the construction (to be used in the proof of Lemma , we require that
T2_1 oTi(x) € CNIJQ for each z € Ujl. If this is not the case, then we are once again in a Cie

neighborhood of the endpoints of U jl and so such points may be treated as unmatched pieces V,f
as above.

In this way, we write T, W = (UjUf) U (UrV}) and note that the images T;V{ have length at
most Cye for some uniform constant C,,, £ =1, 2.

Now using (5.1)), we have

/ (£1h — ﬁzh)i,b de = Z/ hw o Tg (JuTg)_lJVzTg dmw
w Vi k

(5.2)
+ E / hlﬁOTl J Tl) 1JU_1T1de— h oy (JMTQ)_]'JU?TQde.
J Uz J

We estimate the integral on short pieces V]f first using the strong stable norm. By (4.6)), we have
|4 o Tg|Cq(ng) < Celler(wy < Ce. Following the estimate in (4.14)), we have

(5.3) >

0k

-1
/V]f W(JTe) " Ty Tetp o Tedm| < Ce®|[h s %; ’Jverco(V[
The sum is finite by (3.7)) of (H3) with ¢ = 1 — « since there are at most two V,f corresponding to
4,1 . .
each element W, € G{(W) as defined in Sec‘mon@ and ’JV,fTZ‘CO(V;f) < ‘wa’lecO(Wf’l
Vf - I/Vf’l. The constant C' above depends only on properties (H1)-(H5), but for brevity we do
not write out the explicit dependence since these estimates are similar to those done in Section

and the constants are the same.
Next, we must estimate

J
Using notation analogous to (4.12]), we fix j and estimate the difference. Define
¢; = (W) Jn T o Ti) 0 Gy o G,
J

) whenever

/lh(JMTl)ljU];Tldonl dmyy —/Qh(JMTg)lJszTgong dmyy | .
U Uj
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The function ¢; is well-defined on Uj2 and we can write,

/h(JMTl)ljU;le/JoTl—/ h(JHTz)*lJszngpng
Ul 2
J

J

(5.4)

< +

/h(JuTl)_lJU;quﬁoTl—/ h;
Uj1 J UJZ

/UZ h(¢; — (JuT2)_1JU;T2 Yo Ty)|.

To estimate the two terms above, we need the following adaptation of Lemma [4.2]

Lemma 5.1. There exists C > 0, independent of W € W* and Ty, Ty € F, such that for each j,

(a) dws(U},U7) < Cel/? ;

(b) |((JuT1)_1JU;T1) oGy — ((J/LTQ)_IJUJ?TQ) ° Gyzleaqry) < O|(JuTz)_lJUgB\CO(U;)€I/3_(’ ;

(¢) [poTyoGyr —oTyoGralea,) < CeP™1 .

J J
We estimate the first term in equation (5.4]) using the strong unstable norm. The estimates
(3.17) and (4.6)) and property (H5) imply that
(5:5) |(JuT2) " Jyn T4 o Tl o < 1Ce| Ty Tileony.
Similarly, since by (4.17)), |GUJ_1 o G5§|cl < Cy, we have |q§j|sz707p < anC’e]JU}Tl\CO(U;). By the
definition of ¢; and d,(,-),
= 0.

do((J, 1)~ T T o Th, ) = ‘ {(JMTl)iljUlelw o Tl} °Gyr =9 G|, )
J

In view of (5.5)) and following, we renormalize the test functions by R; = nCyCe|Jy1T1[co1y- Then
J J
we apply the definition of the strong unstable norm using Lemma (a) to obtain,

(5.6) >

J

< CPP2 )|,y [T Tileo )
J

/ B (T T I T o Ty — / ho;
Uj1 J UJZ

where the sum is < C by Lemma (b) since there is at most one matched piece U jl corresponding

to each curve W} € GH(W).
We estimate the second term in ([5.4]) using the strong stable norm.

(5.7) < CllhllslUz |

L -1
d)] (JNTQ) JUJQT2¢ ¢} T2 C‘I(sz) .

/U2 h(¢p; — (JuT2)_1JUJ2T2¢ oT)

In order to estimate the CZ-norm of the function in (5.7), we split it up into two differences.
Following (4.20) line by line, we obtain

(b5 — (JuT2) ™ 2T - 90) 0 Tz leaqurz)

(5.8) < C|(JuT1)_1JU;T1|CO(Uj1) YoTioGy —poTholye

Ca(1y)
+ C|((T) I Ta) 0 Gy = (JuTo) ™ Ty Ta) o G

Ca(1;)
Notice that Lemma [5.1[(b) implies that
|(JMT1)71JUJ-1T1‘CO(U]-1) < (1 + C_'El/?’fq) ‘(JHTQ)ilJUJ_QTQ‘CO(U]?).

Then using Lemma b) and (c) together with (5.8) yields by (5.7)
Z ‘ /U2 h(¢; — (JuT2)_1JUJ2T2¢ oTy) dmw} < CJ|hl|seP™1 Z |JU].2T2|CO(U]2)7
J J E
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where again the sum is finite by Lemma (b) This completes the estimate on the second term
in (5.4). Now we use this bound, together with (5.3)) and (5.6) to estimate (5.2)

(5.9) ‘/W Liha dmyy — /W Loht dmyy

Since p — ¢ > 8 and « > 3, the theorem is proved.

< C||hl|se® + C||h)lue®? + C|h|| P71,

5.1. Proof of Lemma [5.11

Proof of (a). Note that by construction U jl and U 32 lie in the same homogeneity strip. Also, they are
both defined on the same interval I; so the length of the symmetric difference of their r-intervals is
0. Recalling the definition of dyys (U jl, U ]2), we see that it remains only to estimate o1 — g2 le1( 1)
J J
for their defining functions ;.
J
For 2 = (r,¢y1(r)), define & = (r, py2(r)) and x. = Ty * o T1(2). By the construction of Uj1 at
J J

the beginning of this section, x. € U ]2 Since x and x. are images of the same point u € W under

T L and Ty 1 respectively, it follows from (C1) that z and x. are at most £ apart. Then since all
vectors in the stable cone have slope bounded away from +oo, it follows that x and  are at most
Ce apart (and so by the triangle inequality, also  and z. are at most Ce apart).
This proves that o1 — ch_2|CO(I].) < Ce. It remains to estimate |<,0’U1 — cp’U2|, where cp;]g denotes
J J J J J
the derivative of ¢ with respect to r.
J

Let @y (u) be the unit tangent vector to W at u := T1(z) = T»(x), as before. The tangent vector
to Uf is given by DT, " (u)tw (u), £ = 1,2. By (C4),
(5.10) |DT () (w) — DTy (w)w (w)]] < /2.
Then since ||DT; *(u)tw (u)|| > C;! by (H1), we have 0(z,z.) < Cee'/2, where 0(z,z.) is the
angle between the tangent vectors to U jl and U, ]2 at x and z. respectively.

Fory e U f, let ¢(y) denote the angle that GUJ/; makes with the positive r-axis at y. Then

P2 () =912 ()] = [tan ¢(z) — tan §(2)] < [ s sec” ¢(2)]]6(z) — o(2)| = | sup sec” ¢(2)]0(x, z).

Since the slopes of curves in C*(x) are uniformly bounded away from 4oo, we have sec? ¢(z)
uniformly bounded above for any z € U j’?. The proof of the lemma is completed by writing 6(z, &) <
0(z,z.) + O(xe,z). The first term is < Ce'/? using and the second term is < Ce since x.
and z both lie on 6]2 and stable curves have a uniform C? bound by (H2). O

Proof of (b). We prove that the closeness condition (C3) implies the existence of a constant C' > 0,
independent of W € W?* and 11,715 € F, such that

1/3—
(5.11) ‘JUJ.lTl e} GU} — JU]gTQ o) GU?’CQ(IJ') S C’JU]?TQ‘CO(UJZ)E / 1,
The analogous statement concerning (J,T)) "' follows from condition (C2). Then since

|f191 — fag2lca < |filealgr — g2lca + |g2lcal f1 — f2lea,

for any C? functions fi, g1, f2, g2, part (b) of the lemma follows from these two estimates using the
fact that | - |ca < (14 Cy)| - |co by bounded distortion for the functions we are estimating. We
proceed to prove (5.11)).

For any r € I;, we write

[JuiTi 0 Gy (r) = JppTa 0 Gz (r)| < [JinTa 0 G (r) = Jya Ta 0 G (7))

512
(5:12) Ty o s () — JyeTo o Ga(r).
J J J J
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The first term above is < ]JU];TQICO(IJ.)&: by (C3).

Recall that U, jl, U ]2 lie inside the longer curves U jl, U JQ which are matched by the foliation {~,} et C
J

WH. Thus |JUJ;T2|CO( ) <C |JU]2T 2]coq 1;) by the same argument used to prove (4.24), completing
the estimate on the first term of ([5.12]).
The second term of ((5.12)) is < 0/61/3|JUJ2T2|CO(Ij) using (4.23) since it involves the Jacobian of a

single map in F evaluated on two stable curves that are matched by a foliation of unstable curves.
Thus

(5.13) [JuaTi 0 Gyi(r) = Jya Tz 0 Gz (r)| < 051/3|JU;T2VCO(UJ?)'

