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Abstract

We construct Birkhoff cones for dispersing billiards, which are contracted by the action of
the transfer operator. This construction permits the study of statistical properties not only of
regular dispersing billiards but also of sequential billiards (the billiard changes at each collision
in a prescribed manner), open billiards (the dynamics exits some region or dies when hitting
some obstacle) and many other examples. In particular, we include applications to chaotic
scattering and the random Lorentz gas.

1 Introduction

Billiards are a ubiquitous source of models in physics, in particular in statistical mechanics. The
study of the ergodic properties of billiards is of paramount importance for such applications and
also a source of innovative ideas in ergodic theory. In particular, starting at least with [Kry], it has
become clear that a quantitive estimate of the speed of convergence to equilibrium is pivotal for this
research program. The first strong result of this type dates back to Bunimovich, Sinai and Chernov
[ | in 1990 but it relies on a Markov-partition-like technology that is not very well suited to
producing optimal results. The next breakthrough is due to Lai-Sang Young | , ] who
put forward two techniques (towers and coupling) well suited to study the decay of correlations
of a large class of systems, billiards included. The idea of coupling was subsequently refined by

Dolgopyat | , , | who introduced the notion of standard pairs, which have proved
a formidable tool to study the statistical properties of dynamical systems in general and billiards
in particular [C'1, C2, , CZ]. See [CM, Chapter 7] for a detailed exposition of these ideas and

related references.

In the meantime another powerful idea has appeared, following the seminal work of Ruelle
RS, | and Lasota-Yorke [LY], to study the spectral properties of the associated transfer
operator acting on spaces of functions adapted to the dynamics. After some preliminary attempts
[ , , |, the functional approach for hyperbolic systems was launched by the seminal
paper | ], which was quickly followed and refined by a series of authors, including [B1, GL, BT,

|. Such an approach, when applicable, has provided the strongest results so far, see [32] for a
recent review. In particular, building on a preliminary result by Demers and Liverani [D1], it has
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been applied to billiards by Demers and collaborators | , , , D2, , ]. This has
led to manifold results, notably the proof of exponential decay of correlations for certain billiard
flows [ ].

Yet, lately there has been a growing interest in non-stationary systems, when the dynamical
system changes with time. Since most systems of interest are not isolated, not even in first ap-
proximation, the possibility of a change to the system due to external factors clearly has physical
relevance. Another important scenario in which non-stationarity appears is in dynamical systems in
random media, e.g. [AL]. The functional approach as such seems not to be well suited to treat these
situations since it is based on the study of an operator via spectral theory. In the non-stationary
case a single operator is substituted by a product of different operators and spectral theory does
not apply.

There exist several approaches that can be used to overcome this problem, notably:

1. consider random systems; in this case, especially in the annealed case, it is possible to re-
cover an averaged transfer operator to which the theory applies. More recently, the idea
has emerged to study quenched systems via infinite dimensional Oseledets theory, see e.g.
[ , | and references therein;

2. consider only very slowing changing systems that can be treated using the perturbation theory
in | , GL]. For example, see [DS], and references therein, for some recent work in this
direction;

3. use the technology of standard pairs, which has the advantage of being very flexible and
applicable to the non-stationary case | |. Note that the standard pair technology and the
previous perturbation ideas can be profitably combined together, see | , , I;

4. use the cone and Hilbert metric technology introduced in | , , LM].

The first two approaches, although effective, impose severe limitations on the class of nonstationary
systems that can be studied. The second two approaches are more general and seem more or less
equivalent. However, coupling arguments are often cumbersome to write in detail and usually
provide weaker quantitative estimates compared to the cone method.

Therefore, in the present article we develop the the cone method and demonstrate that it can
be successfully applied to billiards. Indeed, we introduce a relatively simple cone that is contracted
by a large class of billiards. This implies that one can easily prove a loss of memory result for
sequences of billiard maps. To show that the previous results have concrete applications we devote
more than one third of this paper to developing applications to several physically relevant classes
of models.

We emphasize that the present paper does not exhaust the possible applications of the present
ideas. To have a more complete theory one should consider, to mention just a few, billiards with
corner points, billiards with electric or magnetic fields, billiards with more general reflection laws,
measures different from the SRB measure (that is transfer operators with generalized potentials as
in | , 1), etc. We believe that most of these cases can be treated by small modifications of
the present theory; however, the precise implementation does require a non-negligible amount of
work and hence exceeds the scope of the this presentation which aims only at introducing the basic
ideas and producing a viable cone for dispersing billiards.

The plan of the paper is as follows. In Section 2 we introduce the type of billiards we will
study and summarize our main results. In Section 3 we present some basic estimates (growth
lemma) needed in the following and introduce one of our main characters, the transfer operator. In
Section 4 we introduce our protagonist, the cone (see Section 4.3). Section 5 is devoted to showing



that the cone so defined is invariant under the action of the transfer operators of the billiards in
question. In Section 6 we show that in fact the cone is eventually strictly invariant (the image has
finite diameter in the associated Hilbert metric) thanks to some mixing properties of the dynamics
on a finite scale. The strict cone contration implies exponential mixing for a very large class of
observables and densities as is explained in Section 7. Finally, Section 8 contains the announced
applications, first to sequential systems with holes (open systems), then to chaotic scattering and
finally to the Random Lorentz gas. Note that the last two applications are not fully satisfactory
because it is necessary to introduce artificial boundaries for the theory to apply. This is due to the
fact that the billiard dynamics takes some amount of time to strictly contract the cone and hence
we enforce that the billiard does not change until this happens. Note however that this is not a
conceptual limitation: it only means that to remove the artificial boundaries it is necessary to show
that the needed finite size mixing properties hold also for a sequence of billiards and not only for a
fixed one. This has nothing to do with the cone approach; it is a matter of billiard geometry and
should be addressed independently.

2  Setting and Summary of Main Results

Let {B;}X, denote a finite number of pairwise disjoint convex sets in T? = R?/Z2. We assume 0B;
is a C2 curve with strictly positive curvature. The billiard flow is defined by the motion of a point
particle traveling at unit speed in @Q := T? \ (U; B;) and reflecting elastically at collisions.

The associated billiard map T is the discrete-time collision map which maps a point on 9Q to
its next collision. Parameterizing 0Q) according to an arclength parameter r (oriented clockwise on
each obstacle B;) and denoting by ¢ the angle made by the post-collision velocity vector and the
outward pointing normal to the boundary yields the cannonical coordinates for the phase space M
of the billiard map. In these coordinates, M = U;(0B; x [—m/2,7/2]).

