EXPONENTIAL DECAY OF CORRELATIONS
FOR CONTACT HYPERBOLIC FLOWS

MARK F. DEMERS

ABSTRACT. We describe the main ideas and key steps in the proof of exponential decay of correla-
tions for hyperbolic contact flows. The main exposition concerns contact Anosov flows, followed by
some comments on the recent extension of the technique to finite horizon Sinai billiard flows.

1. INTRODUCTION

These notes are based on a mini-course given as part of the workshop on Statistical Properties
of Nonequilibrium Dynamical Systems, held at the South University of Science and Technology of
China in Shenzhen, China, July 11-26, 2016. The purpose of these notes is to present the essential
features needed to adapt the analysis of the discrete time transfer operator for hyperbolic maps to
the semi-group of continuous time transfer operators for hyperbolic flows. There are three main
steps needed in the present setting.

(1) Adapt Banach spaces used for hyperbolic maps to the setting of hyperbolic flows: the
presence of the neutral flow direction makes this a nontrivial change.

(2) Contrary to the discrete-time case, we do not prove the quasi-compactness of the transfer
operator for the time-one map of the flow, but rather for the generator of the semi-group of
transfer operators for the flow; this involves the use of the resolvent to ‘integrate out’ the
neutral direction.

(3) The use of the contact form to estimate an oscillatory integral and derive a spectral gap for
the generator of the semi-group (the Dolgopyat-type estimate).

It then follows from some general considerations that a spectral gap for the generator of the semi-
group implies exponential decay of correlations for the flow.

1.1. Setting. For ease of exposition and to more clearly identify the key features of the techniques
we shall present, we will limit our setting to that of a 3-dimensional manifold. This will suffice for
the purposes of explaining the main ideas of this technique, as well as its eventual application to
dispersing planar billiards.

Let Q be a 3-dimensional compact, smooth Riemannian manifold, and let ®; : Q — Q be a C?
Anosov flow. By this, we mean that {®;};cr is a family of C? diffeomorphisms of € satisfying the
group properties: (a) &g = Id; (b) ;0 &, = Oyyy, for all s,¢ € R.

Moreover, at each = € Q, there is a D®,-invariant splitting of the tangent space, T,Q) = E*(x) ®
E¢(x) ® E"(x), continuous in x, such that the angles between E*(z), E"(z) and E°(z) are uniformly
bounded away from 0 on Q. E¢(z) is the flow direction at x € 2. We assume there exist constants
C,C" >0, A > 1, such that for all z € Q and t > 0,

(1.1) | D®(z)v]| < CATHjv|| Yo e E(x), | D®(x)v]| > C'Atjv|| Yve E%x).

We shall assume throughout that our Anosov flow is contact, i.e. it preserves a contact form on
Q. More precisely, we assume there exists a C? one-form w on €2 such that w A dw is nowhere zero.
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We assume that ®; preserves w:
(1.2) w(Py(x), DOy (z)v) = w(z,v), Vo e Qv e T,Q.

It is clear from the invariance described by that ker(w) = E*(x) @ E%(x). It follows that if
vg € E°(x) is a unit vector in the flow direction, then w(vy) # 0. Thus replacing w by w/w(vy), we
may assume without loss of generality that w(vg) = 1 and that the contact volume w A dw coincides
with the Riemannian volume on 2. It follows from these considerations that the Jacobian of the
flow is identically equal to 1, i.e. J®; = 1, and that the flow preserves the Riemannian volume on
), which we shall denote by m.

1.2. Decay of Correlations. The main question we shall address in these notes is that of the rate
of decay of correlations of the contact Anosov flow defined in the previous section. For a > 0 and
v, € C*(Q), define the correlation function,

Cilp, ) = /Qsom@tdm—/gsodm/gwdm'.

If Cy(p,9) — 0 as t — oo for all Holder continuous functions ¢ and v, then we say the flow is
mixing. The question then becomes, at what rate? The main result that we shall establish in these
notes is the following.

Theorem 1.1. Let ®; be a C? Anosov flow of a smooth, compact 3-dimensional Riemannian
manifold Q preserving a C? contact form w. Then for each o > 0, there exists n = n(a), and C > 0
such that for all @, € C*(Q) and all t > 0,

/ngwo(btdm—/ﬂgodm/ﬂwdm’ SC’(,O‘Ca(Q)‘iMCa(Q)e_nt.

This is a special case of a more general result proved for any odd-dimensional manifold by Liverani
IL]. We will limit our exposition to three dimensions in order to maintain the focus on the essential
elements of the technique.

From the definition of the correlation function, one can see immediately that, due to the invariance
of the measure m, a simple change of variables yields,

(1.3) /Mwo@tdm:/Mgoo@_tzpdm:/Mﬁtwdm,

where for each t, L := @ o ®_; is the transfer operator, or Ruelle-Perron-Frobenius operator
associated with ®;, defined pointwise, for example, on continuous functions. From this change of
variables, it follows that the rate of decay of correlations is tied to the spectral properties of the
semi-group {L;}+>0. This is the perspective that we will develop in these notes.

1.3. Some History and Present Approach. The proof of exponential decay of correlations for
some classes of uniformly hyperbolic flows has proved to be much more subtle than the analogous
proof for hyperbolic diffeomorphisms. For uniformly hyperbolic diffeomorphisms, there is a type of
dichotomy: either the map is exponentially mixing on smooth observables, or it is not mixing at
all. This does not hold for uniformly hyperbolic flows. In [R], Ruelle constructed a class of Axiom
A suspension flows with piecewise constant roof function that mix at a polynomial rate. Pollicott
[P1] then generalized this class of examples to obtain polynomial decay of correlations of any power,
indeed even logarithmically slow decay.

Some early success in proving exponential decay for geodesic flows on manifolds of constant
negative curvature in 2 and 3 dimensions was achieved by Moore [Mo|, Ratner |[Ra] and Pollicott
[P2], and certain perturbations were considered in [CEG], but the techniques were algebraic and did
not generalize to manifolds of variable curvature.

The first dynamical proof of decay of correlations for Anosov flows was given by Chernov [C1],
who exploited the ‘twist’ provided by the contact form in order to estimate a key quantity, the
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temporal distance function (see and Remark , yet he was only able to obtain a stretched
exponential bound using Markov partitions. Next, Dolgopyat [Do| was the first to prove exponential
decay of correlations for Anosov flows, using an assumption of C! stable and unstable foliations to
estimate a crucial oscillatory integral (see Lemma . This work was further extended by Liverani
IL], who proved exponential decay for contact Anosov flows by combining a functional analytic
approach with the ideas of Dolgopyat and Chernov. These ideas were then adapted to piecewise
cone hyperbolic flows by Baladi and Liverani [BL|, and ﬁnallyﬂ to some dispersing billiard flows in
IBDL]. It is this line of argument that we shall follow in the present set of notes, and we shall limit
our discussion primarily to the smooth, Anosov case, in order to present the key ideas most clearlyﬂ

Given this approach, several choices are available with regards to the functional analytic framework
in which to view the transfer operator.

(1) The approach via Markov partitions used by Dolgopyat [Dol.

(2) The norms originally used in |L], which define norms integrating over the entire phase space of
the flow. These were based on the paper [BKL], which introduced a set of Banach spaces for
Anosov diffeomorphisms and subsequently inspired a series of papers constructing norms for
hyperbolic maps from several points of view (see |[B1] for a recent survey of these approaches,
and [B2| for a more in-depth treatment).

(3) The Sobolev-type spaces used in [BL] for piecewise cone hyperbolic contact flows. These
norms use Fourier transforms and were based on work of Baladi, Tsujii and Gouézel [BT1, BG]
who constructed the analogous norms for diffeomorphisms.

(4) The ‘geometric’ approach of [GL|, which modified the norms of [BKL| to integrate over
cone-stable curves only. This modification turned out to be essential for the adaptability of
this method to piecewise hyperbolic maps requiring only Hélder continuity in the unstable
direction in |[DI] and finally to dispersing billiards in [DZ1l [DZ3]. Most recently, it was
extended to prove exponential decay of correlations for the finite horizon Sinai billiard flow
IBDL].

In the present set of notes, we will define a functional analytic setup for contact Anosov flows
which follows the technique described in (4) above. As a result, our exposition and some proofs will
differ from Liverani’s published proof [L]. Yet we choose this method since it combines a relatively
simple exposition with a flexible framework. To date, the geometric norms integrating over stable
curves has proved to be the most versatile in terms of its applicability to a wide range of hyperbolic
systems with discontinuities.

A brief outline of the paper is as follows. In Section[2] we introduce necessary definitions and define
the Banach spaces on which our transfer operators and resolvents will act. We also outline some
properties of these spaces regarding embeddings and compactness. Unfortunately, Proposition [2.6
does not provide true Lasota-Yorke inequalities for our semi-group {£L;}+>0, so in Section 3| we
introduce the generator of the semi-group X and the related resolvent R(z), z € C. As evidenced
by Proposition and Corollary , we are able to prove quasi-compactness for R(z), and so
obtain useful information about the spectrum of X (Proposition . In Section 4l we introduce an
improved estimate on the spectral radius of R(z) when |Im(z)| is large, which implies a spectral gap
for X, and leads to the proof of Theorem This in turn is reduced to a Dolgopyat-type estimate,
Lemma which is proved in Section [5] In Section [6] we briefly sketch some modifications needed
to generalize the present approach to dispersing billiards, as carried out in [BDIJ.

n the meantime, Chernov [C2] and Melbourne [M] had proved a stretched exponential bound for dispersing
billiard flows using the techniques adapted from [CI] and [Do].

2A different mechanism for exponential mixing has been proved in the recent work of Tsujii [T], but this lies outside
the scope of the present notes.
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2. FUNCTIONAL ANALYTIC FRAMEWORK

In order to define the Banach spaces on which our transfer operator will act, we first extend
its definition from acting on continuous functions introduced in Section [I.2] to acting on spaces of
distributions.

For a € (0,1], and W a smooth submanifold of 2, define the C“-norm for functions on W by

21 eleaw) = sup [p(2)| + Hiy (@),  Hiy(p) = sup |p(x) = o(y)ldw(z,y)",
zeW rFYeW
where dyy (-, -) is the Riemannian metric restricted to W. Notice with this definition that C1(W) is
the set of Lipschitz functions on W.
Since the flow is C?, if 1 € C1(2), then v o ®_; € C1(Q). Thus we may define £; acting on
(C1(2))*, the dual of C*(Q), by

Lif(p) = f(o®y), forally € CHQ), f e (CHQ))*.

If f € L'(m), then we identify f with the measure fdm € (C'(Q2))*. With this identification, £;
has the pointwise definition stated earlier, £;f = f o ®_;, and its action is consistent with ([1.3]).