This implies in particular that |Jy1T1|co1y < ClJy2Talco(y2). Now we use (3.8) and the fact that
J J J
|GU]¢|C1(1].) < Cy to apply Lemma and complete the proof of (5.11]). O

Proof of (c). Let x = (r, 1 (r)) and as above, define Z = (r, ¢y2(r)) and 2. = Ty ' oTy(z). Since &
J J

and x. are at most Ce apart and lie on U 3'27 we have dy (T2Z, Toz.) < Ce by the uniform contraction
given by (H1). Thus,

(5.14) [ oTioGui(r) = oTyoGua(r)] < [Yleswydw (Trz, Tox)".

Since dy (Thx, Tox:) = 0, we may use the triangle inequality to conclude that the difference above
is bounded by C||cp(1r)eP.
Again applying Lemma with [¢|cpwy < 1 completes the proof of part (c). O

5.2. Proof of Corollary We follow the proof of [DZ, Theorem 2.6] and remark on the essential
differences. The strategy of the proof will be to show that for T" € F and a suitable observable g,
the generalized transfer operator defined for z € C by

n 2Sn n s
LY () = h(e*9poT™), forall h € B,y € W,

is an analytic perturbation of £ = Ly for small |z|.
We shall need the following result from [DZ].

Lemma 5.2. ([DZ, Lemma 3.7]) Let P be a (mod 0) partition of M into countably many open,
simply connected sets such that (1) there is a constant K1 such that for each P € P, OP comprises
at most K smooth curves, each of which is transverse to C*(x), with a minimum angle uniform for
all P € P; (2) each homogeneity strip Hy, intersects at most finitely many P € P.

Let v > 283. Suppose h is a function on M such that suppep |h|cv(p) < 0o. Then h € B.

We shall prove the following multiplier property for our Banach spaces which generalizes [DZ,
Lemma 6.1] to allow functions with discontinuities.

Lemma 5.3. Let P be a countable partition of M that satisfies the conditions of Lemma[5.2 and
suppose in addition that there is a uniform upper bound N1 on the number of P € P that each Hy,
can wntersect.

Lety = max{p, 28+¢} for somee > 0. Suppose f is a function on M such that suppep | flcv(p) <
oo and let h € B. Then hf € B and ||hf|sg < C|hlssuppep |flcv(p) for some uniform constant
C.

Postponing the proof of the lemma, we show how it establishes the analyticity of L., for a
function ¢ which has discontinuity curves satisfying the conditions of Lemma [5.3

Define the operator A,h = L(g"h), for h € B. Then Lemma implies that ¢"h € B and
moreover,

[An(B)lls = [I£(g" M) < [[£llllg"hlls < V||E||||h||B;1€11; 191¢ (p)-
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Thus the operator »_° %An is well defined on B and equals L., since once we know the sum
converges,

> %Anh(zp) —=h (Z %g” po T) = h(e* o T) = L.,h(v), for i € CP(W?).
n=0 n=0

Once the analyticity of L., is established, the proof of Corollary follows precisely as in
[DZ, Theorem 2.6] and will not be repeated here. Note that the error exponent A > 1/4 in
Corollary [2.4b) is justified by [Gl eq (1.2)] since g € L>°(M). It remains to prove Lemma

Proof of Lemmal[5.3 Let P and f be as in the statement of the lemma. By density, it suffices to
prove the lemma for h € C'(M). By Lemma hf € B. We proceed to estimate its norm. For
brevity, we write

| flevepy = sup | flev(py-
Pep

To estimate the strong stable norm, we fix W € W* and ¢ € C4(W) such that ||y, < 1. For
each P; € P, set W; = W N F;. Then

/W hfi dmy = Z/W i dmy < 0l Wil | fleawy | @leawsy < MKl Rlls| flesp)-

where we have used the assumptions on dF; to bound the maximum number of W; by Ny Kj.
Now to estimate the strong unstable norm of hf, we let ¢ < g9 and choose W', W? € W* with

dys (WY, W?) < e. For £ = 1,2, let 1, € CP(W?) such that [Velerwey < 1 and dg(i1,¢2) < e.
Recalling the notation of Section [3.3] we write

We == GWe(IWe) = {(T, QOWZ(’I")) T e IWz}
We subdivide each curve W into matched and unmatched pieces, similar to those in Section

To each point z € W', we attach a vertical line segment ~,, centered at = of length 2. We define
Uf C W* to be the maximal connected curves for which Uf belongs to a single element P € P
and the family {fyx}erJe intersects W?2 but does not intersect JP for any P € P. We label by
Vf C W the remaining maximal pieces for which there is no matching by the vertical segments ;.
We also require each Vié to be contained in a single P € P. Note that there are at most 2/N1 K7 + 2
unmatched pieces and at most N1 K7 matched pieces by assumption on P. Also, due to the uniform
transversality of OP with C*(z), we have |V| < Cie for each £, j and a uniform constant Cj.

We define ¢ = (f11) o Gyy1 o Ga}Q and note that ¢ is well defined on each matched piece U j2. We
must estimate

/Wl hfir dmy — /W2 hfpe dmy = ; /vf h e dmy

+§j: (/Ujlhf¢1dmw—/U]2h¢dmw> +/[J]2h(¢—f¢2)dmw_

The first sum on the right hand side of (5.15)) over unmatched pieces is estimated by,

(5.16) Z /w hfpedmw < Z ||h||s|‘/;e\a|f|cq(x/;f)|W\cq(vf) < 2NLKL £ 2)||Als] flerp) Cre®.
i4 i 7,0

(5.15)

Next we estimate the difference over matched pieces in ([5.15)). By construction, dyys(U ].1, U ]2) <e

since U f C W*. Moreover, letting I j denote the common r-interval over which U jl and U ]2 are both
defined, we have

dq(fir,¢) = [(fr) o Gy — do GW2’cq(1j) =0.
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Also, since Gy o G , has bounded C'-norm, we have ]f¢1|cp(U1 \qﬁ\cp(Uz < C|flevepy for some

uniform constant C. Renormahzmg the test functions, we apply the deﬁmtlon of the strong unstable
norm to estimate

(5.17) >

J

< MK |[h)|uC| fler(p)

/ hflbl dmw—/ h¢de
Uj1 Uj2

Finally, we estimate the third sum on the right hand side of (5.15)) using the strong stable norm.

2.

J

/ W6 — fibo) dmyy
U2

J

< Ihllslg - f1/12|Cq(UJZ)|UJ‘2|a'
J

Again using that G2 has bounded C'-norm, we estimate
|6 = f¥2leswzy < Cl(F1) o Gwr = (F2) © Gweleaqs,)-
For r € I, we have
|(f11)0Gy (1) = (f12)oGy2(1)] < |floo|tp10Gyy () —1b20Gyy2 (1) +|th2]co w2y foGyw (1) = foGyy2 (1)].

The first difference above is bounded by e due to the assumption dg(11,12) < €. The second
difference is bounded by |f ]cy(p)sf Now using Lemma we conclude

(5.18) |6 = f2leawz) < Clflevipye”™.
Putting together (5.16[), (5.17) and (5.18]) with (5.15]), we have
[ wodm = [ g dm| < Clilesgry (Il + bl + 1),

for some uniform constant C' depending on N7 and K;. This completes the estimate on the strong
unstable norm since 5 < min{a,p — ¢}. d

5.3. Random Perturbations: Proof of Theorem[2.6] We fix a class of maps F for which (H1)-
(H5) hold with uniform constants and choose Ty € F. Define X (Ty) = {T € F : dx(T,Tp) < €}.
Recall the transfer operator L, 4) associated with the random process drawn from X <(Tp) as defined
in Section Our first lemma is a generalization of Theorem which shows that the transfer
operator L, 4) is close to Lr, in the norms we have defined.

Lemma 5.4. There exists C > 0 such that if ¢ < eg, then |||L, 4 — Lny||| < CAEP.
Proof. Let h € CYH(M), W € W* and v € CP(W) with |¢|w0, < 1. Then using ,

/E,,ghwdmw /cTOhwde‘ / (L1, h(x) — Lryh(z))Y(2)g(w, T, ') dmydv

< / b B2 ]|l g(w, Yo anydi(w) < O~ AP ]
Q

where we have interchanged order of integration since [, L1, (h) v g(w,-) dmy is uniformly and

absolutely integrable for each w € © by Theorem [2.2] O
It remains to prove the uniform Lasota-Yorke inequalities for £, 4. Let W, = (w1,...,wy) € Q"
and define 1, =1, o--- o1, . We first prove that the random compositions T3, have the same

properties (H1)-(H5) as the maps T, € F, with possibly modified constants.
The singularity sets for 1z, are Sgw" = Uﬁlewf o---o T, 1Sy, for n > 0, and similarly for
Sirfl" Thus the transversality properties (H1) of STZ" with respect to C* and C'* hold due to the

uniformity of this transversality for all maps in F. The family W? is preserved under Tgnl since it
is preserved by each map in the composition.
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The uniform expansion given by of (H1) also holds since DTy, = [[;_ DT.,, 0 T, , and
in the adapted metric || - ||« given by (H3), the expansion holds with C. = 1 for each map in the
composition. Translating to the Euclidean norm at the last step, we get (H1) with C, depending
only on the uniform constant relating the adapted and Euclidean metrics. Equations and
also hold trivially since they concern only one iterate of a map drawn from F. (H5) follows
for the same reason.