For x = (r,p) € M, let 7(x) denote the time until the next collision for x under the flow. We
assume that 7 is bounded on M, i.e. the billiard has finite horizon. Thus since the scatterers are
disjoint, there exist constants Timin, Tmax > 0 such that Ty < 7(2) < Tax < oo for all z € M.

It is a standard fact that 7" preserves a smooth invariant probability measure, psgs = ccos @ dr dy,
where c¢ is the normalizing constant [C'\].

As announced in the introduction, the main analytical tool developed in this paper is the
construction of a convex cone of functions C. 4 1.(d), depending on parameters § > 0, ¢, A, L > 1, as
defined in Section 4.3, that is contracted under the action of the transfer operator £f = fo T,
defined in Section 3.3. This is summarized in the following theorem.

Theorem 2.1. Suppose ¢, A and L satisfy the conditions of Section 5.3, and that § > 0 satisfies
(6.6) and (6.17). Then there exists x < 1 and Ny € N such that if n > Np, then L"C. a,1(5) C
CrexAxL(0)-

In addition, for any x € (max{%,%,ﬁ},l), the cone Cyerar(6) has diameter at most

log (%XL) < 00 in Ce a,1(9), provided 6 > 0 is chosen sufficiently small to satisfy (6.19).

The first statement of this theorem is proved in two steps: first, Proposition 5.1 shows that the
parameters ¢ and A contract due to the hyperbolicity of the map, subject to the constraints listed
in Section 5.3; second, Theorem 6.10 proves the contraction of L using the mixing property of T'.
The second statement of Theorem 2.1 is proved by Proposition 6.11.

From this theorem follow the usual results on decay of correlations and convergence to equilib-
rium, starting from initial distributions of the form fduggs (Theorem 7.4) as well as distributions



supported on individual stable curves (Theorem 7.3). These results and the necessary preliminaries
are proved in Section 7.

Next, with this tool in hand, we are interested in studying the statistical properties of sequential
billiards. This means that the obstacle configuration can change from one collision to the next,
hence we have a sequence of phase spaces M; and billiard maps T; : M; — M;+;1. In addition, we
want to include the case of open billiards, that is we allow the presence of holes in the system such
that if the particle reaches one such hole, it exits the system and hence the dynamics is terminated.
If H; are the holes in the phase space M;, and 1g, denotes their indicator function, then our object
of interest is

n—1
y YoTyyo--oTy() [[ 1a,(Tizi oo To(@)) f (@) psns(d) (2.1)
0 i=0
which, depending on the way one interprets it, expresses the correlation between a measurement at
time zero and a measurement at time n, or expresses the expectation of the observable 1 at time
n, when the system, at time zero, was distributed according to the measure fdugsgg.

A basic tool to study (2.1) are the Ruelle transfer operators £; defined by L;f = fo Tl-_l. If we
consider £; as an operator from L2(M;1, jsps) — L?(M;, psrs), then this is nothing other than
the adjoint of the Koopman operator T;* defined by T} = 1 o T;. If we define £; g, f = Li(1m, f),
then we can rewrite (2.1) as

@/}(x)ﬁn—l,Hn,l e £0,H0f($)d,USRB-
Mp,

If the billiard tables and the holes do not change with time, then we have

| (@)L @) s
M

and the expression is determined by the spectral properties of L. Unfortunately, the spectral
properties of such an operator, when acting on L? are very poor. The key step in this line of
thought has been achieved in [ , D1, D2] where the authors have constructed Banach spaces of
distributions where the operators Ly are quasi compact, hence the needed information can be read
from their spectra.

Unfortunately, in the sequential case, such as (2.1), spectral theory cannot be applied since the
operators keep changing in time. As mentioned in the introduction, we will overcome this problem
by proving that £; 7,Cc.4,1.(6) C Cycyaxr(6) for some choice of ¢, A, L and § with finite diameter
measured in the Hilbert metric (see [ | for details). The strict cone contraction implies that
the images of a bounded set of densities f, under the action of the transfer operators in (2.1) are
contained in smaller and smaller sets, hence the loss of memory with respect to the original density.

This will allow us to prove theorems of the following type (see Theorem 8.10 for a precise
formulation).

Theorem 2.2. Under appropriate technical conditions, there exists ¥ < 1 such that for each
v, f,g,h € CY, there exits C > 0 such that, for all n > 0,

(x) (2)
My, Zn(f) My Zn(g)

where Z,(h) = / Lo1.H, . Lo h(T)dpsrs-
My

Ln—1,H, Lo, f(x)dpsrs — Lo—1H, . Lowy9(x)dpsrs| < CY",

In turn this will allow us to apply our theory to relevant physical problems such as chaotic
scattering, see Section 8.4, and a variant of the random Lorentz gas, see Section 8.5.



3 Hyperbolicity, Singularities and Transfer Operators

We start by recalling some fundamental properties of billiards that will be needed in the sequel.

3.1 Hyperbolicity and singularities

The map T is uniformly hyperbolic in the following sense. T' has a family of invariant stable cones
C?®, defined by
C%(x) = {(dr,dp) € R? : —Kpax — i, < dp/dr < —Kpin}, for x € M,

where Kpin and Knax denote the minimum and maximum curvature of the boundaries of the
scatterers, respectively. This family of cones is strictly invariant, DT~1C*(x) c C*(T~'z), and
T~! enjoys uniform expansion of vectors in the stable cone: There exist C; € (0,1] and A > 1 such
that,

|DT~"(x)v]| > C1A™||v]|, for all v € C%(x). (3.1)

T has a family of unstable cones C* defined similarly, but with Kpin < dp/dr < Kpax + -l

min*
llv|l
cos p(Tx)
sion, we define the standard homogeneity strips, following | ]. For some ky € N, to be chosen
later in (3.5), we define

Near tangential collisions, ||DT'(z)v|| ~ , for v € C*(x). Due to this unbounded expan-

Hyp={(rp) e M:(k+1)2< [T —¢| <k 2}, for all k > k. (3.2)

Set So = {(r,) € M : ¢ = £Z}. The singularity set for 7™ is denoted by S, = Ul TS, for
ne€Z. On M\S,, T" is a C? diffeomorphism onto its image.