2.1. Admissible cone-stable and cone-unstable curves. Due to the uniform hyperbolicity of
®; given by (1.1]), we define stable and unstable cones C*(x), C*(z) C E*(x) & E*(x), lying in the
kernel of the contact forms. The cones satisfy the strict invariance condition,

(2.2) D®_,C%(x) C C*(®_yx), D®,CY(x) C C"(Px), forallt>0.

Note that these cones are ‘flat’ since they lie in the plane E*(z) @ E%(z), and have empty interior
in T,€2. We may choose these cones so that they are continuous and uniformly transverse on €.
Moreover, the uniform contraction and expansion given by extends to all vectors in C*(z) and
C"(z), respectively, with possibly slightly weaker constants C,C" and A.

Let dp > 0 denote the minimal length of a closed geodesic on €.

Definition 2.1. We define a family of admissible cone-stable curves, W* = W?#(dy, Cy), in 2
satisfying:

(W1) for all W € W? and xz € W, the unit tangent vector to W at x belongs to C*(x);
(W2) there exists 69 € (0,dy/2) such that |W| < g for all W € W?*;
(W3) there exists Cy > 0 such that the curvature of W is bounded by Cp.

For brevity, we refer to W € W# simply as stable curves. A family of unstable curves W*" is
defined similarly.

Due to the strict invariance of the cones, we have ®_,W* C W?* t > 0, up to subdivision of
curves longer than length §p. Similarly, ®,V* C W¥ t > 0.

In order to compare different curves in W?, we will introduce a notion of distance between them.
To do this, we place finitely many local sections ¥; in M, which are smooth surfaces with piecewise
smooth boundary, such that

(a) there exists 79 € (0,dp/2), such that each W € W?* projects as a smooth, connected curve
onto at least one ¥; under {®;}o<i<ry;

(b) each ¥; is uniformly transverse to the flow direction;

(c) for each i, there exists a common family of stable and unstable cones for all x € 3;.

On each section, we distinguish a point Z; in the approximate center of 3J;, and define local coordinates
(z®, ") with z; at the origin, and the z° (z") axis tangent to E*(z;) (E"(z;)) at &;. We may construct
the X; so that they are approximately rectangular in these coordinates: 3; = {(z°,z%) : 2° € I}, 2" €
I}, where I? and I} are two intervals centered at 0.
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On each domainﬂ of the form D; = {®_(%;) bo<t<r,, let PZ-Jr denote the projection onto ¥;, defined
at © € D; as the first intersection of ®;(z) with X;, for ¢t > 0. For W € W# | if PZ.+W is defined, then
we may view it as the graph of a function G;w : I; w — I}*, where I; v C I7, in case the curve W
is very short.

Now if W7, Wy € W?*, we define a notion of distance between them as follows. If there exists
U € W" such that U N Wy # 0 and U N Wy # () and at least one ¢ such that PZ.+W1 and PfWg are
both defined, then

(2.3) dyys (Wi, Wa) := min{|Lw, Oiws| + |Giwy = Giwalor (1w, 01 w,) -

Otherwiseﬁ set dyys (W1, Wa) = oo.

The purpose of requiring the existence of U € W" intersecting both curves is to ensure that they
are sufficiently close in the flow direction (since the distance in only quantifies the distance
between projected curves in 3;, which quotients out the flow direction).

Remark 2.2. The choice to compare curves on sections rather than directly on the manifold Q@ may
seem unnecessarily awkward at this stage. Yet, it simplifies certain norm calculations considerably
by introducing a convenient set of local coordinate systems. In addition, it allows for an immediate
generalization to billiards since then one can simply take the sections 3; to correspond to the smooth
parts of the boundary of the billiard table.

A second point to notice is that the distance defined by does not define a metric, or even a
pseudo-metric since it does not satisfy the triangle inequality. This does not affect our analysis at all
since the norms we defined will satisfy the triangle inequality, and this is sufficient for our purposes.

For two curves Wy, Wy € W? with dyys (W1, Wa) < oo, we can use the same coordinate system
to define a notion of distance between test functions supported on these curves. Let ¢; € CO(W;),
i =1,2. Define

do(v1,¢2) = min{[hr 0 Giwy — 2 0 Giwale1 (1w, 4w, I

where the minimum is taken over all i such that both P;" (W) and P;"(W>) are both defined.

2.2. Definition of the norms and Banach spaces. Given o € (0,1) and W € W?, define

C*(W) to be the closur(ﬂ of C'(W) in the C®(W) norm, defined by (2.1)). This definition of C*(W)

guarantees that the embedding of our strong space into our weak space is injective (see Lemma .
Now fix a € (0,1]. Given f € C(Q), define the weak norm of f by

|flw = sup  sup / fbdmwy,
wews ¢eC*(W) JW
[Ylcam)<1

where myy is arc length measure along W.

By contrast, our strong norm will have three components. Choose 1 < ¢ < oo, # € (0,a) and
0 <~ <min{a — 3,1/q}.

For f € C1(Q), define the strong stable norm of f by

Iflls = sup sup / § & dm.
Wwews wecﬁ(w) w

|w|cﬂ<w)§‘w‘7l/q

3Note that these domains may overlap for different 1.

4That is, if W1 and W5 do not project onto a common X;, or if there is no U € W* with the required property.

5CQ(W) is strictly smaller than the set of functions with finite | - |ca(w) norm, yet it contains all functions with
finite | - |CO’(W) norm for all &’ > a.
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Define the neutral norm of f by

Ifllo= sup  sup / 9 (f 0By |mo b dmyy.
Wews ypece(w) Jw
[¥]cam) <1

And finally, define the unstable norm of f by

[fllu=sup  sup sup €
e>0 Wy ,WoeWws P, €C*(W;)
dyys (W1,W2)<e || ca (w,;) <1
do(1,12)=0

fwlvdmwl - /W f¢2 de2 .

Wy

Define the strong norm of f by
1flls = 1F1ls + [1f lo + cull full,

where ¢,, > 0 is a constant to be chosen later.
Now our weak space By, is defined as the completion of C?({2) in the |- |, norm, while our strong
space B is defined as the completion of C%(Q) in the || - || norm.

Remark 2.3. The restrictions on the parameters are placed due to the following considerations.
That B < « is required for compactness (Lemma . Then v < a — 3 is required when adjusting
test functions for the unstable norm estimate whz’le v < 1/q allows us to account for short
unmatched pieces due to our use of sections in the same estimate. Finally, ¢ > 1 is required to obtain
contraction in the strong stable norm estimate [2.8). For a C? flow, one may take o = 1.

In order to use the Dolgopyat estimate (Lem to prove Pmposition we shall introduce
additional restrictions on the parameters when applying the mollification lemma (Lemma . For
this proof, we shall need B to be sufficiently small and q sufficiently close to 1 so that (1+5—1/q)/vy <
Yo, where 7o is from Lemma[4.5

2.3. Properties of the Banach Spaces. The spaces B and B,, are spaces of distributions, and
the following lemma describes some important relations with more familiar spaces.

Lemma 2.4. The following set of inclusions are continuous, and the first two are injective,
CHQ) — B By, — (CY(N))*.
Indeed, there exists C > 0 such that for all f € C1(Q), we have

(2.4) |flw < Iflls < Clfler-
Moreover,
(2.5) f() < Clflwl¥loa) Vf€Bw,  |f(W) <Clfllsl¥les VfEB.

Proof. The bounds in are clear from the definitions of the norms, proving the continuity of
the first two inclusions. Moreover the injectivity of the first inclusion is obvious, while that of the
second follows from the fact that C*(W) is dense in both C*(W) and C#(W) because of the way
we have defined these spaces of test functions.

It remains to prove the inequalities in , which in turn imply the continuity of the last inclusion.
We prove the first inequality in (2.5), since the proof of the second is similar.

Let f € C%(Q), ¢ € C*(Q). We subdivide Q into a finite number of boxes B; and foliate each
box by a smooth foliation of stable curves {We}ecz,. To see that this is possible, we can choose
each box B; to lie inside one of the domains D; corresponding to surface ¥;. Choosing a smooth
family of stable curves intersecting 3J;, we can simply flow it to fill B;.

Now on each B;, we disintegrate the measure m into conditional measures pedmyy, on each We
and a factor measure Mm; on the index set =;. Since the foliation is smooth, we have |p€|Cl(W§) <
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for some C7 > 0 and all £ € Z;. Then,

1= | [ svin| <3 [

< Z/: | flwl¥lcawe) lpelce e dine < Clf |wl¥]ce(o)-

dmy;

/ [ pe dmy,
We

Since this bound holds for all f € C?(Q2), by density it holds for all f € B,,. O
Lemma 2.5. The unit ball of B is compactly embedded in B,,.

Proof. The compactness follows from two important points: the compactness of the unit ball of
CH(W) in C#(W) for each W € W?#; and the compactness in the C' norm of the set of graphs G;
with C? norm bounded by Cy on each section ¥;. This allows us to prove that for all € > 0, there
exists a finite set of linear functionals ¢; ; on B, with ¢; ;(f) = fWi fjdmy,, v; € CY(W;), such
that

(2.6) min ([flw — &5(f)) < Cl|f |15,

for a uniform constant C' > 0. This implies the required compactness. For the details of the
approximation needed to carry out the above estimate, see [DZ1], Lemma 3.10] or [BDL, Lemma 3.10].

O
Exercise 1. Assume that (2.6 holds. Show that it implies that the unit ball of B is compact in By,.

2.4. Lasota-Yorke type inequalities for the semi-group £;. The semi-group of transfer op-
erators {L;}+>0 satisfies the following set of dynamical inequalities, often called Lasota-Yorke, of
Doeblin-Fortet inequalities, following their seminal role in the development of the spectral theory of
transfer operators [DF), [LY].

Proposition 2.6. There exists C' > 0 such that for oll f € B and t > 0,

(2.7) 1Leflw < Clffw
(2.8) ILeflls < CATP" 4 A=A £+ C| f
(2.9) ILeflle < CATY|Fllu+ Cllfllo + ClfIls
(2.10) 1L:fllo < Cllfllo-

If £; were the transfer operator for a hyperbolic diffeomorphism of a 2-dimensional manifold,
the inequalities - would be the traditional Lasota-Yorke inequalities (there would be no
neutral direction), and we would conclude that £; was quasi-compact with spectral radius 1, and
essential spectral radius strictly smaller than 1. Unfortunately, in the case of a flow, we are left
with the inequality for the neutral norm, due to the lack of hyperbolicity in the flow direction.
Thus the above inequalities do not represent a true set of Lasota-Yorke inequalities since the strong
norm does not contract. So we do not prove that £; is quasi-compact on B.

Before proceeding to the next step in the argument, which is the introduction of the resolvent
and the generator of the semi-group, we prove several items of the proposition, to give a flavor for
the estimates required. A full proof of analogous inequalities in a variety of settings can be found
in, for example, |[GL] for Anosov diffeomorphisms, [DZ1] for dispersing billiard maps, or [BDL] for
some dispersing billiard flows.