Due to the uniform expansion along stable and unstable leaves, and of (H4) hold
with a possibly larger distortion constant C7, again using the bounded distortion of each map in
the composition 75, .

Finally, we establish that the iteration of the one-step expansion given in (H3) holds for random
sequences of maps in the class F. As in Section for W € W? we define the nth generation
G&n (W) C W* of smooth curves in Tgﬂlw. The elements of G¥ (W) are denoted by W/ as before
and long and short pieces are defined similarly. Analogously, I?L"(Wf) denotes the set of indices

i in generation n such that Wf is the most recent long ancestor of W/* under Tg,,. Thus Z¥" (W)

denotes the set of curves that are never part of a curve that has grown to length dy/3 at each time
step 1 < k <n.

Lemma 5.5. Let W € W* and for n > 0, let Z&»(W) and G&» (W) be defined as above. There
exist constants C1,Cy,Cs > 0, independent of W € W?* and w,, € Q", such that for any n > 0,

@ > |JwaTs,leogrny < Cr%;

i€ (W)
) > wrTsleogrr < Co;

Wiegh™ (W)

|V[/Yin‘g 1—¢
(c) forany 0 <¢<1, Z W [ Jwp Tz, lcowny < Cy %5
Wiegy™ (W)
() for<>q, > wrTeleeqm < C5.
Wregr™ (W)

Proof. (a) Fix W € W? and for w,, € 2", define Z,(W) = ZieIE"(W) | Jwr Tz, |, where |JywnTg, |«
denotes the least contraction on W;* under 7T, measured in the metric induced by the adapted
norm. We will prove by induction on n € N that Z, (W) < 6. Then, since || - ||« is equivalent to
|| - ||, statement (a) follows.

Note that at each iterate between 1 and n, every piece W, i € Z¥" (W), is created by genuine
cuts due to singularities and homogeneity strips and not by any artificial subdivisions, since those
are only made when a piece has grown to length greater than dy. Thus we may apply the one-step

expansion (3.6)) to conclude,
(5.19) Z(W) <0, VYWeWw:.

Assume that Z, (W) < 67 is proved for some n > 1 and all W € W?9. We apply it to each
component W} € G’ (W) such that i € Z{H (W). Then Z,(W}) < 07 since W} € W5,

Given w, € Q", we use the notation @/, , = (wp,...,wn_k+1) so that we may split up com-
positions w, = (*;L W) into two pieces. Given a sequence Wyy1, we group the components
of Wi ¢ g;jﬁl( ) with i € Zw"“( ) according to elements with index in Z;*(W). More

precisely, for j € Ty (W), let A; = {i : W/ € gj;j_{l( ), T%I/V[”rl C I/le} Note that
| yyne1 T,y |« < [ Jymi Ty o] Jyr Ty |« whenever Ty W € W1 Combining this and (5.19)
i i n J n
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with the inductive hypothesis, we get

Zop(W)= ) Zuwnﬂ T s > Z\JWWTH [ Jys Tooy |+

JEITH (W) 1€A,; jeIi”(W) €4,
= 3 ZWH e (Tl < 0

J
JELTH(W)

(b) Fix W € W* and w,, € Q". For any 0 < k <n and W* € G& (W), we have
(5.20) | Jwp T, |coqwny < |JWi"Tw;l_k’CO(WZ-”)|JWJ1€T@1@|C0(W}€)v

whenever T 7;@Win C VV}“ € gf’“(W)
Now grouping W* € G¥»(W) by most recent long ancestor Wf € LY*(W) as described in

Section and using , we have
>l Iwr T, leoqwy) Z > > wrTs e

7 k=0 WJkeL:’k (W) ,Lel-wn (W]k)
n
<> X (X WweTleowy )wiTadegrn + D wpTaeown,
k=lywkerle(w) €z (W)) i€ (W)

where we have split off the terms involving £ = 0 that have no long ancestor. We have

[t Tagleoquny < (U C) [T, WHIWE ™ < 3657 (1 + €)W

since |WF| > 6o/3. Since Zy"(WF) and Iff;’“ (WF) correspond to the same set of short pieces in
the (n — k)" generation of Wk, we apply part (a) of this lemma to each of these sums. Thus,

Zuwn:rwn leoqwny < Z Y. GO T oy + C162
F=0wkeryk(w)

n—1 n—1
<05t Y Z 00| T, W+ COp < Cog (WD 627 F + Cor,
k=0 WJkEL:k (W) k=0

which is uniformly bounded in n.
(c) follows from (b) by an application of Jensen’s inequality and (d) follows from (H3) using an
inductive argument similar to the proof of (a). O

We complete the proof of Theorem via the following proposition. The uniform Lasota-Yorke
inequalities of Theorem [2.2] then follow from the argument given at the beginning of Section [4]

Proposition 5.6. Choose ¢ < gg sufficiently small that o(1 +¢) < 1 and let A(v,g) < . There
exists a constant C, depending on a, A, and (H1)-(H5) such that for h € B and n > 0,

(5.22) uz(,,,g)hns < O (08" 4 A5 + Coy O Bl

(5.23) 1Ll < CH" A= |R ]l + O CF ||l



A FUNCTIONAL ANALYTIC APPROACH TO PERTURBATIONS OF THE LORENTZ GAS 37

Proof. We record for future use,
(o) h(@) = /n ho Tgnl(JuTwn o Tw_nl)_1 H g(wj, Tw_j1 oo T la)dv" (@,).
j=1

The proofs of the inequalities are the same as in Section 4] except that we have the additional
function g(w,z). We show how to adapt the estimates of Section 4| to the operator L4 in the
case of the strong stable norm. The other estimates are similar.

Estimating the Strong Stable Norm. Following Section we write,
(5.24

)
L phdmy = [ 3 /Wn B0 T, — D) (JuTs)~ JwnTs, [ 9(eos, T,y w)dmuw

n

+Ez / h(J#Twn)_l‘]Wi”Twn H g(wj? ij—lx)dmw dyn(wn),

wn ,
i j=1

where ¢; = [W/"|™! [[;:n ¥ 0 T, dmy. Since for each @y, Tj;, satisfies properties (H1)-(H5) with

uniform constants, we may use the estimates of Section Accordingly, |¢ o Ty, — El-|cq(win) <
CA=™|W|~ using (4.6). Define G, (z) = [[;_; 9(wj, Tw; ,x). We estimate the first term of (5.24)
using (L10)

Z/ W o Ty, — ;) (JuTw,) " JwnTs, Ga, dmyw

(5.25) < Z CIIRlIsIWil*|(JuTs,) ™ Iwn T, caqwny | 0 T, — $ileaqwn) |G leaqwny
—qn, n Wzn “
<l S S T oo Galescu

The only new term here is |Gz, [csqwr) Which is addressed by the following lemma.

Sublemma 5.7. There exists C' > 0, independent of W and @y, such that if W* € G&n (W), then
Gz, lerwny < CGg, () for any x € Wi
Proof of Sublemma. For x,y € W},

anl g(wja Tw-, ‘T) - _
o a Y g(wj, e d(Ts, 2. T, 1Y)
Hj:lg(wjaTw]-_ly) =

log

IN

a YAC, AT"d(z,y) =: cod(x,y),

M8

<

<.
Il
-

using properties (i) and (iii) of g. The distortion bound yields the lemma with C' = ¢pe®. O
We estimate ([5.25)) using the sublemma and Lemma [5.5]c),

G:20) Y [ hwoTs, <) (4Bs,) iy Ta, G, dimw < Cblla A G, (a0),

where z( is some point in 17 w.
n
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Similarly, we estimate the second term in (5.24)) using (4.11)). In each term, Gg, plays the role
of a test function and we replace the occurrences of \Gan\cp(win) and |Gwn|cc1(Win) as appropriate
according to Sublemma Thus following (4.11]), we write,

S [ BT T, Gadmiy < O Bl + 60 3 ]G, 20),
7 Wz‘n
choosing the same z¢ as in (5.26]). Now combining this expression with (5.26]) and (5.24)), we obtain
n
[ dmu < O (Il (A7 + 0070 + 55 Al DICCE

We integrate this expression one wj at a time, starting with w,. Notice that [, g(wn, T, o)dv(wn) =
1 by property (ii) of g since Ti, _, is independent of wy,. Similarly, each factor in Gg, (x¢) integrates
to 1 so that

n—1

n n —agn 1—0471, —a.n
12, oy hlls < CllAJL™ (A7 + 65 ~™) 4 0o " Bl

which is the required inequality for the strong stable norm. The inequalities for the weak norm
and the strong unstable norm follow similarly, always using Sublemma U

6. PROOFS OF APPLICATIONS: MOVEMENTS AND DEFORMATIONS OF SCATTERERS

In this section we prove Theorems [2.7] and [2.§ and leave Theorems [2.10] and [2.11] regarding
external forces and kicks to Section [7] since they require more background materlal

6.1. Proof of Theorem We fix constants 7., K, > 0 and E, < oo and denote Fi(7y, Ky, Ey)
as simply JF7 for brevity. Note that every T' € JF; is a billiard map corresponding to a standard
Lorentz gas with convex scatterers so that we may recall known facts about such maps to establish
(H1)-(H5) with constants depending only on the three quantities 7., K, and E,.