In order to achieve bounded distortion, we will consider the boundaries of the homogeneity
strips as an extended singularity set for 7. To this end, define Si' = Sy U (Ug>k, (OHE U OH_)),
and S = U T~iSH, for n € Z.

We call a curve W C M a stable curve if for each x € W, the tangent vector to W at = belongs
to C®. A stable curve is called homogeneous if it lies in one homogeneity strip or outside their
union. Denote by W?* the set of homogeneous stable curves with length at most dy (defined by
(3.5)) and with curvature at most B. We may choose B sufficiently large that T-1W?* C W?, up
to subdividing the curves of length larger than Jg.

Similarly, we define an analogous set of homogeneous unstable curves by W".

We have the following distortion bound for homogeneous stable curves. Suppose W € W* is
such that T*W € W* for i = 0,...n. There exists Cy > 0, independent of W and n, such that for
all z,y e W,

|log JwT" (x) — log Jw T"(y)| < Cad(x,y)"?, (33)

where Jy T™ is the (stable) Jacobian of 7" along W and d(-, -) denotes arclength on W with respect
to the metric dr? + dp?.

Similar bounds hold for stable Jacobians lying on the same unstable curve. Suppose Vi, Vo € W*
are such that TV, TV, € W for 0 < i < n, in particular they are not cut by any singularity,
and there exists a foliation of unstable curves {{; }zey; C W' creating a one-to-one correspondence
between V; and Va and such that {770, },cv, C W*" creates a one-to-one correspondence between
T™Vi and T™V,. For x € Vi, define £ = £, N V5. Then there exists Cy > 0, independent of Vi, V3,
n and x, such that,

|log Jy, T™(z) — log Jy, T™(Z)| < Cy(d(z, ) + ¢(z, 1)), (3.4)



where ¢(z,Z) denotes the angle between the tangent vectors to V; and Va at « and Z, respectively.
For simplicity, we use the same symbol Cy to represent the distortion constants in (3.3) and (3.4).
The proofs for these distortion bounds in this form can be found in | , Appendix A] (see also
[CM, Section 5.8]).

3.2 Growth lemma

The control on complexity for the billiard is given by the following one-step expansion condition
due to Chernov. Recalling (3.2), for kg sufficiently large, there exist dp > 0 and 6y < 1 such that

sup Jv, T = by, 3.5
o Sl = (35)
W|<éo ™

where V; are the homogeneous components of T~'W and |.Jy, T, is the supremum of the Jacobian
of T along V; in an adapted metric [C'M, Lemma 5.56].

In Section 6.1, we will find it convenient to increase the contraction by replacing 7" with a higher
iterate T™ and choosing 4y sufficiently small so that (3.5) holds for T\, = T™ with constant 6. This
is possible since if W is a stable curve, then |T~'W| < C|W|'/2 [C\M, Exercise 4.50], so we may
choose dp so small that no connected component of T~%(W) is longer than &y for k = 0,...,n
Since no artificial subdivisions are necessary, we apply (3.5) inductively in k to obtain the desired
contraction.

Choose 71 and fix §y € (0,1) such that 6 := 6 satisfies

o < and sup Z | Jy, T™]. < 01, (3.6)

1
3C -
1-6, ~ 4 Wews

where V; are the homogeneous components of T-"W. Note that if we shrink § further, then (3.6)
will continue to hold for the same value of 7.

We shall work with the map T, = T throughout the following. To simplify notation we will
call T, again T as no confusion can arise.

The following growth lemma is contained in [ , Lemmas 3.1, 3.2], but we include the proof
of item (b) here for convenience and to draw out the explicit dependence on the constants.

For W € W? we denote by G, (W) the homogeneous components of T-"W, where we have
subdivided the elements of T~"W longer that dy into elements with length between dy and dy/2 so
that G, (W) Cc W?5. We call G, (W) the nth generation of W. Let Z,,(W) denote the set of curves
W; € G,(W) such that T7(W;) is not contained in an element of G,_;(W) having length at least
dp/3 for any j =0,...n

Lemma 3.1. There exists Cy > 0 such that for all W € W* and n > 0,

a) Z ’JV[/T ’00 < 006
Wi€Zn (W)

b) Z |JWiTn|CO(Wi) < 00561‘W| + Coe?

Proof. Ttem (a) follows by induction on n from (3.6) and the constant Cp comes from translating
from the adapted metric to the Euclidean metric at the last step (the two metrics are uniformly
equivalent; see [DZ1, Lemma 3.1]). We focus on proving item (b).



For W € W?, let Li(W) C Gi(W) denote those elements of G, (W) having length at least do/3.
For k < n and W; € G,(W), we say that V; € Ly(W) is the most recent long ancestor of W; if
k < n is the largest time that T"~*1¥; is contained in an element of Ly(W). Then by definition,
W; € Z,,_(V}). Note that if W; € L, (W), then k = n and W; = V;. Now we estimate,

S Iw T ooy <> > I T cogwy | v, T ooy
Wi €Gn (W) k=1V;eL,(W) W;eL,—1(V;)
+ > I T ooy
W; €Zn (W)

- 13 [ TRV
<> Yt e c
k=1V;eLy(W) J

where we have used item (a) of the lemma to sum over W; € Z, (W) and (3.3) to replace

ky/.
IT‘“VJ‘?I‘ Now since UvjeLk(W)Tk’Vj C W, and |V}| > /3, we have

|JVJTk|00(VJ) With

n
1/3

S T oy < D Cob R85y W eCuho - Cot

ergn(W) k=1
which proves the lemma with Cy := %ecdéé/?" O
Remark 3.2. It is not necessary to work with T = T™ in Lemma 3.1. It follows equally well from
(3.5) with 01 replaced by 6y. Moreover, if |W| > 60/3, then all pieces W; € G, (W) have a long
ancestor and can be included in the sum over k; in this case, the second term on the right side of

item (b) is not needed, and the value of Cy remains unchanged.

3.3 Transfer operator

We define the transfer operator £ associated with T acting on scales of spaces of distributions as
in [DZ1]. We denote by T~"W? the set of curves W € W* such that T°W € W* for all i = 0,...n.
For a < 1/3, let C*(T~"W?) denote the set of complex valued functions on M that are Holder
continuous on elements of T7"W?. Then for ¢ € C*(W?), we have ¢ o T" € C*(T7"W?) (see
Lemma 5.2(a)). Define

L7 () = plt o T), for € (CH(T—W#))* .