Proof of Proposition[2.6. Due to the density of C?(M) in B, it suffices to prove the inequalities for
f € C?(M). We first prove (2.8).

When we flow a stable curve W € W? backwards, ® _;W may grow to have length greater than
dp. If so, we subdivide it into a finite collection G,(W') = {W;}; C W? so that each W; has length
between dyp/2 and &g, and U;W; = &_, .
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Let f € C?2(M), W € W* and ¢ € C%(W) with [Vlcsmwy < [W|~1/4. We must estimate, for
t>0,

(2.11) /ﬁtfd)dmw— Z fip o ®y Jw, By dmyy,,

Wi €G:( Wi

where we have changed variables and subdivided the integral on ®_;WW into a sum of integrals over
the W; € G(W). The function Jy, P denotes the Jacobian of ®; along the curve W;. Due to (1.1,
this is a contraction.
Case I | W[ > do.

For each i, define 1; to be the average value of 1) o ®; on W;. Then subtracting the average on

each W;, we can rewrite (2.11]) as,

TS /fwocbt wwwcptdmwwl/ 1 Ty dimy,
(212) WieG (W)

< sl © @i = Wyles oy Wil U Tw, el oo guwy + [ f Ll © el oy | Tw, Bel oo wry.

i

where we have applied the strong stable norm to the first set of terms and the weak norm to the
second set.

The C# norm of ¢ o &, — 1), is easy to estimate using the uniform hyperbolicity of ®; given by
, as well as the fact that we have defined stable curves which are transverse to the flow direction,
and whose tangent vector lie exactly in the plane where the hyperbolicity of the flow dominates.
Thus for x,y € W,

(2.13) [0 @y(w) — o Ru(y)| < Hyyp (0)d(®i(x), e(y)” < CAPd(,y)”.
This, together with the fact that 1), = 1) o ®;(y) for some y € W; yields,
(2.14) [0 @1 — Pilonawy < CA P losry < CAPHIW|~1A,

By a similar estimate with « in place of 3, and using [1) o ®¢|co(w,) < [Y|coayy, yields [ho®@|cay,) <
Clilenqr) < CIW|1a

In order to complete the estimate on the strong stable norm, we need the following lemma.
Lemma 2.7. Let W € W* t >0, and suppose ®_ W = {W;}; C W*.
(a) There exists Cq > 0, independent of W and t, such that for all W; and x,y € W;,

'W

— 1| < Cyd(z,y).
Jw,; ®+(y) ‘_ adlz.y)

(b) |JW (I)t‘cl (1+Cd)’JW (I)tyoo
(c) There ezzsts C’ independent of W and t >0, such that Y-, |Jw, ®¢|cow,) < C.

Proof. Ttem (a) is a standard distortion bound in hyperbolic dynamics. It can be proved, for example,
by choosing 71 > 0 and subdividing [0, ¢] into [t/71] intervals of length 71, plus a last one of length
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s < 71. Then using again ([1.1))

JWV (bt (.’E) [t/m]
10gm < ; |log Jo,, w; Pr (Pjr, () — log Jo . w, Pry (Pjiry (y))]
+ [log Jo, w, Ps(Pi—s(x)) — log Ja,  w; Ps(Pr—s(y))|

[t/71]

< Z Cd 37—1 ]7—1( )) +Cd(q)tfs(x)aq)t*8(y))

[t/ﬁ]
< Z AT d(z, y) + A d(z, y) < Cd(x,y),
j=1
where C” depends on the maximum C? norm of ®,, 0 < s < 7.
Item (b) is an immediate consequence of (a).

Item (c) also follows from (a). To see this, note that if ®_;W has length less than dg, then there
is only a single W;, and the fact that the Jacobian along stable curves is a contraction implies the
inequality. If ®_,W has length longer than d¢, then each W; has length at least dp/2. Thus using
bounded distortion from (a) yields,

Dy (
(2.15) > 1w, @il coqw §:| ’W‘ <25 1§ 1@, (W;)| < 265 |W| < 2.
O

The items of the lemma allow us to complete the proof of (2.8]). Recalling (2.12)), and using ([2.14])
and Lemma 2.7|(b) yields,

‘Wi|1/q
‘W‘l/q

/W Lifpdmw <> CAP| £ | Tw, il o) + CLf Lol W Jw, @4l oo,

The first sum is uniformly bounded in ¢ and W by Lemma [2.7|(a),(c) and a Holder inequality,

W LAUATAR o
t %
Z ‘W|1/q |JWi‘I’t|CO(Wi) < (;(1 +Cd)‘W‘> (2; |JWi(I>t|CO(Wz‘)>
<(1+ Cd)l/qc‘vlfl/q_
The second sum is bounded uniformly in ¢ and W since by an estimate similar to ([2.15),

S WY T, @4l coqwyy < 285 WA

Putting these estimates together yields,

(2.16) /W Cof wdmy < CAP s + C|flu

Case II. |P_ W | < do.
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In this case,lﬂ we do not subtract an average for the test function, and there is simply one term in
(2.11)), to which we apply the strong stable norm,

@ (W)[!/4
/W Lifdmy < HfHSW

where again, we have used (2.13)) and Lemma to estimate the norms of the test functions. By
bounded distortion, ]Jq,_t(w)@t\co ~ %, so that

| Jo_,(w)®@t|co,

/ Lifdmy < CHfHSM < C||f||SA_(1_1/Q)t-
w N |®_ (W)} -1 —
Putting Cases I and II together and taking the supremum over W and v proves (2.8).

The proof of follows more simply since the weak norm needs no contraction so we do not
subtract the average value of the test function on each curve. Also, there is no weight of the
form |W|~1/4 since for the weak norm, the test function ¢ € C*(W) satisfies [¥|cawy < 1. Thus
following and applying the weak norm to each term yields,

/W Lif pdmyw <Y |flwlth o Bl oy | Tw, @eloawyy <D ClflwlTw, elcory < C'[flw,

where again we have used Lemma [2.7]

The proof of the neutral norm bound ([2.10)) is similarly straightforward. Using the group property
of ®;, we have,

d . odb, — flod_ d
(2.17) T ((£2f) 0 @) o0 = lim (f o s Sf) L= ([ o®y)lmg0 Bt
Taking ¢ € C*(W) with [¢[cew) < 1, we use (2.17) and change variables as in (2.11)),

d d
/W %((ﬁtf) 0 ®,)|s=0 ¢ dmyw = zl: /Wi %(f 0 y)[s=0 % o By Sy, @y dmyy,

< I fllolt © @il w1 Tw, Pelca ),

and the sum is uniformly bounded in ¢t and W, again using Lemma [2.7]

The proof of (2.9) is more lengthy, and to avoid cumbersome technicalities, we shall omit the
proof in these notes. We refer the interested reader to [DZ1] for the map version or [BDL] for the
flow version. O

3. THE GENERATOR AND THE RESOLVENT: REGAINING QUASI-COMPACTNESS

The novel idea introduced by Liverani in [L] was to shift attention away from the semi-group of
transfer operators, and onto generator of the semi-group, and the associated resolvent. Indeed, the
path we shall follow to prove Theorem will be to prove a spectral gap for the generator.

For f € C1(Q), define
Xf= lim Lf=T

t—0+ t
The operator X is called the generator of the semi-group {L;}+>0. Since ®; is invertible, in fact
{L;}1er is a group when acting pointwise on functions; however, since we are interested in its action

6This case can be eliminated entirely by requiring that curves in W?* have a minimum length of say, do/2. Then
Case I would suffice to estimate all curves, and would simplify to [|L:f||s < CA™P|f||s + C|flw. Since we are
interested in presenting norms which can be applied to discontinuous maps and flows, we do not place this additional
restriction on curves in W?.
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on the Banach space B, we consider only the semi-group. This is because the dynamical properties
of L; for t < 0 will not preserve the norms: the roles of the stable and unstable directions are
exchanged, and so the definition of the anisotropic spaces would also need to be changed in order
to study ¢ < 0.

Remark that if f € C2(M), then X f € CY(M), so Xf € B by Lemma . By definition, this
implies that the domain of X is dense in B.

The following lemma provides additional information about the behavior of £; for small ¢.

Lemma 3.1. There exists C > 0 such that for all f € B,
(a) lim [[L¢f — fllg = 0;
t—0t+
() |Lef = flw < Ct|| fll5, t > 0.

Proof. For the proof of (a), see [BDL Lemma 4.6]. We prove (b).
Let f e C*(Q), W € W* and ¢ € C*(W) with [¢|cay < 1. Then using (2.17), we estimate

td
/W(.ctf—f)q/}de=/W/0 L (f o) dsdmy

Z/t/ %(foéT)lT:ooﬂswdmwds
/Z/ (f 0 ®))|rmo ) 0 By Jyy, &y dimyy, ds

< /0 1£1l0 S 10 @,y [ Belcowy < CEI o
i
where we have changed variables in the third line, and used Lemma in the fourth. Taking the
supremum over ¢ and W proves (b). ]

Remark 3.2. Item (a) of Lemma implies that the semi-group {Li}i>0 acting on B is strongly
continuous. This in turn implies that X is closed as an operator on B, with a dense domain [Dal.

Next, for z € C, we define the resolvent R(z) : B — B by

(3.1) R(z)= (2 = X)*

When Re(z) > 0, R(z) has the following representation,

(3.2) R(2)f = / e AL f dt.
0

The importance of (3.2) is that the operator R(z) integrates out time, and so eliminates the neutral
direction. This will be the key point that enables the subsequent analysis.

Exercise 2. Use the definition of X to verify that R(z) defined by (3.2) satisfies R(z)Xf =
—f+ zR(z)f. This implies that R(z) satisfies (3.1)).

3.1. Quasi-compactness of R(z). Define A = max{A~# A= A-(-1/9} <1

Proposition 3.3. There exists C > 1 such that for all z € C with Re(z) =:a >0, and all f € B
and n > 0,

(3-3) [R(2)" flw < Ca"|flw,

(34) IR(z)"flls < Cla—logA)™"[|flls + Ca™"|fl|w ,

(3.5) [R(2)"fllu < Cla=1log\)7"|[fllu + Ca™" ([ flls + I fll0) »
(3.6) IR()"fllo < Ca'™™(1+|z|/a)|flw -
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Due to the integration over time provided by , Proposition represents an essential im-
provement over Proposition . The key improvement is the weak norm |f|,, appearing on the right
hand side of in place of the neutral norm || f||o which appeared on the right hand side of (2.10)).
This permits the following corollary.

Corollary 3.4. Let z = a +ib € C with a > 0. The spectral radius of R(z) on B is at most a™!
For any o > (1 —a~'log\)™!, we may choose c, > 0 such that the essential spectral radius is at
most ca~t. Thus the spectrum of R(z) outside the disk of radius ca™" is finite-dimensional, and if
it is nonempty, then R(z) is quasi-compact as an operator on B.