(H1). For x € M, define
C3(x) = {(dr,dp) € T.M : =K.t — 7.1 < dp/dr < —K.}
and C"(z) = {(dr,dp) € T.M : K. < dg/dr <K' +7,'}.

Then for any T € Fy, DT,,C*%(z) C C*(Tx) and DT, 'C%(u) C C*(T~'z) whenever DT, and DT, *
are defined. Moreover, (3.2)) is satisfied with A =1 + 2K, 7, and

o - 27 K« V14 K2

Aty

(see [CM, Section 4.4]). Notice that C* and C* are uniformly transverse to each other and to the
vertical and horizontal directions in M as required.

The bounds on the first and second derivatives of T' required by and are standard for
such maps (J[CM, Section 4.4]). Here, the index n corresponds to the free flight time 7(T~'x). For
finite horizon, this has a uniform upper bound, while for infinite horizon, the relation between k
and n is satisfied with v9 = 1/4 (J[CM, Section 5.10]).

(H2). We say a C% curve W in M is stable if its tangent vectors T, W lie in C*(z) as defined above
for each z € W. We call a stable curve homogeneous if it is contained in a single homogeneity strip
Hy. Since each stable curve W has slope bounded away from infinity, we may identify W with the
graph of a function of r, which we denote by ¢y (7).

By [CM, Proposition 4.29], we may choose B depending only on Ty, Ky and FE, such that if

2
d 77~ < B, then each smooth component W' of T—1W satisfies d“’gV’ < B.
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We define W* to be the set of all stable homogeneous curves W such that @ “DW < B. The
invariance of the family C*(x) as well as the choice of B guarantee that W is 1nvar1ant as required.
The set of unstable curves W is defined similarly.

(H3). Following [CM, Section 5.10] we define the adapted norm in the tangent space at x € M by
* \/7

where, v = (dr, dy) is a tangent vector, V = dp/dr and K(x) is the curvature of the scatterer at x.

lv|l, Yve C%x)ulC(x)

Since the slopes of vectors in C*(x) and C*(z) are bounded away from +o0o, we may extend || - ||«
to all of R? in such a way that || - ||, is uniformly equivalent to || - ||. It is straightforward to check
that for v € C%(z),
DT (z
| H(H) Gl > 14+ K = A
v

Uniform expansion in C*(x) under DT ~!(x) follows similarly. Now follows from [CM| Lemma
5.56] and follows from [DZ], Sublemma 3.5] with ¢y = 1/6.

The reason that the constant dp from can be chosen uniformly is that all infinite horizon
points are uniformly bounded away from one another for all maps in the family F. Once we
specify a minimum curvature K, and the arclengths given by |I;|, ¢ = 1,...,d, then every scatterer
corresponding to an admissible configuration for F must have a minimum diameter uniformly
bounded away from 0. Thus two infinite horizon points cannot converge as we move and deform
scatterers in this fixed family F, and indeed they must maintain a minimum distance from one
another.

From this point forward, we consider kg to be fixed.

(H4). The bounded distortion constant Cy in and depends only on the choice of kg from
(H3) and the uniform hyperbolicity constants C, and A ([CM, Lemma 5.27]).

(H5). For maps in F1, DT (z) = 1 so we may take n = 1.

6.2. Proof of Theorem Fix constants 7,,Ky, > 0 and F, < oo and consider a conﬁgu—

ration Qo € Q1(7«, Ky, Ex) with scatterers I'y,...,Tq. Choose v < émin{r*,lC } and let Q €

F5(Qo, Ex; ) with scatterers 'y, .. . Since ((1;) = |0T;| = ]8F | we may take the correspond—

ing functions wu;, @; to be arclength parametrlzamons of AT; and 9T; respectively. We denote by u)

and v the first and second derivatives of u; with respect to the arclength parameter . Then the

curvature of OI'; is simply given by K(r) = ||u ()| at each point u;(r) € AT, and similarly for OT;.
Thus on T, we have by assumption on Q and ¥,

K(r) = af|| = lluf + @ —uf|| > K(r) =7 > Ki/2.

Also, Timin(Q) > Tmin (Qo) —7 > 7/2 since [Ju; — @;|| < 7. Thus Fa(Qo, Ex;7y) C Fi(1:/2,K4/2, Ey).

Next we must show that Q € Fa(Qo, E.;7) represents a small perturbation in the distance
dr(-,-). We do this by first fixing I's, ...,y and considering a deformation of I'y into I'; such that
lur — tile2 <.

Let Ty be the map corresponding to Qo9 and let 77 be the map corresponding to Q. We fix
z = (r,9) € [} x [-7/2,7/2] and compare T 'x with T, 'z. To do this, we let ®? and ®} denote
the flow on the tables Qg and Q respectively. We denote by (x) the projection of x onto the flow
space T? x S corresponding to Qg and by 7§ and 778 the projections onto the position and angular
coordinates respectively. Let mo(z) denote the free flight time of z under ®9 and let Ko(-) denote
the curvature of the scatterers in Qg. The analogous objects, 71, 7], 7%, 71 () and K1 (-) are defined
for the table Q.

First suppose that 7T}, Ly and T 12 lie on the same scatterer I';. Notice that the trajectories
@Y, (moz) and ®L,(mx) begin from two points in T? at most v apart and make an angle of at most
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~ with one another. We decompose this motion into the sum of (I) two parallel trajectories starting
a distance v apart and (II) two trajectories starting at the same point and making an angle .

1. Parallel trajectories. It is an elementary estimate that two parallel lines a distance v apart will
intersect a convex scatterer at a distance at most

(6.1) dp (m(Ty o), 7 (T 1)) < \/37/Knin (T5) < v/37/K,

where dp2 denotes distance on T?.
II. Nonparallel trajectories making an angle v # 0. After time ¢ under the flow, the two trajectories

will be at most ty apart in T2. Let 7(z_;) = max{7(T, '2),71(T; *z)}. Then in the case of a
finite horizon Lorentz gas, by the same estimate as in (6.1)),

(6.2) s (8T ), 7Ty 2)) < \f397(221) [Komin (T3) < /37 e/ K.

In the infinite horizon case, define + = y~1/3. If 7(z_;) < #, then (6.2) implies dp (7d(Ty *z), 7{(T} '2)) <
3/K«y'/3. On the other hand, suppose 79(T, 'z) > 7. Then = lies in a cell D,, such that

cln < T()(To_ly) < ¢n for some ¢ > 0 and all y € D,,, and the width of D,, in the stable direction
is at most C’/n (see [CM] Section 4.10]). Thus

(6.3) dM(x,STOl) <C'nl< C/CTO_I(TO_Il') <Ol < 0'071/3.
An identical estimate holds if 74 (T, 'x) > 7. Thus either z € Neoys (ST uS™) or
(6.4) dr2 (m(Ty '), m{(T1 ') < V/3/KA.

Concatenating these two estimates (I) and (IT), we see that in terms of position coordinates, Ty, '
and T Lyin I ;j are of order ~1/2 in the finite horizon case and of order /3
case. Since the normal direction of I'; varies smoothly with the position, we have dps (7}, Iz, T )
of the same order. Similar estimates hold when starting from x € I'; and comparing images in I'y
and f‘l.

In the case when T(;lzn and Tflm do not lie on the same scatterer I';, we must have z €
Ncﬂyl/g (ST% U Sfll) by the preceding arguments where C' = 4K, 3/2 is sufficient. We have thus
shown (C1) holds with e = Cy'/3. Indeed, (C1) holds with € = C® for any 0 < b < 1/3 by the
same argument.

We can consider the deformation of d scatterers as the concatenation of errors induced by de-
forming one scatterer at a time. The preceding analysis holds with C' increased by a factor of
d.

Condition (C2) is trivial to check since J,T; = 1 for i =0, 1.

Next we prove (C4). By [CM, eq. (2.26)], DT, *(z) = ﬁflo(x), where
CO 0 x

in the infinite horizon

A (x) _ TO(Toflaz)ng(z) + cos () 77’0(T071x)
0 —Ko(Ty ' 2) (70(Ty ' 2)Ko(x) + cos p(x)) — Ko(z) cos p(Ty z)  70(Ty *a)Ko(Ty ‘z) + cosp(Ty 'z) |
and DT 'e = — 21— A (), with a similar definition for A;(z). Thus
cos (T} ")
(6.5) 1DT5 ! (2) = DT | < |———————— [ g @) |+ ———— [ Ao(2) — A1 (a)]
' 0 ! ~ leosp(Ty ) cos (T x) 0 cos (T, ) 0 !