This defines £ : (C(T~"W?*))* — (CY(T~"T1W?*))* for any n > 1. See [D71] for details.

Recall that T preserves the smooth invariant measure psgs = ccos@drdy, where ¢ is the
normalizing constant. When du = fduggs is a measure absolutely continuous with respect to psgs,
we identify p with its density f. With this identification, the transfer operator acting on densities
has the following familiar expression,

Lf=foT L.

We choose this identification of functions in order to simplify our later work: using the reference
measure pggp, the Jacobian of the transformation is 1, making £ simpler to work with.



4 Cones and Distributions

Given a closed,' convex cone C satisfying C N —C = (), we define an order relation by f < g if and
only if g — f € CU{0}. We can then define a projective metric by

a(f,g) =sup{A € RT : \f < g}

B(f,9) =inf{u e R" : g < uf} (41)
B(f,9)
p(f,g) = log <a(f,g)) :

4.1 A cone of test functions

For W € W*, a € (0,1] and a € R™, define a cone of test functions by

Ny e v s o0, Y0 < it
Dy,o(W) {w e C°(W) >0, o) < }

where d(-,-) is the arclength distance along W.

The Hilbert metric associated with this cone and defined by (4.1) depends on the constant a
and the exponent o determining the regularity of the functions. For each such choice, the Hilbert
metric has the following convenient representation.

Lemma 4.1 ([ , Lemma 2.2]). Choose o € (0,1]. For 1,192 € Dqo(W), the corresponding
metric pw.a,a(-, ) s given by

) 4y (@) — i y) ™) gy (u) — ¢ha(v)
a,x Y :1
pwaal1v2) = log x,yi},lfew ead(r0) ahy () — ha(y) e ey () — ¢y (v)

A corollary of this lemma is that D, o (W) has finite diameter in D, g(W) if f§ < a and |W| < 1.
The next two lemmas are simple consequences of the regularity of functions in D, (W) for
W € W?*. We denote by my, the measure induced by arclength along W.

Lemma 4.2. For any o € (0,1] and W € W?* with |W| € [0,26], any ¢ € Do o(W) and x € W, we

have
6y () < (W ip(z) < galWle
fW Y dmyy fW pdmyy
Proof. The estimate is immediate since inf,cy 9 (y) > Y(z)e~dWI, O

Lemma 4.3. Given a € (0,1], W € W?, 1,2 € Dy w) and x,y € W,

e~ PW.a.a(P1,92) djl( )2(y) PW,a,0 (Y1,92)
= Yaen(y) = ©

Proof. According to (4.1), we must have,
Ua(z) —aypr(x) 20 Ve e W  and  da(y) — Bia(y) <0 VyeW.
This in turn implies that

B(11,12)

v W.
(Y1,12) "y e

pW,a,a(¢1a ¢2) = 10g

Qi

> log [%(UC)%@)}

Ya()¥1(y)
O]

I Closed here means that for all f,g € C and sequence {ay,} C R such that lim, o an = @ and g + an f € C for
all n € N we have g + af € CU{0}.




4.2 Distances between curves and functions

Due to the global stable cones for the map T', we may consider stable curves W € W# as graphs of
C? functions over an interval Iy in the r-coordinate:

W ={Gw(r) = (r,pw(r)) : 7 € Iw}.

Using this representation, we define a notion of distance between W, W?2 € W* by
dys (W W2) = [opn — ewzlena, nnq) + 1wt D Tyz), (4.2)

if W' and W?2 lie in the same homogeneity strip and |[Iyy1NIyy2| > 0; otherwise, we set dyys (W, W?2) =
oo. Note that dyys is not a metric, but this is irrelevant for our purposes.

We will also find it necessary to compare between test functions on two different stable curves.
Given W, W2 € W? with dyys (W', W?) < oo, and ¥; € D, g(W;), define

4. (b1, 2) = [ © Gy |Gy || = 2 0 Gual| Gyl lear,uir o), (4.3)

to be the (Hélder) distance between ¢ and vy, where |Gy, || = /1 + (dew /dr)?.
Also, by the bound B on the curvature of elements of W#, there exists B, > 0 such that

B.= sup |gyylcom) < oo. (4.4)
Wews
Remark 4.4. Note that if Iyy1 = Iyy2 and di(11,192) = 0, then

Y1 dmyy, :/ Yo dmyy, .
wi w2

4.3 Definition of the cone

In order to define a cone of functions adapted to our dynamics, we will fix the following exponents,
a,B,7,q > 0 and constant a > 1 large enough. Choose ¢ € (0,1/2), 8 < a < 1/3 and finally
v < min{a — 8, ¢}

For a length scale § < d¢/3, define W?* (0) to be those curves in W?* with length |W| < 2§ and
W#4(d) to be those curves in W* with length |W| € [0, 24].

Let A denote the set of functions on M whose restriction to each W € W? is integrable with
respect to the arclength measure dmyy. For f € A define,

Il = sup = Ifll- = inf , (4.5)
* Wews(5) Jw ¥ dmw wews(5) fy ¥ dmw
YED, 5(W) $€Da,p(W)

Note that if f € A, it must be that || f||_ < oco.

Denote the average value of 1) on W by ;¢ dmw = |—&,| Sy ¥ dmyy. Since all of our integrals
in this section and the next will be taken with respect to the arclength dmyy, to keep our notation
concise, we will drop the measure from our integral notation in what follows.



Now for a,c, A, L > 1, and § € (0,d¢/3], define the cone

Ce,a,L(0) = {f cA: AN < LI (4.6)
sup sup ‘quM < ASTY|FIN s (4.7)
WEWS () $eD, 5(W) fo ¥

YW W2 € WE(8) : dyys (W W?2) < 8,Y9; € Dao (W) & du(t1,102) = 0,
fwl f¢1 . fw2 f¢2
fwl wl fw2 1/}2

We write the constants ¢, A, L explicitly as subscripts in our notation for the cone since these will
be the parameters which are contracted by the dynamics.

By contrast, the exponents «, 3,7, q are fixed and will not be altered by the dynamics, while the
constant a, which will be chosen in Lemma 5.2, will not appear directly in the contraction constant
of the cone.

For convenience, we will require that dg is sufficiently small that

< dy (W, W) ' eA|l £} (4.8)

2% < 9. (4.9)
This will imply similar bounds in terms of ¢ since § < dy/3.