Proof. Using the definition of the strong norm, we estimate,
a"|R(2)"fllg = a"|R(z)" f||s + cua™ | R(2)" f |l + a” | R(2) f |0
< C[(1—a  log \) ™" + el flls + Ceu(t —a™ log A) 7| fllu + Ceull fllo
+CA+a+|2])|flw-

Now choose o € ((1 —a"'logA)~%,1) and N > 0 so large that C(1 —a"*log\)™" < ¢V /2. Finally,
choose ¢, > 0 so small that C¢, < O'N/2. Then the above estimate yields,

(3.7) a||R(=)™ flls < o™ || flls + Cla+ |2 + 1| flw,

which is the traditional Lasota-Yorke inequality. Since this can be iterated, it follows from a classical
result of Hennion [H], together with the compactness of the unit ball of B in B,, (Lemma [2.5), that
the essential spectral radius of R(z) on B is at most oa~!. O

The following two facts will be useful for proving Proposition
Exercise 3. Starting from (3.2)), prove by induction that R(z foo (fln 11 e Ft Ly f dt.

Exercise 4. Let z = a 4 ib with a > 0. Show that ’fooo (fltll)!e*” dt’ <a™, for alln > 1.

Proof of Proposition[3.3. As usual, by density, it suffices to prove the inequalities for f € C?(f).

We begin by proving the weak norm estimate (3.3)).
Let W € W*s, ¢ € C*(W) with [¢|ca) < 1. Then for n > 1,

‘/ fwdmw‘ ‘/ /ztfwdmw(t" 1) —tht'

oo tn—l
< w — —at dt < w 7717
< [ 1l e < o

where in the first line we have used Exercise[3|and reversed the order of integration since the integral
of Lif on W is uniformly bounded in ¢; in the second line we have used and Exercise 94| to
complete the estimate. Taking the appropriate suprema over W and ¢ proves .

The proof of is similar, except that we take advantage of the extra contraction provided by
[2.8). Taking W € W* and + € C#(W) with [Vlesmwy < |W|~1/4, we estimate for n > 1, following

(13-8),
0 tn—l
]/ fl/}dmw‘ / 1Euflly et
0 (n—1)!
tn—l

[ee] = 1
< —(a—log A)t —at
< [ [enmg—gye Ol flup—yye ]

< Cla—1log\)7"[| flls + Ca™"|flw,

where again we have used Exercises [3| and |4, as well as (12.8).
The estimate for (3.5)) is again similar, now using (2.9)).

(3.8)
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Finally, we prove (3.6). This differs from the previous estimates since we will not simply apply
(2.10), which would result in no improvement over Proposition but rather we first integrate by
parts in order to use the weak norm. Now taking W € W?* and ¢ € C*(W) with [¢|camy < 1, we
estimate,

| Amernotapvime = [ [T et L (2o madrs dmy

ds
// - _thi(ﬁtf)dtwdmw

n—l

tn 2 o o tnfl
// <n—2 e —ze (n_l)‘>£tfdtwdmw

tn 2 P 1 .
__/O <(n_2)!_(n_1 > t/ Lof b dmy dt.

Now we use the triangle inequality, apply the weak norm estimate ) to the integral over W, and
Exercise [4] to both terms integrated over ¢ to obtain,

IR(2)" fllo < C|flw(a'™" + |2la™"),
which proves (3.6)). O

3.2. Initial results on the spectrum of X. Proposition [3.3] and Corollary [3.4] provide useful
information about the spectrum of X, which we denote by sp(X). First notice that since ||L¢||g is
uniformly bounded in ¢ by Proposition [2.6] the spectrum of X on B is entirely contained in the left
half-plane, Re(z) < 0. Moreover, the invariant measure m, identified with the constant function 1
according to our convention, is an eigenvector with eigenvalue 0 for X.

Proposition 3.5. The spectrum of X on B is contained in Re(z) < 0. The intersection sp(X)N{z €
C: —log A < Re(z) < 0} consists of at most countably many isolated eigenvalues of finite multiplicity.
The spectrum of X on the imaginary axis contains only an eigenvalue at 0 of multiplicity 1.

We will not present a formal proof of Proposition [3.5 which by now is standard. We refer the
interested reader to [BL, Lemma 3.6, Corollary 3.7| or [BDL, Corollary 5.4|. However, we discuss
the main ideas, which are essential for what comes next.

The proof of the proposition relies on the observation that for z € C with Re(z) > 0, we have,

(3.9) p€sp(R(z)) ifandonlyif p=(z—p)~t, wherep € sp(X).

Here R(z) and X are understood as operators on B. The proof of this is classical, see for example
[Dal, Lemma 8.1.9]. Furthermore, the following fact holds.

Exercise 5. Suppose p € sp(X) and p = (z — p)~' € sp(R(2)). Show that for any k > 1 and f € B,
we have (R(2) — p)¥f = 0 if and only if (X — p)*f = 0. This implies that p is an eigenvalue of R(z)
of multiplicity k if and only if p is an eigenvalue of X of multiplicity k.

Figure [I] summarizes this relationship. By fixing a > 0 and considering the family of parameters
{z = a+1ib: b € R}, we see that the essential spectrum of X is contained in the half plane
{Re(w) <log A}, and so is bounded away from the imaginary axis.

Since the spectrum of R(z) in the annulus {(a—1log A\)~! < |w| < a~!} contains only finitely many
eigenvalues of finite multiplicity by Corollary it follows that for each by > 0 the intersection of
sp(X) with the rectangle {Re(w) € (log A, 0], |Im(w)| < bp} contains only finitely many eigenvalues
of finite multiplicity. Once this identification is made, the fact that the imaginary axis contains
only the simple eigenvalue at 0 follows from the fact that contact Anosov flows are mixing, see [BK|
Theorem 3.6| together with the classical Hopf argument [LW].
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(a) (b)

FIGURE 1. (a) The spectrum of R(z) is contained in a disk of radius a=! (solid
red circle), and its essential spectrum is contained in a disk of radius (a — log ) ™1
(dashed red circle).

(b) The red circles are the images of the corresponding circles in (a) under the
transformation w +— z — w™'. Due to , the spectrum of X lies outside the solid
red circle, and its essential spectrum must lie outside the dashed red circle. This
forces the strip between the dashed blue line (Im(w) = log \) and the imaginary axis
to contain only isolated eigenvalues of finite multiplicity. The blue x’s are possible
eigenvalues of X, which may accumulate on the imaginary axis as |Im(w)| — oo.

4. A SPECTRAL GAP FOR X

Unfortunately, Proposition [3.5]is not sufficient to prove the desired result on decay of correlations
that is the goal of these notes. The problem is that although the spectrum of X in each rectangle
{w € C: Re(w) € (log A\, 0], |[Im(w)| < by} is finite dimensional, and so the minimum distance from
an eigenvalue p # 0 in this rectangle to the imaginary axis is positive, it may happen that a sequence
of eigenvalues p = u + iv approaches the imaginary axis as |v| — oo.

In order to conclude exponential mixing, we will show that in fact, X has a spectral gap.

Theorem 4.1. There exists v > 0 such that sp(X)N{w € C: —v < Re(w) <0} =0.
Theorem in turn will follow from the following proposition.

Proposition 4.2. There exist 7 > 0, C >0 and by > 0 such that for all z = a +1ib with 1 < a <2
and |b] > bo, ||R(2)"||s < (a+0)™" for all C'log|b| < n < 2C'log |b|. Thus the spectral radius of
R(z) on B is at most (a + )~ for all 1 <a <2, |b| > by.

Proof of Theorem assuming Proposition [4.3 Due to Propositionand , the set {Re(w) €
(7,0], [Im(w)| > by} is disjoint from sp(X). On the other hand, the set {Re(w) € (7, 0], |[Im(w)| < by}
contains only finitely many eigenvalues by Proposition [3.5, and 0 is the only eigenvalue on the
imaginary axis. The finiteness of this set guarantees a positive minimum distance between the
imaginary axis and the closest nonzero eigenvalue. (|

4.1. Reduction of Proposition to a Dolgopyat estimate. Turning our attention to Propo-
sition we note that the strength of the claim can be reduced by a couple of straightforward
reductions.

The first point to notice is that the constant |z| appearing in and ruins the uniformity
of our estimates when |b] is large. To compensate for this, we introduce the following modified norm,
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which dependsﬂ on |z|,

Cu 1

1fllu + =11 fllo-

||

(4.1) 1F1ls = 1171l + ]
It suffices to prove Proposition for the norm || - ||}, as long as C' and © remain independent of
|z|. For this would imply that the spectral radius of R(z) acting on the space (B, || -||5) is at most
(a+ )~ And since

115 <1+ ls < 1=l - I,
the two norms are equivalent for each |z|, and so the spectral radius of R(z) on (B, | - ||3) is at most
(a+ )"t as well.
Exercise 6. Show that the same choice of N and ¢, as in (3.7) yield the inequality,
I1R(2)" fllg < o"a™"[|fllz + Ca™"|flw, Vfe€DB,
for alln > N and some o <1 and C >0 independemﬁ of z.

Next, using Exercise [6] we have the inequality,
IR(2)*" fll5 < o™a™"||R(2)" fll5 + Ca™"|R(2)" flu, ¥ f€B.

For the first term on the right hand side, we estimate [|[R(2)"f||5 < (1 + C)a™"| f||5, again using
Exercise |§| and the bound | - |, < || - |ls < || - |- Interpolating between ca~! and a~!, and possibly
increasing N to overcome the effect of (1+ C'), this implies the existence of v > 0 such that the first
term contracts at a rate (a + v)~2"||f||5. Thus to prove Proposition it suffices to show that the
weak norm decays exponentially at a rate faster than ™", i.e.

(4.2) [R(2)" flw < (a+v)""[fll5,

for some v > 0, and z and n as in the statement of the proposition. In fact, we will prove the
following key lemma.

Lemma 4.3 (Dolgopyat inequality). There exists Cx > 0 and for all 0 < a < 1, there exists
Cp,"0,bo > 0 such that for all f € C1(),

C
(43) RE fu < gy (oo + (L a7 og 4) 7V ).

foralll <a <2, b >by andn > Cplnb.

Here, | - |oo denotes the L norm of a function.

Equation (4.3) is the Dolgopyat-type estimate that will prove the existence of a spectral gap for
X. Given ne might expect || f||53 on the right hand side of rather than the C'' norm of f.
In fact, the C' norm of f can be replaced by the strong norm of f due to the following mollification
lemma.

Let n : R? — R be a nonnegative C* function supported on the unit ball in R3, with Jndm=1
and a unique global maximum at the origin. For & > 0, define n.(z) = e 3n(z/¢).

For f € C°(Q) and & > 0, define the following mollification operator,

(1.4 MANW) = [ iy =) f(a)dm(z),
where 7). is the function 7. in a local chart containing y.