Note that [|A;(x)|| is bounded by a uniform constant times 7;(7; 'z). Now to estimate || Ag(x) —
Aq(z)]], we focus on the lower left entry of the matrix since that contains all the differences to
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be estimated in the other entries as well. We estimate one difference at a time. Again letting I';
denote the scatterer on which 7§ 12 and T 12 lie, we have
[Ko(Ty ') = K (T )| < [Ko(Ty ') = Ko (T4 )| + [Ko(T7 ) — Ka (T ')
< Budyy (Ty ', Ty ) + |l (T ) = @ (T )| < Buda (Tg 0, Ty )+,
by definition of . Next,
|Ko(z) — K1(z)] <~ and |cos p(Ty ') — cos p(T )| < dpr(Ty te, Ty M)

follow immediately. Finally, since 7;(7T} *z) is the length of the line segment connecting 7¥(x) to

(T z), i = 1,2, we have

[70(T5 @) = (T 2)| < de (G (T '), (T ') + dpe (i (@), 7 (2) < e (Ty ', T ) + 2.
Putting these estimates together, we conclude
(6.6) 1A0(2) — Ar(2)|| < K7(z-1)(dn(Ty ', T ') +7)
where K is a uniform constant depending on F, and /C,.

Notice that if W € W#, then |T; *W| < C|W/|/3 in the infinite horizon case and |7, 'W| <
C|W|'/2 in the finite horizon case. Thus for § < 1/ko, if T, 'z € Nj(Sp), then dM(a?,STil) <
C;6% where C; is a uniform constant depending on the transversality of C*(z) with the horizontal
direction and of ST} with C%(x).

Now choose € = 7%, where a < 1/3 will be determined shortly. Suppose z ¢ N.(S9 U S™).
Then by the above observation, cos p(T; 'z) > Ce'/?, i =0,1, and also by (6.3), 7(z_1) < Ce~ L.
Thus recalling that d (T, *z, Ty ') < Cy'/3, we estimate the first term of (6.5),

(6.7)

1 1 Kr(Ty ')
| 40()] - ——| = s
cosp(Ty "xz) cosp(T] ") cos (T "x) cos (1] ")

< Ce2dn (Ty b, T ) < C'yM3720,

| cos (T o) — cos p(T ')

To estimate the second term of (6.5)), we use to estimate,

1

—————— | Ao(x) — A1 (2)|| < Ce3/2y1/3 = Oy1/3732/2,
cos (T} ")

Putting these estimates together, we have
| DT () = DTy ()| < Oy /3720,

Choosing a = 2/15 establishes (C4).

Condition (C3) follows similarly using the fact that the stable Jacobian along W € W?* is simply
the norm of the tangent vector to W times DT;(x), i = 0,1. The improved estimate in (C3) comes
from the fact that instead of estimating as above, we must estimate instead

cos (T, )

T(.fU_l -1 S 05_3/2(1M(T0_1.T,T1_1x) S 0/71/3—3(1/2 — 0172/15 — CIE

cos (T ')
with our choice of a = 2/15.

If we restrict perturbations to the finite horizon case with horizons uniformly bounded by some
Tmax < 00, then our estimates above improve by omitting a factor of e~! and d(Ty 1x,T1_1x) <
C~'/? by (6.2). In this case, the optimal choice of a = 1/3.



42 MARK F. DEMERS AND HONG-KUN ZHANG

7. PROOFS OF APPLICATIONS: EXTERNAL FORCES WITH KICKS AND SLIPS

In this section we prove Theorem and for the perturbed dispersing billiards under
external forces with kicks and slips. To simplify the analysis, for any fixed force F, we will consider
our system, denoted as Tx g, as a perturbation of the map Tx . We say a constant C' is uniform
if C = C(e1, 74, Ky, Ey), where 1,7, K, and E, are from (A2) and (A3).

We begin by reviewing some properties of Ty = T o proved in [Ch2] and proving some additional
ones that we shall need.

7.1. Properties of Tr. We assume the setup described in Section [2:4]B, which is the billiard flow
given by and with G = 0.

Let x = (q,0) € M be any phase point with position q, and V' € TxM a tangent vector at x.
Pick a small number §y > 0 and a C? curve cs(0) = (qs,8s) C M tangent to the vector V, such
that cp = x and ‘ZCSS ls=0 =V, and s € [0,dp]. Now we define c;(t) = ®’cy(0), for any ¢ > 0. Since T
is the free path function, we have dr = pdt. In the calculation below, we denote differentiation with
respect to s by primes and that with respect to 7 by dots. In particular, ¢s(t) = (q,0) = (v, h),
where v = p/p = (cos,sinf) and h = h(q,0) is the geometric curvature of the billiard trajectory
with initial condition (g, #) on the table.

If we assume ts to be the time that the trajectory of ¢4(0) hits the wall of the billiard table,
then {cs(t) |t € [0,ts], s € [0,80]} is a C? smooth 2-d manifold in M. We introduce two quantities
vw=4q -v,and w = ¢ - v, where v -

= (—sinf,cosh). Clearly ¢ = uv + wv—. Now let
k = (0" — uh)/w. We consider two vectors of the surface U = (v,h) and R = (v*,x). Clearly
¢s = U and ¢, = uU + wR. Define py = grad(p) - U, pr = grad(p) - R, and hy = grad(h) - U,
hr = grad(h) - R, respectively. Then it is straight forward to check that

(7.1) p = grad(p) - ¢, = pyu + prw h = hyu+ hrw and 0 = kw + hu.

In addition p = py and h = hy. The derivation of these formulas can be found in [Ch2]. The
following lemma was proved in [Ch2, Lemmas 3.1, 3.2].

Lemma 7.1 ([Ch2]). The evolution of the quantities k and w between collisions is given by the
equations

(7.2) k=—-k’4+a+bs and W= kw,

where a = a(h), b = b(h) are smooth functions whose C° norms are bounded by coe1 for some
uniform cog > 0. Furthermore, at the moment of collision,

2KC(r) + (ht + h™)singp

(7.3) uwt=u", wt=—-w" and KT =k +
cos ¢
In addition the derivative of r and ¢ satisfies
(7.4) dr/ds = Fwt/cose and do/dr = FK(r) + k¥ cosp F hEsin .

We will calculate the differential of the map T¥ (which is not contained in [Ch2]). It follows from

(7.2) that
dw d

“w_ 4 Ny S 2 _ .
(7.5) o dT(nw) w+ Kk = K — K°w + (a + br)w = aw + bw.
This implies that
w(t) = w(0) + [, aw + b dy
w(t) =w(0) +w(0)T + [, J5 aw + bw dvy dE

At the moment of collision, (7.3]) implies that

wh =—w
(7.7) . 2K+(ht4h7)sing

o 2K+ (h"+h")sing
wT = —w o w
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In addition ([7.4) implies that

d K h* si
(7.8) do _ K +h7sing, o
ds Cos
Lemma 7.2. For x = (r,p), let 71(x) denote the distance to the next collision under the flow.
There exist constants C1,C2 > 0 independent of x, such that |w(T)| and |w(7)| are uniformly

bounded from above by Cy|wt (0)| + Caolw™(0)| for T € [0, 71 (z)].

Proof. We fix x and abbreviate 71 (z) as 71. We begin by adapting [Ch2, Lemma 3.4], to show that
if for some 79 € [0,71), K(7p) is bounded away from zero, then « is bounded away from zero and
infinity on [9, 71]. More precisely, (7.2)) implies that if £ > 0, then
2 . 2 b\2 | b 2, .2
—(k+e2)" <h=-kK +bn+a:—<m—§) —i—z—l—ag —(k —coe1)” + €5
where 5% = 2cpeq.
So if we assume that for some 79 € [0,71), k™ (79) > ¢1 for a fixed ¢; > 5,/g¢, then we may
integrate these inequalities to obtain

! < n(r) £ e AT L
(H"'(To) + 62)_1 + (7‘ — 7‘0) 25 RT) =& Ae2e2(t—70) — ] SUSE

where A = (k1 (10) — coe1 +€2)/ (kT (70) — coe1 — €2). Then since g is small compared to ™ (79),
this reduces to
1 < k(7)< 1
— &3S KR\T) S
(k7 (7))~ + (T — 70) (k*(m0)) =" + (T = 70)
where €3 = 2e9 + 2cpe;.
Now ([7.2)) implies that for any 0 < 7/ < 7 < 74,

(7.10) w(r) = w(r') exp ( / ’ /id’y) |

/

(7.9) + €3

Also, 1} implies that %dlnw = (a + bk) d7 and since w = Kw, we integrate this to obtain,

(7.11) w(r) = (0) exp (/OT(Z +b) dv> for any 7 € [0, 71].

Integrating again, it follows that

(7.12) w(r) = w(0) + 1(0) /0 exp </O£(Z +b) d7> dc.

This implies that both w(7),w(7) are functions of (w™(0),w™*(0)).