Remark 4.5. As will become clear from our estimates in Sections 5 and 6, in order to prove that
the parameters contract, we will need to choose A large compared to L, and ¢ large compared to A.
This yields the compatible set of restrictions, 1 < L < A < c.

By contrast, the exponents are fized by the regularity properties of the map: o < 1/3 due to
(3.3), and B < a s0 that Do g(W) has finite diameter in Dqo(W), while v < a— B is convenient to
obtain the required contraction in Lemma 5.5. See Section 5.3 for all the conditions the constants
must satisfy for Proposition 5.1. Several further conditions are specified in Theorem 6.10 to prove
the strict contraction of the cone.

Remark 4.6. Note that condition (4.6) implies (L — 1)||fll_ > £l — Ifll— = 0, hence for all
W e W?(0),¢ € D (W),

/fwmwmmmf¢szo (4.10)
W W

In addition, condition (4.7) implies

Allfll- = sup sup 5q71\W\17QM > 1N
WEWS (8) €Dy (W) Jw

However condition (4.6) is not vacuous since we assume A > L.

We will need the following lemma in Section 6.2.

Lemma 4.7. For all f € Cc a,1.(5), W € W?(6) and all 11,12 € Dg g(W),

fW fwl . fW f¢2
fw¢1 JCW¢2

< 20Lpwa,s(1, Y2)IIFl - -
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Proof. Let f € Cca,r(6), W € W?(5) and 1,12 € D, g(W). For each A, > 0 such that A <
19 < b1, hence also A\ < P9 < payy, we have

Jw b2 _ A i+ Ju £ (o = M) - A Jw fin
fw V2 fw V2 T opfytn’

where we have dropped the second term above due to (4.10) since 12 — Ay € D, g(W). Taking
the sup on A and the inf on p, and recalling (4.1), yields

fW f¢1 . fW f¢2 < fW fd]l (1 . e*PW,a,ﬂ(TlHﬂl&)) < PI/V,a,ﬁ(wla ¢2) fW f1/11 .
fW P owQ fW U1 fW U1
Then, since |W| > §, we use (4.6) to estimate,
fW f¢1
<|AWIIIF e < 2611 fII_ -
£ (WA (ipgl
Reversing the roles of ¥; and 1o completes the proof of the lemma. O

5 Cone Estimates

In this section, we will prove the following proposition. Let ng > 1 be such that AC(67° < 1/16.

Proposition 5.1. If the conditions on 0,ng,a,c, A, L specified in Section 5.3 are satisfied, then
there exists x < 1 such that for all n > nyg,

EnCc,A,L((S) g Cxc,xAﬁL(d) .

Before proving Proposition 5.1 we need some facts concerning the behaviour of the test functions
under the dynamics.

5.1 Contraction of test functions

For W € W*, ¢ € D, g(W), and W; € G,(W), define
T b = T == b o T Jyy, T™.
The following lemma is a consequence of the hyperbolicity of T

Lemma 5.2. Let n > 0 be such that C’l_lA*ﬁ” < 1, where C1 < 1 is from (3.1), and fix a >
(1-— Cl_lA*fB”)*lCdéé/?’_ﬂ. For each 3 € (0,1/3], there exist 0,& < 1 such that for all W € W*
and W; € G,(W),

a) T;"(Da,g(W)) C Doa,s(Wi);

b) pwias (T 01, T)02) < Epwia,a(th1, o) for all v, bz € Dy g(W).
Proof. (a) We need to measure the log-Ho6lder norm of ﬁnw for ¢ € D, g(W). For x,y € W;, we
estimate,

Trp(x)  P(T"x)Jw,T"(x) < (T TP+ Cadwy) /3 (aCTP A" +Cady/* P ()

Trap(y) (T Jw, T™(y) B

)
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where we have used (3.1) and (3.3) as well as the fact that § < 1/3. This proves the first statement
of the lemma since aCflA_ﬁn + Cdc?é/g_ﬂ < a.
(b) Using Lemma 4.1, if 91,19 € Dyq g(W;), then,

(
i ,a Y = 1
PW;, ,/3(% 2) og ,yiuvléw pad(z,y)? Ua(x) — a(y) ead(uv)ﬁwl(u
)
)

- ead(z.y) wl ) — () ad(uv)ﬂ o(u) — 1/;2(1))]
) -

elatoa)d@y)? _ 1 glatoa)d(uv) —1¢1(y) P2
(

(v)
<lo su (5.1)
= 10g x,y,u,fEW ela—ca)d(zy)? _ 1 ela—oa)d(uw)? _ 1 9 y) l(u)
< log 'Ea+ O'a;zeza(l—i-a)égeZaég K
a—oa

Thus the diameter of Dga@(Wi) is finite in Dy g(W;). Part (b) of the lemma then follows from
[ , Theorem 1.1}, with £ = tanh(K/4) < 1. O

Corollary 5.3. Let ny denote the least positive integer satisfying C’l_lA_B” <1 and aC’l_lA_B"1 +
__1
Cd(sé/gfﬁ < a. Define £ =¢%1 < 1. Then for W € W9, n > ny and W; € G,(W),

oW (TP T b)) < €% pwap (W1, o) for all i1,4ps € Do g(W).

Proof. The proof follows immediately from Lemma 5.2 once we decompose n = kni + r, where
r € [0,n;) and write

T Ting+

T{/[L/Zw = T";[’Lllz " T'}L?%Ll-‘—rw Tf;anl-!—rW * 0 T;—‘L(k 1)n1+TW 'l/}
Each of the operators T, T}nl T, satisfies Lemma 5.2 with the same ¢ and €. The corollary then
follows using the observation that £/} < €7 wn > n,. O

It is important for what follows that the contractive factor & < 1 is explicitly given in terms of
the diameter K, which depends only on a and o, and not on §. While n; depends on the parameter
choice 3, it also is independent of §.

In what follows, we require ng > ni by definition, so that Lemma 5.2 and Corollary 5.3 will
hold for all n > ng.

5.2 Proof of Proposition 5.1

This section is devoted to the proof of Proposition 5.1.

5.2.1 Preliminary estimate on L

Denote by Sh,(WW;9) the elements of G, (W) of length less than ¢ and by Lo, (W;J) the elements
of G, (W) of length at least ¢.