"Note that |z| > 1 since a > 1.
8Use the fact that 1 < a < 2 to obtain a choice of o independent of a. Also, note that H%lrlzl <3.
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Lemma 4.4. There exists C > 0, such that for all f € C*(Q2) and & > 0,

(4.5) IM.(f) = flo < C|flls;
(4.6) IMe(f)loo < Cet8H4) £,
(4.7) IV(M(f))|oo < Ce™27PHY4) )5

The estimates on the mollification operator are fairly standard, and follow the same lines as the
proof of Lemma [2.4} the integral in an e-neighborhood of a point = € § is disintegrated using a
foliation curves in W?*, and the strong stable norm is applied to the integral on each stable curve.
The interested reader is referred to [BDL, Lemmas 7.3 and 7.4|, or [BL, Lemmas 5.3 and 5.4].

Proof of Proposition[{.9 via Equation[{.2 Fix z as in the statement of Proposition .2 and without
loss of generality, assume b > 1. If necessary, increase by from Lemma [4.3] so that Cplogby > N.
Then for n > Cplogb and € > 0 to be chosen later, we have,

[R(2)%" fluw < [R(2)*"(f = Mc(f)lw + [R(2)*" Me(f)]w
< Ca™(|f = Me(f)w + b7 Me(f)loo + (1 + 0™ og A) 7V (Me(f))]oo)
< Ca (V|| f|ls + b0 VY fl 4 b7 P 4+ 0 og A) 7 1)
< C’a_2"\|f||2‘g(57b 4+ b0 1=B+ b_705_2_5+1/q(1 +a tlog A)_") ,
where in the second line we have used (3.3|) for the first term and Lemma for the second, while
in the third line we have used Lemma and in the fourth line || f||z < |2]|| f]|5-
Choose p > 1/~ and set ¢ = b~”. Next, choose f sufficiently small, and ¢ > 1 sufficiently closeﬂ
to 1, so that p(1+ 8 —1/q) < 79. Then,
|R(2)*" fluw < Ca™" || fllg (b + 5772 + 67720 (1 + 0" Hlog A)™")

plogb

where 1 = py —1 > 0 and 72 = 79 — p(1 + 8 — 1/q) > 0. Finally, choosing n > e ra Tog &)

implies b”(1 +a~'log A)~" < 1. Putting these estimates together yields,
|R(2)*" flw < Ca™ || fllp-b77,

for ¥ = min{y1, 72}, and n > Clogb := max{m, Cp}logb. Next, choosing by sufficiently

large so that C’baw2 < 1 eliminates the constant C' from the estimate on |R(2)%" f|,. Finally if also
n < 2Clogb, then b=7/2 < ¢=™7/(4C) "and ([4.2)) is proved. O

4.2. Corollary of the Spectral Gap for X: Proof of Theorem Using Proposition
and Theorem we apply the results of [Bu] to obtain the following decomposition for £;. Let v
be as in Theorem (4.1 and & be as in Proposition 4.2

There exists a finite set of eigenvalues {zj}j-V:O =sp(X) N{w € C: Re(w) € (—v,0]}, with zp =0
and Re(zj) < —v for 1 < j < N, a finite rank projector II, a bounded linear operator P, on B
satisfying PII = IIP, = 0, and a matrix X : II(B) O having {z; }jvzl as eigenvalues such that

L= XTI+ P, t>0.
Moreover, for each v; < v, there exists Cy, > 0 such that for all f € Dom(X),
|Pif]w < Coe | X fllg, forallt>0.
Note that according to the above equation, the weak norm of P, decays on Dom(X), but not on

all of B. Indeed, if || P,f||p decayed at a uniform exponential rate for all f € B, this would imply a

9INote that this choice of q does not effect the requirement v < 1/q from the definition of the norms, since we may
safely take v < 1/2, and so make it independent of 1/¢q when ¢ is close to 1.
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spectral gap for £;, ¢ > 0. The above inequality is significantly weaker, yet sufficient to conclude
exponential decay of correlations.

For f € B, let II; f = ¢;(f)g; denote the projection onto the eigenvector g; corresponding to z;.
Note that by conformality of the measure m, for f € C%(Q), we have co(f) = Jo f dm.

Now let ¢ € C2%(2), ¥ € C%(9). Then

/go.wo\lltdm:/ﬁtgwwdm:/Ptgo‘wdm—i—/etX(Hf)-zpdm
Q Q Q Q
N
:/QPtgp-l/Jdm—l—/Q(co(go)—i—Zetzjcj(cp)gj)wdm.
j=1
Thus recalling ([2.5)),

N
/Q oo By dm — /Q o dm /Q wm] < ClPlultlcoq + 3 e lsldloe e ™

J=1

< C(e™ ! Xells + e llels) [Ylow (o)
< Ce ™ ple2 ) ¥lcw(qy

where we have used the fact that ¢;(¢) < ¢;||¢|/s for some ¢; independent of ¢, and recalling ,
that | Xop|ls < ClX flei) < Clfle2q)-
To complete the proof of Theorem it remains only to approximate ¢ € C*(2) by ¢ € C?().
This is by now a standard approximation, which we recall here for the convenience of the reader.
Let ¢,9 € C%(Q) such that [,¢¥dm = 0. Given any ¢ > 0, define ¢ € C?(2) such that
|9 — @lriam) < €l@loa(q) (for example, by using a mollification as in (@.4)). One has then that
lplez) < Ce*2|@|ca(q). Now for t > 0,

[evoman=[(o-pyvodidm= [o-votidm
< el @lea (@) ¥loo@) + Ce el e
< (8 + 067”t5a72> |@lca(@)Ylcaq) -

Now choosing £ = e~**/2 completes the proof of Theorem with n = va/2.

5. DOLGOPYAT ESTIMATE: PROOF OF LEMMA [4.3]

Let f e C(), W € W*, and ¢ € C*(W) with [¢|cay < 1. Let z = a +ib € C such that
1 < a < 2 and without loss of generality, take b > 1. For n > 0, we must estimate fW R(2)"f 4 dmy.

Remark 5.1. Most of the calculations in this section are made simply in order to arrive at the
oscillatory integral appearing in and estimated in Lemma (c) using the smoothness of
the temporal distance function established in Lemma [5.5(a) and (b). In order to accomplish this,
we will localize in both space and time using partitions of unity in order to exploit the presence of
cancellations occurring on small scales according to the oscillation provided by e™t.

First, we localize in time. Let 7 > 0 be a small time to be chosen later. Let p : R — R be an
even function supported on (—1,1) with a single maximum at 0, satisfying > ,., p(t —£) = 1 for
any t € R. Define p(s) = p(s/7). Then p and p both define partitions of unity on R. Next, using
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Exercise [3]
" o0 tnfl o
' f = ] e Z Ly fdt
n—1

5 + 67— —z(s+L1) /T s —zs
- Z/_ n—l) B e L (L ds + | ple) e Laf ds,

LeN*

(5.1)

where N* = N'\ {0}. To abbreviate the notation, we introduce the following notation for the kernels,

s+ 4T n—1 _ gn—1 B
Pne,z(8) = p(s)((n_i)!e Z(SMT), for £ > 1, and  ppo.(s) := p(s) = 1)!6 **15>0,
where 14 denotes the indicator of a set A.
Using this notation, we write the integral needed to estimate the weak norm as,
/ R fwde Z/ pn,é,z(s)/ wﬁé‘r(ﬁsf) dmwds
£eN
(5.2)
-y ¥ / P (s / T, 4z 0 gy L£of drmay,ds,

LeNW;eGp (W

where in the first line we have reversed order of integration since the integral in ¢ converges uniformly
as x ranges over W, and in the second line we have changed variables for each ¢, recalling the notation
G¢(W) introduced in the proof of Proposition [2.6]

Next, we introduce partitions of unity in space as well, dividing €2 into ‘flow boxes’ in which we
shall compare integrals on stable curves.
Let r € (0,60) and ¢ > 2 to be determined below. Set,

(5.3) T=r/3

At the end of this section, » will be taken sufficiently small with respect to b=!. We choose a
finite collection of points z; so that U;N,.(z;) = M, where N,.(z;) denotes the r-neighborhood of z;
in Q.

Definition 5.2 (Darboux coordinates). Using the fact that Q@ and w are smooth, and the splitting
of the tangent space is continuous, we may choose cr sufficiently small, so that the following local
coordinates exist in a 3cr neighborhood of each x;: x = (x°, 2%, 2%), where
a) z; = (0,0,0) is placed at the origin;
) {(2%,0,0) : |x°| < 2cr} is a stable curve;
c) the tangent vector (0,1,0) at z; belongs to E"(x;);
) in these local coordinates, the contact form w is in standard form, w = dz® — z°dz™.

The last item (d) in the definition above, distinguishes 2" as the flow direction.
In these local coordinates, define for any ¢ € (0, cr|, the flow box

Be(w:) = {y € Naep(a;) - max{|zf — y°|, |2} — y"|, 2 — y°|} < e}

Notice that two faces of the box can be obtained by flowing a single stable curve (in our coordinates,
this would be the top and bottom faces). We call these the stable sides of Bs(x;). Similarly, we
define the unstable sides and the flow sides of each box.

Finally, choose ¢ > 2 sufficiently large (depending on the maximum curvature of stable curves in
W and maximum width of the stable cone) so that if W € W? intersects B, (x;), then ®4(WW) does
not intersect the stable sides of B.,(z;) for all s € [—cr, cr].
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Now we return to our required estimate of (5.2). We subdivide each curve W; € G, (W) into
curves W;; = W; N By(x;), and define
Api ={j: W; € Gor (W) crosses B, (x;) completely in the stable direction}.

If W; € Gy (W) intersects By.(z;), but does not cross Be,(x;) completely, then we place Wj; :=
W; N Bep(x;) € Dy, the set of discarded pieces, and note that

/ Jiv, e 00 By Lo f dimyy, < erluJi, Bl cogay, [ loo oo
W,;NBer(x4)
Then summing over £, we have that the contribution to the integral from discarded pieces is at most,
(5'4) Z Z / pnﬁz / JWj(I)ZT¢ o @y £sf de]‘ < CT’f‘ooa_na
>0 jeD, W;iNBer(zi)
for some C' > 0.

Exercise 7. Prove . Hint: Use the fact that due to the choice of ¢, there are at most two curves
in Dy for each W; € QZT( ). Then Lemma[2.7(c) and Exercise[4] complete the argument.

Next, set £y = aeQT We estimate the contribution from the terms with ¢ < £y. These are the

‘short times’ ¢t < -2 in the integral (5.1} .

Exercise 8. Use Stirling’s formula to show that the contribution from terms with £ < £y is bounded
by

(5.5) Qémg(ﬂr_”/ﬁﬁﬁwdmwdr<CUbwf”_”

n—1)!

for some C > 0 independent of n and a.
Now choose n sufficiently large that
(5.6) rnax{(f"?A_#} <r.