To show that |w| and |w| are uniformly bounded, we consider three cases.
Case I: k is finite on [0,71) and x(7) < 1/7min for all 7 € [0,71) (k can be positive or negative).
Then by (7.10), |w(7)| < |w(0)|e™/Tmin < |w(0)|eTmex/Tmin for all 7 € [0,71].

Once we know |w| is bounded on [0, 7], we may use it to bound |w| as follows. We integrate
(7.5) using the integrating factor exp(— fOT bd~y) to obtain,

(7.13) (1) = w(0)els Ny elo b / " aw(e)e 0 de.
0

Thus

(7.14) | (7)| < [ (0)[e0= Tmax 4 T (0)]eZ0s 1 Tmin) max ooy = Oyt (0)] 4 Colw™T(0)].
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Case II: £ is finite on [0,71), k(79) > 1/Tmin for some 7 € [0, 71| and 7 is the least 7 in the interval
with this property. Then by (7.9), £(7) > (Tmin + 27max) * for all 7 € [r9,71]. As a consequence,
by (7.12)),

(7.15) 10(7)] < [10(0)] 4+ 15 (70)| 01 i 2+ )7

for each 7 € [19, 71]. On the other hand, for 7 € [0, 79|, we have k(7) < 1/7Tmin, so that both |w(7)]
and |w(7)| are uniformly bounded on this interval by Case I. This together with (7.15]) proves Case
IT for |w|. The estimate for |w| follows again from ([7.13]) and (|7.14)).

Case III: k(19) = oo for some 79 € (0,71). According to and (7.9), the only way this case
can occur is if kK reaches —oo in finite time and changes from —oo to oo at 7. implies in
particular that w(m) = 0.

On the interval [0, 79], k clearly satisfies the assumption of Case I so that both |w| and |w| are
uniformly bounded as in the statement of the lemma on this interval. Indeed, this is true on any
interval in which k remains negative. Thus the only case left to consider is when x(7) > 0 for
T € (10,71

In this case, guarantees that x initially decreases and guarantees that x(7) > Tn_liln
on this interval. Thus by (7.12), we estimate as in to bound |w| by a linear combination of
|w(7o)| and |w(70)|. But since these two quantities are in turn bounded by |w™(0)] and [T (0)] by
the previous paragraph, the proof of Case III is complete for |w|. The estimate on |w| now follows
again from ([7.13)) and (7.14]). O

Combining the above facts, we can show the following.

Lemma 7.3. If we denote x1 = (r1,¢1) = Trz, then there exits C = C(Ky, ) > 0 such that for
any unit vector (dr/ds,dyp/ds),

ds
—cos 1 = (TK1K + Ky cos o + K cos o1 + b1) % + (K7 + cos 1 + by) %«5
where a; < Cey and b; < Cey, fori=1,2. In addition

(7.17) (1 - Cep) 2%

dr1 __ d d
(7.16) { —cosp1 5L = (cosp+TK 4+ a1) & + (T +az2)5E

COS

< ]det DITF‘ < (14 Cey)
COS 1 COS Y1

Proof. Let 1 = Tpx, and 71(z) be the length of the free path of z. By (7.11) and (7.12)), there
exists a linear transformation D, such that

(7.18) Dy(w*, )" = (wy )"

where w; = w™ (1) and w; = W~ (71). Indeed, by Lemma there exist smooth functions c¢;,
i=1,...4 with |¢;| < Ce; for some C = C(Ky, 7«) > 0 such that
(7.19)

T T €
I:= / aw + b dy = ciw™ (0) + cov™(0), I := / / aw + b dydé = c3w™ (0) 4 cq™(0),
0 0o Jo

so that using ([7.6]), we may write D, as

(7.20) D, = < 1203 ﬁ:‘;;‘ >

Using and , the differential of DTg satisfies
(7.21) DTy = N, 'L, DN,
where

_ cos 0
Ne = <K+h+singo 1 >
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is the coordinate transformation matrix on 7, M, such that (w*(0),w™(0))T = N,(dr/ds,dp/ds)T,
and

-1 0 — 0
(722) Lz1 = ( _2/C1+(hir+hf)sin901 -1 > and N:v_ll = < K1+;?széap1 1 ) .
cos p1 ~ cosgr
Now combining ([7.6)) with (7.19) and (7.21)), we get
d d d
—COS<101£ = (cosg0+TlC+Th+sincp) d—z —i—Td—i': —1II
d d
= (cosgo + 7K + 7h* sin go) o + 722 _ cawt — cqu™
ds ds
d d
= (cosp + 7K +ay) d—; + (T + ag)d—f

where a1 = c3cosp + c4(K + hTsinp) + 7h* sinp and as = ¢4. Similarly we obtain
d
— cos @1% = —(KC1 + hy singy)w] — cos g1y
S
=—(K1+hy sin 1) (wt + T 4+ II) — cos 1 (T + 1)

d
= [(Kl + hi singy) cosg + (7(K1 + hy singr) + cos ¢1) (K + AT sin gp)] disn

d
+ (T/C1 + Th] singq + cos gol) d—f — II(Ky + hy singy) — I cos

dr

d
7 + (K17 4 cos o1 + ba) @

= (TK1K + Ky cosp + K cospi + by) —

where
by = (cos + TK)hy singy + cos 1 (c1 cosp + oK + (1 + c2)h ™" sing)
+ (czcos + ThT sing + ca(K + k' sinp)) (K1 + h{ siney)
and by = (7 + c4)hy singy + 4Ky + ca cos 1.

Now we use the assumption that the quantities IC,7 are uniformly bounded from above, and
|h%| = O(e1), to obtain that for any unit vector (dr/ds,dp/ds), the quantities |a;| < Ce; and
|bi] < Cey,i=1,2, for some uniform C' > 0.

Finally we use ([7.21)) to calculate the determinant of the differential D, T,

Cos ¢

det D, T = det N,.' - det Ly, - det D, - det N, = det D,
oS 1
(7.23) cosg 1
= S22 (1t )1+ ) —ar(r+ o)
which implies the last inequality ([7.17)). O

It follows from the above lemma that the differential D, 1% : T,M — T,, M at any point z =
(r,) € M is the 2 x 2 matrix:

1 TK 4 cos ¢ + ay T + a2 >

(7.24) DTp(z) = " cos 01 ( K(r1) (K 4+ cosp) + Kcospy + b1 7K(r1) + cos p1 + bo

where x; = Tg(x) = (11, ¢1).

Furthermore it was shown in [Ch01] that the map Tf has two families of cones C%(z) (unstable)
and C*(x) (stable) in the tangent spaces T, M, for all # € M. More precisely, the unstable cone
C"(x) contains all tangent vectors based at x whose images generate dispersing wave fronts:

(7.25) C"(z) = {(dr,dp) € TM : By' < dp/dr < Bo}.
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The unstable cone C%(z) is strictly invariant under DT¥. Similarly the stable cone
C*(x) = {(dr,dp) € TuM : —By" > dyp/dr > —By}

is strictly invariant under DTy 1. Here By = By(e1,7«,Kx) > 1 is a uniform constant. Indeed,
there exists a uniform constant C' > 0 such that we can choose By = K; ! + 27,1 4 Ce; for all g1
sufficiently small.

Let dx = (dr,dy) € T, M. Following [CM, Section 5.10], we define the adapted norm || - ||« by

K(x)+ |V

|

7.26 dz||« = dz|, Vdx e C°(x)UC%(x),
(7.26) | A ] () U C*(z)
where ||dz| = \/dr? + dy? is the Euclidean norm. Since the slopes of vectors in C*(z) and C*(z)
are bounded away from 400, we may extend || - ||« to all of R? in such a way that || - ||, is uniformly
equivalent to || - ||. It is straightforward to check that for dz € C*(x),

dx1 ||« o
(727) H 1H > A=1+ IcminTmin/Q-

]|

Finally, a simple calculation using ([7.24]) shows that there exists a constant By = Bj (K, Tmin, Tmax) >
0 such that

Bt _ |da| B
cosp(r1) ~ ||dx|| T cosp(x)

(7.28) , for all de € C%(x).

Uniform expansion in C*(z) under DT ~!(z) follows similarly. (See also [Ch2} Sect. 3].)

7.2. Hyperbolicity of the perturbed map T . We are now ready to verify conditions (H1)-
(H5) for the map TF . We do this fixing F, G satisfying assumptions (A1)-(A4) with [F|c1, |Gle <
¢ for some € < g1. We then compare T' = Ty g with the related map Ty = T¥ .

Since G preserves tangential collisions, the discontinuity set of T' is the same as that of T,
which comprises the preimage of Sy := {¢ = £m/2}. Similarly, the singularity sets of 7~ and
Ty ! are the same due to (A4). But the singular sets for higher iterates are not the same. Let
St = Ul TF'Sp i with n € N. Then T*" is smooth on M \ S%,,.

For any phase point = = (r,p) € M, let Tx = (71, 1) and Tpz = (r1,¢1). According to (A3)
and (A4) and since we are on a fixed integral surface, we may express G in local coordinates via
two smooth functions g' and g? such that ¢*(r,£7/2) =0, i = 1,2, and

(7.29) Fl=r1+9g(r,p1) and @1 =1+ g°(r1, 1)

where ¢° is a C? function with C'!' norm uniformly bounded from above by c,e, for some uniform
constant ¢, > 0.