Lemma 5.4. Fiz § € (0,00/3) so that 4465, Co < 1/4, then, for all f € Ce.a.1(8) and n > ng,

e £y < 30FNy and L7 £ = 3l

12



Proof. Let W € W?(9), ¥ € Dy g(W). Then,

/£"f¢— > fooT" Jw,Tm+ Y f¢oT"JWiT”. (5.2)

Wi€Lon(W;0) 7 Wi W; €Shn (W:0)

Now since 9 o T"Jyw,T" € Dy 3(W;) by Lemma 5.2, we subdivide elements W; € Lo, (W;4) into
curves Uy having length between ¢ and 26 and use the definition of |||, on each such curve to
estimate,

[, sver T < Sl [ e =g, v

%

To estimate the short pieces, we apply (4.7) and use Lemma 3.1-(b) since Sh,(W;d) C G,(W).

S gwerawrrs ST Ul AW f ot T
Wi

W, ESh, (W;6) Wi EShy, (W;6)

< SA|If)|_eo® fww (Cod W] + Cof?).

Putting these estimates together in (5.2) and using that |W| > §, we obtain,

[eres ¥

W;ELon (W;6) mw;

<AL [ o (1 e @ Co + oop))

b+ Allf) @’ /W b (Codby™ + Cof)

where we have used Lemma 4.2. Now (4.9) implies ea(20)” < 2, and our choices of ng and § imply
2Amax{Cydd; ", Cof°} < 1/4, which yields the required estimate on IIL" . for all n > ny.

For the bound on ||£"f||_, we perform a similar estimate, except noting that for W; €
Lo, (W5 9),

/ f o T Iw, T > Il / %,
W; W,

i

we follow (5.2) to estimate,

n a B S - n
[erez S W[ v e [ vt am)
W€ Lon (W;0) mw; W
S [ v (1= 240 (5551 Co+ Cot))
Again using our choice of ny and 6, we have 4ACy67 < 1/4 and 4466, 1Cy < 1/4, which yields
e flll- > gl O

In particular the above implies the estimate: for all n > ny,

e sl Ml _ o 53
e Al = A )
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5.2.2 Contraction of the parameter A

We prove that the parameter A contracts in (4.7). Choose f € Cqa,r(5). Let W € W?* with
[W| <26, ¢ € Dyg(W) and z € W. From now on, we will refer to Lo, (W;0) and Sh,(W;0) as
simply Lo, (W) and Sh,(W). We follow (5.2) to write

‘/W£”f¢' / fpoT™ Jw, T + ’/ foT™ Jy, T"

Wi€Lo n(W Wi esnn(w

< S W[ vert e ST AW f voT" T

W;€Lon (W) i W;EShy (W)

Wil |TW;
< Y WL e AW e 2 IWil? [T Wi,

q .

where in the second line we have used (4.7) for the sum on short pieces. Since |W| < 20, the first
sum above is bounded by

Il LW J[M < Il 2z6'- 1w fww

For the sum on short pieces, we use Lemmas 3.1-(b) and a Holder inequality to estimate

q 1—q
[ Wil 9 [T W T W;|
< | T T o
Weg Wiz Wil Wieszm(vv) Wi WiESZhn(W) "
< (Cody W | + Cob7)' 4

Combining these two estimates with Lemma 4.2 yields,

| Jw £ ¢
fw ¥

This contracts the parameter A if 2LA~1 4 ¢2(29)” (2C065, " + Cof7)1~7 < 1, which we can achieve
if e2(20)” < 2,

< ASNW P (2EA7" + e (Codg ! (W] + Cobf) ) . (5.4)

A>4L, and (20086, + Coby0) "1 < 1/4. (5.5)

Remark that since L > 1, we have A > 4, and so according to the assumption of Lemma 5.4,
2C065,1 < 1/32. Moreover, Cofi® < 1/64 by choice of ng, and since 1 — ¢ > 1/2, the second
condition in (5.5) is always satisfied under the assumption of Lemma 5.4.

5.2.3 Contraction of the parameter c

Finally, we verify the contraction of ¢ via (4.8). Let f € C.a.1(0) and W1, W2 € W$ with [WFk| < 2§
and dyys (W', W2) < 62. Take oy, € Dgo(WF) with ds (1, 15) = 0.

Without loss of generality we can assume |[W?2| > |W!| and le 11 = 1. Next, note that cone
condition (4.7) implies (see section 5.2.2)

fwl Enf¢1 - fwz ﬁnflbz
fwl 1/}1 fw2 ¢2

< 248 WL f) -
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It follows that the contraction of the parameter c is trivial for |W2\q < 6‘1*7%%. Thus it
suffices to consider the case
dyys (WL, W2)e
4

We claim that (5.6) implies that Iy, N Iy, # 0. Define Cy := \/1 + (Kmax + T )? to be the
maximum absolute value of the slopes of curves in the stable cone defined in (3.1). If Iy N Iy2 = 0,
then dyys (W, W?2) = |Ijn A Ly2| = [Ty | + | Iy2], so it must be that |Iyy2| < . Yet (5.6) implies
that

‘W2’q > 5477

(5.6)

Cy| Iy | = W2 > sla=D/ag,, (W, WZ)v/q( YWa > sla=n/a| g, |79
so we obtain the contradiction |Iy2| > & - 21/(¢=7) provided
qg>7v;c>8CI. (5.7)

Next, for any two manifolds U’ € W? () defined on the intervals I; with J = I; N Iy # (), by
the distance definition (4.2) we have,

10" = 10711 < [ esi- 160 dr+2/ 1G4

< / 1Gh — Ghlldr + CylLAL| < ([UY] + Co)dys (U, U2).
J

P,

(5.8)

Since fy, ¥1 = 1, we have [1]o < e*20)* " On the other hand, since Iyy1 N Iz # 0
and di(Y1,v2) = 0, there must exist r € Iy N Iyy2 such that ¢1 o Gy (r)||GY.(7)]] = 2 o
Gw2(7)]|GYy2(r)]|. Thus since,

Gy (I _ \/1 + ey ()? \/1 N (P (r) = @pa (1)) 22 (1) + (D41 (1) — P2 (1))

G2 ()l 1+ (g2 (r))? 1+ (g2 (r))?