It remains to estimate terms in the sum (5.2)) for large times ¢ > ¢y and components W;; C W; €
Ger (W) that completely cross the box Be(z;). Define a partition of unity {¢,;}; comprised of C*>
functions ¢, ; centered at each z; and supported in B, (x;). We may choose this partition such that,

(5.7) <Or~t and #{ppi}i < Or 3

for some C' > 0. Then recalling the definition of A, ; together with (5.4)) and (5.5, the sum from
(5.2) that we must estimate is,

/ R(2)"fpdmw => > > / Pntz(s / Jw,; ®or o @pr Ori Ls f dmyy,ds,
I>0y i jEAy; Wi,
O(a™"7|floo) -

We would like to use the oscillation in the kernel p,, ; . to create cancellation in the integrals against
Lipschitz functions. Unfortunately, our integrands are not Lipschitz, but only Hoélder continuous.
To correct for this, define

Vi = Wi,

—1 —1
Yo ®p-dmy,, and Jp;; =Wyl / Jw; e dm ;-
Wi Wi

Due to the regularity of 1) and Jyw,®¢, in particular (2.14) and Lemma (a), we have

55de4i — ¥ 0 Per Jw,; erlcoqw; ) < O,
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for some C' > 0. Then summing over ¢ and using the fact that @ji’oo < 1, we must estimate,

/W R(z)" ¢dmw—ZZZJe,ﬂ/ D= (5 / b Lo f dimay, ds,

>0y 1 jEAp; -
+ 0@ floo) -
Now for each Wj;, define Wﬁi = {®sWjitsc(—erery N Br(wi) to be the weak stable surfacﬂ

containing W ;. In the local coordinates in B, (x;), we view WJQi as the graph of the function

W?(:Us,ajo) =W, (z*) + (0, 0,z%),

(5.8)

where
(5.9) W(2%) = (2°, Bj(2®), Fj(2*)), |2°], 2% <,

and Ej, Fj are uniformly C? functions. Due to the contact form w = dz® — 2*dz® in the local
coordinates, it follows that Fj(z*) = °E%(z°).

On each B;(x;), we use these functions to change variables in each integral on the domain
S = {(z*%,2%) : |2°| <7, ]2° < r}. Thus,

(5.10) / Prta(s) / b Laf dmyy,ds = /S p; by f; da da,
Wj,i r

where
pj(l's, xO) = pn,é,z(_xo)v Qbr,j(xS? xO) = (z)T,i © W?(x87 1,0) ) HW;(I‘SM, fj(x87 mO) =fo W?(xsv ‘730)'

At this point, given two curves, Wj;, W} ; € Ay;, we would like to slide these two curves to the
same reference weak stable surface in B, (x;). Let us define this surface to be

Wi = {(2%,0,2% : |2°],|2°] < r},

which, by choice of coordinates, is precisely the surface obtained by flowing the stable curve through
z; given by {(z*,0,0) : |z°| < r}, according to Definition [5.2{(b).

In order to carry out this sliding, we will use a local foliation of real strong unstable manifoldﬂ
in By(z;).

Definition 5.3 (Unstable foliation). For each i, define a foliation F on B,(x;), such that for all
20 € [—cr/2,cr/2),

F(z®, 2%) = {(G(2%, 2%), 2%, H (2%, z%) 4 2°) : |2°], |z¥| < er/2},

and each curve % — 7% (x%) = (G(z°, z%), 2%, H(x*, 2%) + 2°) is a local unstable manifold through

(2%,0,0). Moreover, for all x* € [—cr/2,cr/2],
(i) OpuH = G, so that v lies in the kernel of w;

(ii) G(x%,0) = ®, H(2*,0) =0;

(iii) _5(%33) e W, for all s > 0;

(iv) there exists C > 0, independent of z°, such that C~1 < ||0::Gllee < C, (and so by (i),
”axsaﬂculf[HLoo < 0)7

(V) |01 0xsGl|cm < C, for some n >0 and C > 0 independent of x°;

(vi) [|[0psH||co < Cr, ||0zsHllcn < C.

10y¢ W;,; is a local strong stable manifold, then W]Q,i is the corresponding local weak stable manifold.

Hor systems with discontinuities such as billiards, the real unstable manifolds do not create a nice foliation of
B:(z;), so a smooth local foliation of unstable curves lying in the kernel of the contact form must be constructed.
This is quite laborious and outside the scope of these notes. The interested reader should refer to [BDL] Section 6]
for the details of the construction.
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Remark 5.4. We list properties (i)-(vi) for the convenience of the reader: it is known that the
foliation by local strong unstable manifolds enjoys these properties for Anosov flows (see, for example
L, Appendix B| for the Anosov case or [BL, Appendix D| for the piecewise Anosov case). Indeed,
item (1) is immediate since unstable manifolds lie in the kernel of the contact form; (ii) is simply a
normalization that we take, choosing our parametrization to be the identity on the stable manifold
of x;; (111) holds due to the invariance of unstable manifolds.

To justify the estimates in (iv)-(vi), we present the following suggestive calculation, which while
not a complete proof, does give a flavor for the estimates involved. We consider the 2-dimensional
case on one of the sections ¥; defined in Section 2.1, On such a section, we adopt local coordinates
(z°, %),

For & € [—r,r], let Ve = {(2%,2%) : 2% = £)} denote a stable curve in ¥;. We project the foliation
F onto ; and normalize G(Z°,Z%) so that 0z:G(Z*,0) = 1. Define

heo: Ve = Vo

to be the holonomy map along the projected unstable foliation. It follows that the Jacobian Jhe
satisfies the following relation,
0z:G

_ %,0) 1
Theo = 5 G.6) ~ 9mGla 8

@T

so that OzsG can be expressed in terms of the Jacobian of the holonomy map, which is known to be
Hélder continuous. This is the content of (iv).
Moreover, using the invariance (ii),

Jq> V(I)l ‘I) .T})

eVg(I)l (hﬁo( )))7

and taking Oz« of this product converges since the unstable direction is the contracting direction for
®_y. This is the main idea behind (v).

Lifting these calculations to the flow yields (iv) and (v) for G. Item (vi) follows from the normal-
ization (ii) together with (iv).

Having defined our foliation, for j € Ay ;, we consider the associated holonomy map h;; : W;; —
WP. As a function of 2%, we have,

(5.11) hjio Wi(z®) =: (h3(2*),0,h}(z*)).

On S;, define
p(2°)(fr — %)t
(Wil (m — 1)!

Ké,n,i,j(xs7 3:0) _ efzereaz()@’j(xs, xo).
Then yields,
/S pj br fida® da® = [Wl /S Kin,ij(2°,2°) f(W;(2%) + (0,0,2°))e™*” da® da®
= \W]Z]/S Ko j(@®,2%) f(h3(2°),0,hY (%) + xo)eibxo da® da®

+ \Wj,i|(9(|3uf|oo7“2)re_ah,
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where 0" f denotes the derivative of f in the unstable direction. Changing variables twice, first
20 20 — h?(:cs), and then x® — (hj)_l(xs), results in the following,

KZn,i,j(xs7$0)
s, [(h5) o (h5) = (2?)]

. U 1”2 (ET)nile
- W30 flaor®) (o

= |Wz|/ K;,n,i,j($saxo)f(iﬁ'saOawo)eib(wo_Aj(ws)) da® dz
Sy

[ pyns fyda* aa = W F(2#,0, 20" =5 g 4y
Sr

—alT

(6r)n—t
(n—1)!

e*CLZT ’

+ Wil 010" floo + | floc)r

where

(5.13) K*(2*,2%) = K((h;)_l(xs),:ro — Aj(z%)) and Aj(z®) = h? o (h‘;—)_1<1‘5),

and in the second line we have used the fact that ()" = 1+ r due to items (ii) and (iv) of
Definition [5.3} The function A; is the so-called temporal distance function alluded to in Remark [5.1}

Next we use ((5.12)) to sum over £,i and j in (5.8)).

/ R(Z)nfwdmw — Z Z Jé,j,i|Wj,i| / KZn,i,j (xs7 xO)f(xs’ O, xO)eib(mO,A]‘(mS)) drs dmO
w Sr

Lyi jEAg’i
(5.14)

or)n—1
D20 D JesidlWial 09" floo + [ loc)r? ((n z 1)!e*afT

26y @ JEA4,

+ 0@ " floo) -

Exercise 9. Reverse order of summation and use bounded distortion to show that

2o 2jeay; Je5ilWiil < O, for some C > 0 independent of W and n.

g n—1

Exercise 10. Use (5.3) to show that Z (( 7) 1)|e_“h <Crla < C'r_l/ga_”, for some con-
n—1)!

>4y

stant C' > 0 independent of £y and T.

Summing over ¢ and using Exercises |§| and yields,

e n—1
519 X5 3 IlWadO0" o + 1) EL et = 0700 o + 1)

>y i jEAy,
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Next, we estimate the sums over the integrals in (5.14). Setting Z; ;; = ngj7i|Wj7i], we have

SN [N Zugik e ot s

>0y % r ]GAg

1/2
2 1/2
<X L] zastaagee S ) ([ 1)
>0y 1 JEAL; Sr
(5.16) 1/2
SN | X Zegills [ KingsRinaae ™)
>0y 1 ]keAéz

1/2

<X 5 gilins [ KinisKina > |

£>4o i Jk€AL;

where in the second line we have used the Cauchy-Schwarz inequality, in the third line we have used
that |>_; v;|? = (22 v7) (32, V) for any set of complex numbers {v;};, and in the fourth line we
have used the Hélder inequality together with the fact that the cardinality of the sum over i is at
most Cr~3 by .

The last integral remaining in is the oscillatory integral which has been the object of the
rearrangements and changes of variables of this entire section. It is at the heart of the Dolgopyat
estimate. Define the flow surface, Wﬁi = By (i) N (Usg—cr,ery®s(Wjii)).

Lemma 5.5. There exists C' > 0, independent of v, n and W, such that:

) inf |0+ (A — Ap)(@*)] = Cd(W;, W)
|A Ak|Cl+7I(S’ < CT
, fr)2n=2 r r—1
ib(Ar—Aj)| « C ( —2alT
| Siassinan | < e ™ | i et

where 1 > 0 is from Definition [5.3

Sketch of proof. We give here the main ideas used in the proof of Lemmal[5.5] the end result of which
is the estimate (c) of the key oscillatory integral.

We choose a curve W;; with j € Ay; crossing the box B (z;). Without loss of generality (by
flowing it if necessary), we may assume W;; intersects the z* axis in the local coordinates. For a
fixed £ € (—r,7), we consider the closed path starting at (£,0,0) on W? (i.e. ° = £ on the strong
stable manifold of z;), running to x; along the stable manifold of z;, and up the coordinate axis
of % (which lies in W*) to W;;. From there, the path runs along W;; until it reaches the point

Wj((hj)_l(g)), then follows the strong unstable manifold ¢ (this is an element of the foliation
defined in Definition down to W2, and from there follows the flow direction back to (¢,0,0).
We call this path I'(€). See Figure .