According to ([7.29)), the differential of T" satisfies
(7.30)

dry = (14 g1(r1,¢1)) dri+ g3(r1, o1)dgr  and  dgy = gi(r1,01)dr1 + (14 g3(r1, 1)) dep

where gt (r1, 1) = 0g'/0r1 and gi(r1, p1) = 0g'/Op1. This implies

L+gi(ri, 1) g3(r1, 1) )

7.31 DT(z) = LA 2\, Diw(x

(731 0= (o R ) Pt

Note that T is not a C! perturbation of T around the boundary of M. Furthermore, T' no longer
preserves up, the SRB measure for Tg. However, it follows from ((7.17)) and ([7.31)) that

cos p(x) cos p1(x)
c0s 71(2) cos 1 ()

cos p(x)
cos @1 ()

(7.32) | det DT (z)| <

< (14Ce) <

(1 + 016)
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since by (7.29)),

(7.33) cos p1(z) _ cos(p1(x) + g*(21))

cospi(x) cos 1 (z)
since g?(r, £7/2) = 0 and |Vg?| < Ce. Clearly this implies condition (H5).

The next proposition shows that although the perturbed maps do not have the same families of
stable/unstable manifolds, they do share common families of stable and unstable cones.

< (14 C%)

Proposition 7.4. There exist two families of cones C*(x) (unstable) and C*(x) (stable) in the
tangent spaces T,M and A > 1, such that for oll x € M :
(1) DT(C™(z)) Cc C(Tx) and DT(C*(z)) D C*(Tx) whenever DT ezists.
(2) These families of cones are continuous on M and the angle between C*(x) and C*(x) is
uniformly bounded away from zero.

(3) |1DT@)]. = Alloll.. ¥ € C¥(x) and DT (w)]ls = Allo]l, Yo € C*(a).
Proof. For x € M and any unit vector do € T, M, let do1 = D,Tgdx. Then by (7.30) the slope V4

of the vector dz, at T1 := Tx = (71, 1) satisfies
- l4gi+ g3V
+ 91 + 931

So the cone C%(z) from (7.25) may not be invariant under DT (z). Accordingly, we define a slightly
bigger cone,

(7.34) =V +0(e)

C%(x) = {(dr,dp) € T M : Bal(l —c1e1)) < dp/dr < Bo(1 + coe1)

for some constants c1,cy > 0, and we use assumption (A2) to ensure that ¢;e1 < 1/2, i =1,2. By

(7.24), DTy maps the first and third quadrants strictly inside themselves and shrinks any cones

larger than the unstable cones. More precisely, let V' be a unit vector on the upper boundary of
i

C%(x), with slope V = By(14 c2¢1). Then by ([7.24]) the slope of DTV satisfies V; = gig}j, where

we denote

A B\ TK 4+ cos ¢ + a1 T+ as
C D) \ K(r)(tK+cosp)+Kcospr +by 7K(r1) +coser +by )
It follows from the invariance of C* that iiggﬁ < By. One can easily check that

B C+ DB()(l + 6281)
A+ BBQ(l =+ 622’51)
Similarly we can check the lower boundary of the cone is also mapped inside the cone C*. Thus

C*" is invariant under DT
Similarly we define the stable cone C*(z) as

C%(x) = {(dr,dp) € ToM : =By (1 — c11)) > dp/dr > —Bo(1 + cae1) }.

Then one can check that the stable cone C? is strictly invariant under DT~ whenever DT~ exists
for any T' € F. From the definitions of C*(z) and C"(z), it is clear that the angle between them
is bounded away from 0 on M. Thus items (1) and (2) of the lemma are proved.
To prove (3), note that ([7.26) implies,
[dzoll« _ [ldzall« ldaalls _ [ldaa]ls (1) + |de |

el lldille lldafle 2]l K(r1) + |dea|

Using (7.29), (7.30), (7.27) and the fact that K(-) is a C' function on M, we conclude that for
€o = 1 small enough,

Vi <V=BO(1+0251)

dT1 |«
|1 | > A =14 KuinTmin/3-

(7.35) >
| dz]|«
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Similarly, one can show property (3) for stable cones, which we will not repeat here. ]

Near grazing collisions, we have also using ([7.28]) and ((7.33) along with (7.29)) and ([7.30]),

B '(1=Ce1) _ |ldzy|| _ ||z |dzall _ Ba(1+ Cer)
cospr — dz| - lda| |ldz]] T cosen

(7.36)

which establishes in (H1) since in the finite horizon case, there are only finitely many singu-
larity curves so we may take n in that formula to be 1.

The last formula in (H1) (again with n = 1) follows directly from differentiating
and using to recover this standard estimate for the unperturbed billiard (see [KS| or [Ch2,
Sect. 9.9] for the classical result). This finishes the verification of (H1).

7.3. Regularity of stable and unstable curves. It follows from Proposition [7.4] that we may
define common families of stable and unstable cones for all perturbations 7' € Fp(Qo, 7«,€1). Recall
the homogeneity strips Hj, defined in Section [3.1] and that a homogeneous curve in M is a curve
that lies in a single homogeneity strip. In this subsection we will show that there is a class of C?
smooth unstable homogeneous curves W in M which is invariant under any 1" € F. Furthermore
these curves are regular in the sense that they have uniformly bounded curvature and distortion
bounds. Similarly, there is an invariant class of homogeneous stable curves, W?.

7.3.1. Curvature bounds. The next lemma, proved in Ty in [Ch2|, states that the images of an
unstable curve are essentially flattened under the map Tg.

Lemma 7.5. Let W C M be a C*-smooth unstable curve with equation ¢q = wo(ro) such that
TeW is a homogeneous unstable curve for each 0 < i < n. Then TgW has equation @, = @, (1)
which satisfies:

d? 2]
dr%

(7.37) <Cy+ 6% < Cy

%,
dr?

where C; = Ci(Q), i = 1,2 is a constant and 0 € (0,1). Furthermore, for any regular unstable curve
W, there exists ny > 1, such that for any n > nw, every smooth curve of T"W has uniformly
bounded curvature.

One can obtain a similar bounded curvature property for the perturbed map 7.

Proposition 7.6. (Curvature bounds) Let W be any C? smooth unstable curve. Then there exists
nw > 1 and Cy > 0 such that every smooth curve W' C T"W with equation @, = @,(Ty) satisfies

(7.38) |d*@,,/dF2) < Cy,  forn > nw.

Proof. We fix any phase point Zo := « € W, denote x,, = (7, ¢n) = Tpx and T, = (T, ¢pn) = T"x.
According to ([7.30)), the slope of the vector DT dz satisfies

dp1 @+ 1+ 92+ g3V1 — giVi — g

7.39 s — 4
(7.39) i ltgltgn L+ gl +alv

)

where V| = dp1/dry, Vi = d@1/drFi. We differentiate the above equality with respect to r, using

d
the fact that by ([7.30), d—rl =1+ g% + g%Vl. Now use the same notation as in Lemma [7.5( to get
T
for some Cy > 0 and C3 > 0
4>y d*@o
7.40 < Cy+ (14 C3e1)6? ,
(7.40) ar? | = 0+ (1+Cher) dr?




A FUNCTIONAL ANALYTIC APPROACH TO PERTURBATIONS OF THE LORENTZ GAS 49

since d?@g/dr3 = d*pg/dr3. By choosing &1 small one can make (1 + &1C3)0% < 1. Then we have
for any n > 1,

d*g,, C d*p
o 0|20
dr? 1-90 arg
Since W is C?, there exists C; = C1(W) > 0 such that |d;fg°| < Cy. We fix a constant Cp =
0
Cy(Q) > 0 and define
_ |[In(Gh/Ch)
nw = |———|.
Iné

Then for any n > ny, connected components of T"W have equation ¢, = @,(7,) with second
derivative bounded from above by C}. g

We now fix the constant C > 0, then define W be the class of all homogeneous unstable curves
W whose curvature is uniformly bounded by Cj. It follows from Propositions [7.4] and that the
class WY is invariant under any T € F. Any unstable curve W € W is called a regular unstable
curve. Similarly one defines W*. This verifies condition (H2).

7.3.2. Distortion bounds. In this section, we establish the distortion bounds for 7" required by (H4).

For any stable curve W € W* and & € W, denote by JwTw(x) (resp. JwT'(x)) the Jacobian of Tx
(resp. T') along W at € W. It was shown in [Ch2| that there exists C; > 0, such that for any
regular stable curve W for which TgW is also a regular stable curve,

(7.41) |In Jyw T (z) — In Jyw T (y)| < Crdw (2, y)3

where dy (z,y) is the arclength between x and y along W. We show that 7" has the same properties
on the set of all regular stable curves W?.

Lemma 7.7. (Distortion bounds) Let T € F and W € W* be such that T is smooth on W and
TW € W?. There exists Cy > 0 independent of W and T such that

|In JwT(z) — In JwT(y)| < Crdw(z,y)3.