< 1+ dyys (W W2)(2 4 dyys (WL IW2)) < V1436 <2,
where we use § < 1, we estimate,
|20 < 26707 [4hy| o < 2624207 (5.9)
Then recalling Remark 4.4, it follows that

Jortn= fv

Putting this together with (5.8) and using fW 1 = |W1|, we estimate,
W= [l < | e [

< (W 4 Cy)dyys (W, W?2) < 6Cdyys (W, W?),
where we have used (4.9) and o > . Hence, recalling Lemma 5.4 and (5.4), dyys (W, W?) < § and
using (5.6), (5.7) and (5.10), we have

Jur £ 500 [y £t

< Y2 C | Iyr \ Iz | 4 €22CD° 20 | Iz \ Iy | < 20272 dyys (W, W2).

(5.10)

n e n n w2 ’
fur 1 w2 V2 = /W1£ Jin / EAC ’/ £ vam (2 !
5 1
AT A 2| - n 5.11
= ‘/Wlﬁ pon= [ e + [W,] WH = | sl 2001 (5.11)

g’ L™ fipy — / L:”fw2’+231/‘1303A51”dws<W1,W2>”|H£"f|H_-
Wl W2
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To conclude it suffices then to compare [i;,1 £ f 11 and [j;2 £ f ¢o. To this end, define G5 (W*)
to be the nth generation homogeneous components of 7-"W* with long pieces subdivided to have
length between § and 25. We split G(W!) and G%(W?) into matched and unmatched pieces as
follows. On each curve W} € G (W), we place a foliation of vertical line segments {Em}xewil of

length C1A™"dyys w1 w2). Due to the uniform hyperbolicity of 7', the images T ¢, are unstable
curves for ¢ > 1 and remain uniformly transverse to the stable cone. Thus T"¢, undergoes the
uniform expansion given by (3.1) and, if not cut by a singularity, will intersect both W' and
W?2. When these segments T"¢, survive uncut, we declare the subcurves Ujl, U ].2 connected by the
original vertical segments ¢, to be ‘matched.” Note that, by [C'M, Proposition 4.47] there must
exists two piecewise smooth curves in SH that connect the boundaries of Uj1 and U ]2 forming a
rectangle that does not contain any element of S in its interior.

All other subcurves we label le, Vj2 and declare them to be ‘unmatched.” It follows that there
can be at most one matched curve U, Jk and two unmatched curves VJ’“ for each element WF € GO (W),
k =1,2. Thus we have defined a composition G3(W*) = U,;U j'? U Ujij, such that Uj1 and U ]2 are
defined as the graphs of functions GU];_C over the same r-interval I; for each j.

Using this decomposition, and writing f{}k Yy = Yo T Jy e T™ and similarly for ka Vi, we write
j J J

/Wk £y = %j/l]fffgfwzjj/vfffgjm. (5.12)

We estimate the contribution from unmatched pieces first. To do so, we group the ij as follows.
We say V]k is ‘created’ at time 0 < ¢ < n — 1 if 7 is the smallest ¢ such that either an endpoint of
T ”*thk is created by an intersection with T(Sg'), or T"*th”c is contained in a larger unmatched
piece with this property (this second case can happen when both endpoints of V;k are created by
subdivision of long pieces rather than cuts due to singularities). Due to the uniform transversality
of the stable cone with curves in T(Si') as well as the uniform transversality of the stable and
unstable cones, we have |T”_iij| < C3A~tdyys (WL, W?), for some constant C3 > 0. Define
Pi)={j: le created at time }.

Although we would like to change variables to estimate the contribution on the curves T”_ile
for j € P(1), this is one time step before such cuts would be introduced according to our definition
of G3(W), so Lemma 3.1 would not apply since there may be many such T”_ile for each W} €
Go(W1). However, there can be at most two curves T”_i_Ile, j € P(i), per element of W} €
G2, 1 (W1), so we will change variables to estimate the contribution from curves of the form T"*i*”/}l
instead. We have two cases.

Case 1. The curve in T(Sgﬂ) that creates le at time 1 is the preimage of the boundary of a
homogeneity strip. Then T”_i_lel still enjoys uniform transversality with the boundary of the
homogeneity strip and the unstable cone, and so |T"*F1V}1] < C3A " Ldyys (W W?2) as before.

Case 2. The curve in T(SY') that creates le at time i is not the preimage of the boundary of a
homogeneity strip. Then le undergoes bounded expansion from time n — ¢ to time n —¢ — 1. Thus
\T”_i_lvjl\ < CC3A U dyys (W, W?2), where C > 0 depends only on our choice of kg, the minimum
index of homogeneity strips.

In either case, we conclude that |T”_i_1Vj1| < C3A " dyys (WL, W?), for a uniform constant
Cs > 0. Since dyys (W, W?) < §2 (51+ﬁ would suffice), it follows that all curves T"‘i_l‘/j’“ have
length shorter than 24, thus we may apply (4.7).
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Z/ fTvld}l < Z Z / | Enfiflf . wl o TiJrl JTn—i—l‘/lei+1

i—0 ]EP m— z—lv’jl
n—1 ) _ '
<N AT L I oy s T ogn-icay
1=0 jeP(i)
n—1

<) ASTICIAT dyys (WL W)L £ (2C0 + Cobi ) bl oy,
=0

where we have used Lemma 3.1- (b) for the sum over j € P(i) since there are at most two curve
TV for each element W} € GP, | (W).?

Smce n > 2ng, we have either that i +1 > ng or n — (i + 1) > ng. In the former case,
[IL7==Lfll_ < 2)I£™f||_ by Lemma 5.4. In the latter case,

H|£nfiflf”‘7 < ”M"nfiflfm+ < %’Hf’”Jr < %L’Hf”’— < 3L|IL" fl_, (5.13)

where we have used Lemma 5.4 twice, once on [|£"*"! f]|, and once on [|f]|_. Since the latter
estimate (5.13) is the larger of the two, we may use it for all i.
Also, using the assumption that dyys(W?1, W?) < § and (5.7) yields,

L dyys (WL, W) < S Vdyys (W, W27,

Collecting these estimates and summing over the exponential factors yields (since the estimate for

2 .
Vi is the same),
jw\n
Ej/vjkf e

for some uniform constant Cy depending only on 7" and not on the parameters of the cone.
Next, we estimate the contribution on matched pieces Uf. To do this, we will need to change

< CALS Vdyys (W W)L f]| (5.14)

test functions on the relevant curves. Define the following functions on U ].1,

wQ Yoo T oGUzoGUl, JUzT —JUzT OGUJQOGUU
1G; v2ll Gy } (5.15)
G 1||0G T

fgf% =1y - JU]_2T”
Note that d, (T\;}z@[}g, T t12%2) = 0 by construction. Also we define
J J

vy = min{Tgn, T}

S _ ~ - (5.16)
Uiy =Tgnn =y o Wby =T — 5.