Recalling (5.13)), we notice that A;(¢) = h?((h;)_l(g)) is precisely the distance in the flow
direction from (&, 0,0) to the point of intersection of 'yg with W?. In addition, every other smooth
component of I'(€) lies in the kernel of w by construction of W* and W". Since w(v) = 1 for every
unit vector v in the flow direction, and using Stokes’ theorem, we have,

:/ w:/ dw+/ dw,
INC) o T2

where X1 is the ‘vertical’ surface defined by the part of the foliation F connecting W ; to WZ-O, and
¥, is the ‘horizontal surface’ comprised of the part of W? enclosed by T'(€) and the curve h;;(Wj,;)
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FIGURE 2. Part of a flow box B, (x;) with path I'(§) and the unstable foliation shown.
I'(¢) starts at &, goes along the z°-axis to x;, up the z"-axis to W;;, across Wj; to
fyg, down ’yé to the flow surface W2, and then in the flow direction back to . The
length of the dotted line is A;(§).

(remembering (5.11). The integral over X5 is 0 since the flow direction lies in the kernel of dw.
Writing the integral over ¥ in local coordinates and using (5.9)) and Definition yields,

€ B (b))
Aj(€) = /0 /0 Dps G(2°, %) da* da®.

And so, assuming that W}, ; with k € Ay ; is also in standard position intersecting the z* axis, we
obtain
By ((h) 1)

Oas AR(€) — Dpe A (&) = / By G(2", €) da®
E;((h$)~(9))

Er((h)~1(€) z

—/ [1 +/ 0y O0ys G (1, §) du] dx"
Ej((h5)=1(€)) 0

= [Ex((h3) 7€) — E;((h5) 1] (1 + O(r) = d(Wji, W) (1 4 O(r)) .

This proves item (a) of the lemma, and immediately gives the required bound on the C° norm for
part (b). The bound on the C” norm follows from the same integral expression for d,s (A — Aj),
together with property (v) of the foliation.

For item (c) of the lemma, we follow [BDL, Appendix B]|. Define

Ljyk(:cs,xo) = Kzn7i7j(x3,mo)?zm’k(xs,:CO) and Aj,=Ap— A

: (r)?n2  _oqlr (6r)*" 2  _2abr
Exercise 11. Show that |L; ;| < 2oDEe and |Ops Lj 1|00 < Bm-De
We define a sequence {sm}%zo C R such that so = —7, and 0ps A k(5m) - [Sm+1 — Sm] = 2mb~ 1,

and let M € N be such that sp;—1 <7 and sp; > 7. Such a finite M exists by part (a) of the lemma.
By part (b) of the lemma,

Ak (2®) = Ajk(sm) = Os Aji(Sm)[Sms1 — Sm] < CT|sim — x8‘1+n>
for all z° € [sy, Sm+1]- Moreover, using Exercise we have

’L]',k(a;S? xO) - Lj,k(sma $O)| < Cémef,nr_?’v

where 0, = Spm41 — sm and ey, = %6*2“@7. Notice then that by part (a) of the lemma,
(5.17) bOm < 2md(W, WP~
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Now we fix 20 and estimate for each m,

Sm+1 .
[ et L 0 o
Sm

/ " b A aom)ie om0 o (1 (5, 2%) + O(r et )

< C (bt +1726,,) Smenn

T‘_l T‘_3
<C Omeen,
=\ awo, wey e T agwo, w b ) e

where again we have used Exercise [11| and in the last line we have used The last integral

over the interval [sy;_1,7] is trivially bounded by Cr=26,; < C’T‘Q(bd(VVJ Z, W]“))_l, again using

(5.17). Then summing over m yields Z%:_OI 8m < 2r, and integrating over z° yields another factor
of r, completing the proof of part (c). O

The bound given by Lemma (c) is nearly what we need to complete the Dolgopyat estimate.
We require one more lemma, which allows us to neglect the contribution from curves in Ay ; that
are too close together.

Lemma 5.6. There exists C > 0 such that for each £ > ly, i € N and j € Ay,

> Zuga <Clr(pM?+ A7)
kEAgyi
AW, WP )<p

Proof. Let A(p) = {k € Ap; : d(W?, VV0 ;) < p}. First notice that by bounded distortion,

350

(5.18) > Ziki= D, WeillJwy, @erlcom ) = C1 Y 1@ (W),
keA(p) keA(p) keA(p)

where the notation P = C~'Q means C~'Q < P < CQ for some C > 1.

Let W0 = = Use[-2r,2]Ds (W). Fix p* > 0, and consider the set of local strong unstable manifolds
{7z }zewo having length p* in both directions, and centered z. Let GZ c={zewWl:ze @gT(Wk O}
and note that the sets Useat, 4 are disjoint for different k. On the one hand, due to the uniform

transversality of £*, E* and EC we have
(5.19) > m(Uyeqo, 1) = O(p") Y [Ber (W)
keA(p) keA(p)
On the other hand, for each k, ‘I)ET(UxeGQk'Y:?) is approximately a parallelepiped having length in the

flow and stable directions of about 7, and having length in the unstable direction at most 2p*A~¢".
Moreover, these sets are disjoint for different £ and their union lies in a set of length in the unstable
direction at most p + 2p*A~". Then using the invariance of the measure,

(5.20) S m(Upean ) = S m@er(Upean 1)) < Cr(p + p AT,
kEA(p) kEA(p)

Using ((5.18)) in (5.19)) and equating this with ([5.20) yields,

Y Zigi < Cr(p) Hp+pm AT,
keA(p)

and choosing p* = p'/? completes the proof of the lemma. O
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We will apply Lemmamwith p =72 Foreach j € Ay ; define Aglose — [ ¢ A d(W,gi, Wﬁi) <

41,
2}, and AP = Ag; \ AG95. Then,

(5.21) SN D ZijiZers <Crr+ A7) < Cr?
1 JEAL; kEAgl.OS,e
IV
remembering ([5.6)) and using Exercise @

Finally, we apply Lemma (c), summing over Agaf It

_ o N1/2
(Z Z Z ZZ’j’ZZK’k”L/ASV K2<77’l,7:7jKZTL,’L',k elb(Ak AJ))

7 jEALi keAgairj
(7)?n—2 1/2
(5.22) < (Z Z Z Z&jJZZ,k,iC(T)l'Qe_ZdZT [7“_1_27717_77 + T_gb_l] )
i G€Au; peafar [(n—1)!]
15d

(ET)n_l —alt
(n—1)! ’

< Cr*1/2[r*2”bfn + 7’726*1]1/2
where again we have used Exercise [0

KK b(A-25)| < ¢ (r)*" 2 our
S,r e)n’:i)j E,TL,’L’,]{J € - [(n _ 1)!]2 € .

Now combining Exercises [10] and [12{ with with (5.21]) and (5.22)) in (5.16|) yields,
Z Z/ Z Z&J}iKZn,@jfeib(xo_Aj(xs)) dz® dz°

>0y % r jEAg,i

n—1
(5.23) < Z EET) 1)|67ah|f!oo <r1/2 T e +T72b71]1/2)
n — :
>4y

< 0o <7,1/6 +r*4/3[r’2’7b*’7 +r*2b’1]1/2) _
Now we use ((5.15]) and (5.23) in (5.14) to estimate,

/ R()"fdmwy < Ca™" (|f]C>O (ro‘ + /3 10 4 7’*4/3[7*’2%*” + r*Qb’l]lﬁ) + r5/3\8“f|oo> )
w

Exercise 12. Show that for all £,n,1,j, k,

We can assume without loss of generality that n < 1 so that the first term in the square root above

__n_
is the larger of the two. Setting r = b~ 5767, bounds the term with the square root by by b~/3.
Since all other powers of r are positive, we obtain,

(5.24) / R)"fdmy < Ca "0 7(|floo + 0% floo),
w
for some vy > 0, and all b > by, where by depends only on the maximum size of r determined by
Definition As a final step, we apply (5.24) to R(z)™f rather than f.
Exercise 13. Use (l.1) and Ezercise @ to show that |0"(R(2)" f)|ee < Cla+1log A) ™|V f|oc.

Now Exercise [13| together with (5.24) and the bound |R(2)" f|eo < Ca™"|f|oo (from Exercise [4))
yield,

/W R(2)*" f 1 dmy < Ca™b™ " (|R(2)" floo + 0" (R(2)" f) o)

<C'a (| floo + (14 a M og A) ™"V floo)
which completes the proof of Lemma,
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6. EXTENSION TO DISPERSING BILLIARDS

In this section, we briefly describe some of the ideas needed to adapt the technique and framework
presented in these notes to the continuous time billiard flow associated with a dispersing billiard
table. This is done in full detail in [BDL] for the finite horizon periodic Lorentz gas, and we only
recall here in broad terms some of the adjustments that must be made. We remark that although
presently a proof of exponential decay of correlations exists only in this context, these results are
expected to generalize to dispersing billiard tables with corner points, and cusps (the fact that the
discrete time billiard map for tables with cusps has a polynomial rate of decay of correlations will
not prevent the associated continuous time flow from having an exponential one), and some billiard
tables with focusing boundaries, such as those studied in [BM|. The flow associated with the infinite
horizon periodic Lorentz gas, however, is known to have decay of correlations at the polynomial rate
of 1/t [BBM].

6.1. The Billiard Table. Let T? = R?/Z? be the two-torus, and place finitely many open convex
sets I';, i = 1,...d, in T? so that their closures are pairwise disjoint and the boundary of each set
I'; is a C3 curve with strictly positive curvature. We shall call these sets scatterers and the billiard
table is Q = T?\ (UL, T).

The billiard flow is defined by the motion of a point particle traveling at unit speed in @} and
colliding elastically at the boundaries of the scatterers. The particle’s velocity changes only at
collisions, which are defined when the particle belongs to OT'; for some i. We assume that the table
satisfies a finite horizon condition: there is a finite upper bound on the time between consecutive
collisions in Q.

Define Qg = @ x S' € T3. In Qq, we may describe the billiard flow in the coordinates (z,y,6),
where (z,y) € Q denotes position and # € S' denotes velocity. Then,

(6.1) Oi(x,y,0) = (r+tcosh,y+tsinb, ),

between collisions, and at collisions the velocity changes from 6~ (pre-collision) to 8% (post-collision)
according to the usual law of reflection. If we identify (z,y,07) ~ (z,y,0"), then the flow becomes
continuous on the phase space  := Qg/ ~. We will find it convenient to work in both the spaces
Qo and 2 depending on the context.