Proof. Fix T € F and W € W? for which TW € W$. This implies in particular that both T" and
Ty are smooth on W. For any x = (r,p) € W, let z1 := Trpx = (r1,p1) and 71 = Tx = (71, ¢1).
Similarly, let dz = (dr,dyp) € T,W be a unit vector and define dx; = DTw(x)dx = (dr1,dp1) and
dz; = DT (z)dz = (dr1,dp1). Then

JwT($) B 1+ 912 |d?71’
JwTF(x) 1+ V12 |d’l”1’

where Vi = dp1/dry and Vi = d@;/dry. Then it follows from (7.30]) that
1 _ 1
(7.42) I JwT(w) = I JwTe(w) + 5 (1 + Vi) — 5 (1 + VH +In|l+gi + g2Vl
By the smoothness of W and the curvature bounds, there exists C' > 0 such that for any z,y € W,

|In(1 + Vi(x1)) —In(1 + V(1)) < [VE(x1) — Vi(y)| < Cdrpw (21, y1) < Cldw (2, y),

where y; = Tgy, and similarly for V;. Since G is C?, the terms involving gi and g satisfy a
Lipschitz bound as well. Putting this together with ([7.41]) and ([7.42)) proves the lemma. O
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In general, for W € W$ and n € N, suppose T™ is smooth on W and that TFW & Ws, 0<k<n.
Define T*W = W}, and for x,y € W, let 2, = T"x and y;, = T*y. Then

n—1
I Jw T () = In Jw T ()] < 3 1o T, T(e) = In T, T ()|
(7.43) =) )
<O dw, (o, yp)? < Cw (2, )3 AT,
k=0 prt

due to ([7.35)). This completes the required estimate on Jyy T
Finally, we prove the required bounded distortion estimate for J, 7. By (7.23) and (7.31]), we
have

A(z)

cos @1’

cos

(7.44)  det DT(z) =

cos @1 ((1 +c2)(1+¢3) — (T + 64)) ((1 + g%)(l + g%) — g%g%) _.

where ci,...,cq are defined by and we have replaced cos¢; with cos@; times a smooth
function on M \ S{ due to (7.33)). Note that A(z) is a smooth function of its argument wherever
T is smooth and has bounded C' norm on M \ 8. It follows that J,T is a smooth function on
M \ ST whose C'-norm is bounded between 1 4+ Ce; for some uniform constant C' depending on
the table (recall that du = ccos ¢ dm is the smooth invariant measure for the unperturbed billiard
To,0). The required distortion estimates and for J,T' follow using this smoothness and
the uniform hyperbolicity of T" as in . Indeed, (7.43)) holds with exponent 1 rather than 1/3
for J,T. This completes the verification of (H4).

Distortion bounds for det DT with exponent 1/3 follow from the above considerations in addition
to recalling that 1/cos ¢ is of order k? in H, while the width of such a strip along a stable or
unstable curve is k3. Similarly, one may prove absolute continuity of the holonomy map between
unstable leaves as in [Ch2], but we do not do that here since we do not need this fact.

7.4. One step expansion. Since we have established the expansion factors given by and
(7.36), the one-step expansion condition follows from an argument similar to the unperturbed
case (see [CM|, Lemma 5.56]) and fixes the choice of kg € N, the minimum index of the homogeneity
strips. We will not reprove that lemma here. Instead, we focus on the second part of (H3), given
by .

Fix §p > 0 and kg satisfying and define W?* accordingly. For W € W?, let V; denote the

maximal homogeneous connected components of 71T,

Lemma 7.8. For any ¢ > 1/2, there exists C = C(dg,5,€0) > 0 such that for any W € W#, any
T € Fp(Qo, T+, €1),

TV;|s
(7.45) yIVE o

Proof. According to the structure of singular curves, a stable curve of length < §y can be cut by
at most N < Tynax/Tmin singularity curves in ST (see [CM] §5.10]). For each s € ST, intersecting
W, W is cut further by images of the boundaries of homogeneity strips S,f , k > kg. For one such
s, we relabel the components V; of T~'W on which T is smooth by Vj, k corresponding to the
homogeneity strip Hj containing Vj. By , there exists ¢; = c1(e1) > 0 such that on T'Vj, the
expansion under T~ ! is > ¢1k2. So for all ¢ > 1/2,

TV s 1 o
(7.46) > <e ) S
k>ko Vil k>ko k% 7 kg

An upper bound for ([7.45)) in this case is given by N times the bound in ((7.46)). O
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This completes the verification of (H1)-(H5) and completes the proof of Theorem [2.10}

7.5. Smallness of the perturbation. In this section, we check that conditions (C1)-(C4) are
satisfied for e; sufficiently small. We will then be able to apply Theorem to any map T €
FB(Qo, Tx,€1)-

We fix € € (0,e1) and choose any T' := Tg.g € FB(Qo, Tx,€1), such that |F|e1, |Gl < e. By
the triangle inequality, it suffices to estimate dz(Tp, T') where Ty = Tp o is the unperturbed billiard
map.

Denote by ®' the flow corresponding to T and by ®f the flow corresponding to Ty. Let x €
M\ (8T, U S™). By the facts summarized in Section ®!(x) and ®(x) can be no further than
a uniform constant times et on the billiard table. Thus since 7" has finite horizon bounded by Tmax
and the scatterers have uniformly bounded curvature, T'(z) and T¥(z) can be no more than a
constant times /¢ apart if they lie on the same scatterer. By the smallness of G and , we
have dy(Tro(x),Tr,g) < Ce and thus by the triangle inequality, da(T'(x),To(x)) < Cpy/e for
some uniform Cy > 0 as long as they lie on the same scatterer. A similar bound holds for T' gz
and Tj; Ly,

Let ¢ = Cpe!'/3. Tt then follows that for any = ¢ N (ST, U sToy, d(T~(x), Ty () < e. This is
(C1).

To establish (C2), we use the fact that J,T5 = 1 while

JuT(x) = (14 c2)(1+c3) — cr(m +ca)) (L + g1) (1 + g3) — g397)

by ([7.44)). Since the functions here are all bounded by uniform constants times ¢ and our horizon
is bounded by Tmax, (C2) is satisfied.

Next, we prove (C4). Inverting ([7.31]) and (7.24) and using ((7.44)), we have

i -1 B+by, C—ay 1+93 —gi
DT (x) = 1 2 1]
AT 'z)cosp(T-1z) \ D—b1 E+a 91 1+g

where A is the smooth function from (7.44) and B = 7(T '2)K(z) + cos p(x), C = —7(T"z),
D = —K(T7'2)(r(T7 2)K(z)+cos p(z))—K(z) cos (T z), and E =7(T '2)K(T  x)+cosp(T 'z)

match the corresponding entries of DT{ Ly with T replaced by Tp.
We split the matrix product as

B C by —as 9% -9\ _.
(5 2)+ (5 o) o)) =ren

where F' = g g and R is a matrix whose entries are smooth functions, all bounded by a

uniform constant times €. Now defining Fy to be the matrix F' with Ty replacing T', we write,
(7.47)
_ F+R 1
DT () ~ DTy ()| = | - R
|| ( ) 0 ( )” A(Tﬁll‘) COSSO(TiliE) COSQO(TO_I.T) 0
1 1
A(T—1z)cosp(T1x)  cos (T, ')

|F — Foll
~ |A(T1z) cos (T 12)|

Rl
|A(T—1z) cos o(T—1z)|

+ (15l

Notice that if z ¢ N.(ST; U Sf(i), then due to the uniform expansion given by ((7.36) and the
uniform transversality of the stable cone with Sy, we have dy (T 1z, Sy) > C/e, for some uniform
constant C. Thus cos (T ~'x) > C'y/e for some uniform constant ¢’ > 0. The same fact is true
for Ty Ly,
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Using this, plus the fact that the entries of F' and F{ are smooth functions of their arguments
with uniformly bounded C' norms, we estimate the first term of (7.47)) by
|F — Fo|
|A(T—1z) cos (T 1z)|
since the C'' norm of A is bounded above and below by 1+ Ce by (7.44)). Similarly, the third term

of (7.47)) is bounded by Ce.
Since ||Fp|| is uniformly bounded, we split the middle term of ([7.47) into the sum of two terms,

1 1 1 1 1 1
AT 1) cosp(T—'x)  cos o(Tytx)| ~ cosp(T—1x) ‘A(T—lx) - ‘ cosp(T~1x)  cos (T ')

< Ce V(T e, Ty te) < C'eH2eY2 = C'Cre

As noted earlier, the C! norm of A is bounded above and below by 14 Ce so that the first difference
above is bounded by Ce~1/2¢ < CC'e. The second difference is bounded by Ce 'dy (T, Ty te) <
C'e71el/2 = C'Cel/? ) similar to the estimate 6.7).

Putting these estimates together in proves (C4) with respect to e. Condition (C3) follows
similarly using the fact that JyT'(z) = ||DT(x)v| where v € T,W is a unit vector. The exponent

-1
of € in (C3) is better than in (C4) by a factor of €!/? since we must estimate % — 1| in
0
1 _ 1
place of cos p(T—1x) cosap(To_la;) ’
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