Analysis of the flow is often aided by appealing to the associated discrete time billiard map. This
is defined by introducing coordinates to track each collision (r for position on 9I'; parametrized by
arc length, and ¢ for the angle the post-collision velocity vector makes with the normal to OT';). The
two-dimensional phase space for the map is then a union of cylinders M = U¢_,0T; x [—7/2,7/2]
and the billiard map T'(r, ¢) = (r1, 1) maps one collision to the next.

6.2. Hyperbolicity and Contact Structure. In the coordinates described above, the flow pre-
serves the one form defined by,
w=cosfdr+sinfdy.

Between collisions, this is obvious from the definition since 0 is constant except at collisions.
That the one form is preserved through collisions is a simple calculation (see [CM| Section 3.3|).
Since (cos @, sin ) is the direction of motion of the particle in the table @), we see that geometrically,
the kernel of the one form is the plane perpendicular to the flow direction in Q, and w(v) = 1 for
any unit vector v € R? pointing in the flow direction.

Exercise 14. Show that w A dw = dx A df A dy.

Exercise shows that the contact volume is Lebesgue measure on {2y, and this is preserved
by the flow. Thus the flow and one form are already normalized according to the requirements of
Section [[.11

Due to the strictly positive curvature of the 9T';, both the map and the flow are hyperbolic. Let
Tmin, Kmin > 0 denote the minimum time between collisions and the minimum curvature, respectively,
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and let Tax < 00 denote the maximum time between collisions, which exists due to the finite horizon
condition. The constant Ag = 1 4+ 27pinKmin represents the minimum hyperbolicity constant for

the map; then setting A = A(l)/ Tmax gives a lower bound on the hyperbolicity constant for the flow
satisfying (1.1)).

The billiard map T" preserves the following stable cone on all of M,
(6.2) C(r, @) = {(dr,dp) € R? : —Kpin > do/dr > —Kpax — T;iln ,

and an analogous unstable cone C* is defined by Kyin < dy/dr < Kpax + TI;iln. Then flowing C“
forward between consecutive collisions and C* backwards between collisions defines a family of cones
in Q that is invariant under the flow (satisfying (2.2))) and lies in the kernel of w. This family of
cones is continuous on each component of €y that does not cross one of the singularity surfaces
(defined below). See [BDLL Section 2.1].

6.3. Singularities. The singularities for both the map and the flow are created by tangential
collisions with the scatterers. For the map, this is the set So = {(r,¢p) € M : ¢ = £5}. Forn > 1,
the sets S, = U?ZOT*Z'SO and S_, = Ul )T Sy are the singularity sets for 7" and T~", respectively.
The map T is discontinuous at S;. Moreover, its derivative satisfies

|IDT(2)|| = d(z,81)" Y2, for z = (r,¢) € M,

so that the derivative becomes infinite at tangential collisions.

The local sections ¥; introduced for Anosov flows in Section can be defined naturally for the
billiard flow as the boundaries of the scatterers, ;. The projections P+ and P~ are defined for
Z € Q as the first intersection of ®;(Z) with one of the T;, for ¢ > 0 for P* and for ¢t < 0 for P~.

While the flow remains continuous on €2, its derivative also becomes infinite at tangential collisions
(with the same order of magnitude as the map). Thus the flow is only Holder continuous with
exponent 1/2 due to the tangential collisions. Let S§ denote the surface in Qg created by flowing
Sp forward to its next collision (on S—_1). Then the family of unstable cones C" is continuous in g
away from the surface SO+ . Similarly, let §;" denote the surface obtained by flowing Sy under the
inverse flow to §;. The family of stable cones C? is continuous in €y away from & .

In order to regain control of distortion, one introduces homogeneity strips, which are artificial
subdivisions of the phase space on which the derivative has comparable rates of expansion and
contraction. For the map, the standard choice is to choose kg > 0 and then define the homogeneity
strip

Hy ={(r,0) 1 k> <Z—p<(k+1)?} fork > ko,

with a similar definition for H_j, for ¢ near —7. Since expansion factors for the map are proportional

to 1/ cos 1 when T'(r, p) = (1, 1), these subdivisions of the space imply that the Jacobians of the
map satisfy distortion bounds as in Lemma (a), but Withlﬂ Holder exponent 1/3.

Exercise 15. Suppose z,z € Hy, for some k € Z. Show that
cos p(z)

cos ¢(Z)
Here, ¢(z) denotes the second coordinate of z = (r,¢) € M.

1‘ < Cd(z, 2)1/3, for some C > 0 independent of k.

One extends this distortion control to the Jacobians of the flow by only comparing derivatives
at points whose next collisions lie in the same homogeneity strip under the forward flow (for the
unstable Jacobian) or the backward flow (for the stable Jacobian).

1276 exponent 1/3 is a simple consequence of defining the homogeneity strips to decay like k2. If, instead, one
chooses a decay rate of k™7, p > 1, then the Holder exponent becomes 1/(p + 1). Thus it is possible to obtain a
Holder exponent arbitrarily close to 1/2 by choosing p close to 1. However, p = 1 is not an acceptable choice since it
ruins the summability of the series and the growth lemma needed for the analogue of Lemma C) fails.
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6.4. Admissible Curves and Definition of the Norms. Since our invariant cones C* and C*
satisfy , we may define a family of admissible cone-stable curves YW* which is invariant under
P_4, t > 0, and satisfies the requirements of Definition 2.1} In addition, we require stable curves
to be disjoint from 0y. Thus if a stable curve is in the midst of a collision, we omit the collision
points, and consider each of the two or three connected components as separate stable curves.

Due to our definition of C*, we have that P (W) is a stable curve for the map whenever W € W5.
Due to our discussion of distortion in Section [6.3] we call a stable curve W € W?* homogeneous if
PT(W) C Hy, for some k € Z. Similarly, we define an invariant family of unstable curves W* and
call an unstable curve U homogeneous if P~ (U) C Hy, for some k € Z.

Using the (global) coordinates (r,¢) in M and allows us to view each map-stable curve
Pt (W) as the graph of a function Gy over the r-coordinate. We then use the same definition of
distance between stable curves, dyys (W1, Ws), as given in , with the added requirement that
dyys (W1, Ws) = oo unless PT(W;) and P (W>) lie in the same homogeneity strip.

With these conventions in place, we may define the weak and strong norms for f € C(Qp)
precisely as in Section Due to Exercise we choose o < 1/3 in order that the Jacobian along
a stable curve may be a viable test function. The other restrictions on the parameters remain the
same.

The definitions of the weak and strong Banach spaces are again the closures with respect to | - |,
and || - ||, respectively, but now C'(£)) is replaced by slightly different function spaces, see [BDILJ,
Definition 2.12|. However, Lemmas (embedding) and (compactness) continue to hold as
stated.

6.5. Lasota-Yorke Inequalities and Complexity Bounds. The Lasota-Yorke inequalities of
Proposition [2.6] continue to hold as written as well, except that their proofs change considerably.
As an example, consider the proof of the weak norm inequality, (2.7)). Following (2.11]), we write,

/Wctfwdmwz 3 /Wifwoqn:fwgbtdmwi

W;eGs (W)

(6.3) < Y [ flwld o ®lcaqwylTw, Bel oo wry
Wiegt(W)

<Clflw > Jw®ileogwy,
WG (W)

where we have used bounded distortion and the equivalent of to estimate the Holder norms
of ¢ o ®; and Jy,®;. However, the counterpart of the bound on the sum over the Jacobians,
Lemma (c), is not immediately available due to the cutting caused by the singularities. Indeed,
the set G¢(W) contains a countably infinite number of stable curves since in order to have bounded
distortion for Jy,®;, we must subdivide ®_,W so that for each W; € G,(W), P (®sW;) lies in a
single homogeneity strip for all s € [0, ¢].

Despite the countable subdivision of ®_;W which defines G;(WV), one can show that the sum over
Jacobians in remains uniformly bounded in ¢t and W € W?. This is an essential property of
both the map and the flow: that the hyperbolicity dominates the complexity due to cuts created
by singularities, including the countable collection of cuts made by the boundaries of homogeneity
strips. The key estimate which encapsulates this property is the one step expansion for the map,
due to Chernov. Let W’ denote the set of homogeneous stable curves for the map.

Lemma 6.1 (One Step Expansion). For any W € W?, let V; denote the connected homogeneous
components of T"*W. There exists an adapted metric || - ||«, equivalent to the Euclidean metric in
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R?, such that

li Jy Tl <1
i oo, 2T <
(W|<s

where |Jy, T, is the minimum contraction factor on V; in the adapted metric || - ||«.

This is proved, for example, in [CM) Lemma 5.56]. The main idea is that on homogeneity strips,
the contraction factor is ~ k=2, so one can choose kg sufficiently large to make the sum Zk>k:0 k=2
as small as one likes. The constant Ag > 1 defined earlier gives the minimum contraction factor
Ay !in the adapted metric, and then choosing § small enough guarantees that 71T can contain
at most one component in M \ (Ujy>k,H), and a bounded number of componentﬂ that must be
divided according to homogeneity strips Hj with |k| > ko.

Then choosing &y in the definition of W* (Definition and the analogous map-stable family
W? according to Lemma the one-step expansion can be iterated for the map ([DZ1, Lemmas 3.1
and 3.2|) and then extended to the flow ([BDL, Lemma 3.8]), yielding finally that the sum in
is bounded uniformly in ¢t and W, proving for the billiard flow.

Similar adjustments must be made for the strong norm estimates, with increased complexity due
to cutting and distortion control.

6.6. The Generator and The Resolvent. The definition of the generator X and the resolvent
R(z) proceeds as described in Section |3| Lemma and the Lasota-Yorke inequalities of Proposi-
tion go through with minor changes. Thus the characterization of the spectra of X and R(z)
given by Corollary [3.4] and Proposition [3.5 hold for the billiard flow.

To prove that in fact, X has a spectral gap, one can follow again the path outlined in Section
The major difference is in the proof of the Dolgopyat estimate, Lemma In Section [5 we used a
local foliation of strong unstable manifolds to compare the integrals on stable curves in the same
flow box in Lemma [5.5] Unfortunately, the foliation of unstable manifolds for the billiard flow is
only measurable due to the density of the sets {®;(Sp)}ter in 2, so that Definition [5.3|is no longer
valid.

Instead, one must construct a foliation of flow-unstable curves, lying in the kernel of the contact
form, which approximate the properties enumerated in Definition Since the curves are not real
unstable manifolds, in item (iii) of the definition, they only remain invariant for a specified amount
of time Yy, chosen proportional to log |b]. And due to the singularities, there are gaps in the parts of
the foliation that can be mapped backwards for time y. These gaps must be interpolated across in
order to obtain the required smoothness for the foliation. Finally, item (v) of the foliation fails, yet
a four-point estimate does hold which suffices to prove the items in Lemma The construction
of this foliation is carried out in detail in [BDIL, Section 6], and is one of the most technical parts of
that paper.

With the Dolgopyat estimate proved, the proof of Theorem can proceed as in Section [d]
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