We will need the following lemma to proceed.

2Noticg that since we subdivide curves in G (W) according to length & and not &y, the estimate of Lemma, 3.1-(b)
becomes Cod W | + Cob7 < 2C, + Cob?.
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Lemma 5.5. If ¢ > 4(1 + My)?, My is defined in (5.26), then there exists Cs > 1, independent of
n, W and W? satisfying (5.6), such that for each j,

a) dys(U},U?) < CsnA™"dyys(WH, W?) ;
fn

b) e~ Cadys (WH W2 - M

B Tﬁzlbz(fﬂ)
J

a=8
¢) setting B =38[Csa1] = dys (WL, W2 we have wfj + By; € Da”g(Ujl), i=1,2.

1 2\«
< B WV g e U}

Moreover, fgjzwg and ¢ belong to Da,a(Ujl).

We postpone the proof of the lemma and use it to conclude the estimates of this section.
For future use note that Lemma 5.5(b) implies

0 < () < 2C5dyys (W W) (). (5.17)

Since d, (fgg s, f[’}Q 19) = 0 by construction, and recalling Remark 4.4, Lemma 5.5(c), condition
J J
(4.7), and (5.16), (5.17),

[ T [T < | [ 5T [ 5T
Uj Uj Uj Uj
Jop e Jop I Tgve| o g P10 02— o)) o,
~ — =~ ][ TU_2¢2 + = U1| ][ TUZ ¢2
ijl TUJ_W? JCU]Z TUJWQ vy ijl TUJZT/’Q | J vy
(fir 08+ BY) + fin (s + Bu;)| 5.18
< Apoju} o f F  Tovallfll- (518

ij2 Tg]2¢2 U]2
+dwe (UL UR8eA £ Tl
J

2 1
U7 | = 1Uj|

AU

f Tl fIl
vz Ui

where for the first term, we have used that |T\ it — Tv[’}zwgl = ¢f‘,j + wg"j, and for the second and
J J

third terms that Tg_ﬂ/}g € Dma(Ujl) by Lemma 5.5. Then, recalling Lemma 3.1(b), (5.9) and (4.9),
we can estimate

Z][ T2ty < Z][ [T T ootz 0 T™ < (CodHW?2| + Cofp)2¢**2)” < 24Cy.  (5.19)
;YU 7 Ju

Next, recalling (5.8), we have®

U7 < U |(1+ dws(U},U?)) < 2|U;|

3Since the Uf are vertically matched, the term on the right hand side of (5.8) proportional to Cs is absent here.
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provided we impose
C5’I%0A_n05 < 1 (5.20)

where Cj is from Lemma 5.5-(a) and A is defined in (3.1). Moreover, remembering the definition
of B in Lemma 5.5-(c) and equation (5.17),

fl(w,ﬁj + Byy) <][ 1005Tg2¢2dws(wl W)Y
U U

J

(5.21)
1005‘U1| ][ 21/)2dws W1 WQ)’Y < 2005][ f32¢2dws(W17W2)77
vz
where we have used the assumption o — 8 > .
Again using (5.8) and Lemma 5.5-(a) we have
|UJ'2|_|UJ‘1| 2 rrl\|77lig q —n 2 17l
— e | < dws (U5, Up)|US |7 < (20)7CsnA™ dyys (W=, WH). (5.22)
HEZ RN R
Inserting (5.19), (5.21) and (5.22) in (5.18) and recalling Lemmas 5.4 and 5.5-(a) yields,
ffﬂlh/ f Tyt
2 /Ujl Y vz (5.23)
< 48CH A" Vdyys (W W)L £l (2940058977 + cCsn A" + 21C5nA~"0)
Then using this estimate in (5.11), and recalling (5.12) and (5.14) yields
Jur £2F 0 Jws £7 2] {23_1/‘1303+C4L
forr o> 2 (5.24)
+48C) (294005077 + cCsn? A~ 4 29C5nA~"0) }Adl’VdWs WL WHYLfl -
which yields the wanted estimate, provided
2371909 + 04 L + 48C) (274005077 + cCsn YA~ 4+ 21C5nA~"5) < c. (5.25)

5.2.4 Proof of Lemma 5.5
Proof. (a) This is [D71, Lemma 4.2].
(b) Recall that U]’? is defined as the graph of a function GUJgC (r) = (r, Pk (r)), for r € I]’-“, kE=1,2.

Due to the vertical matching, we have I} = If.
Now for x € Ujl, let r € I} be such that G1(r) = z. Set T = Gy2(r) and note that  and z lie
J J

on the same vertical line in M since U ]-1 and Uj2 are matched. Thus by (3.4),

JU].lT (JU) _ JUle (1') < eCd(d(T”LT"f)l/S'*“ﬁ(x’i)) < €CdMOdW5(W1,W2)1/3 (5 26)
JpeTr(w)  Ju2T™(E) ~ - ’ '
j

where My is a constant depending only on the maximum and minimum slopes in C* and C*".
Next, for z € U, ]-1 consider

v o T () 1G 1l 2 G (@)
Pa(x) ||G'UJ2|| o G{]J}(ﬂs)
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Let T"(z) = (r, Gy1(r)) and T™(Z) = (7, Gy2(7)), then
[r = 7] < Modyy= (W, W?).
If r € Iz, then since dy (11, 12) = 0,

P10 Gyn (r) _ Y10 Gy (r) P2 0 Gy (r) < HGﬁvz (r) 00d(Gy (1),Gy2 (7).
Y20 Gy (7) a0 Gya(r) oo Gy (T) = |Gl (r) ]|

Next, since [|Gyy1 — Gypall = [0)1 — @ly2| and |Gl || > 1, we have

1Gw=(l e —crall o pawsvrw)

Gy (M)~
Sirnila] G 1H0GU11($) e (UL . _
imilarly, m <e i°7i’. Hence, using part (a) of the lemma and assuming
CsngA~"06 7 < 1, (5.27)
yields
Py o T"(x) HGUl I Gl_]j}(x) (Mg +2)dyys (W, W2)0

Jale) Gl 0 Gyl@)
The same estimate holds if * € Iy1. Otherwise it must be that
|Tyyr O Iz < Modyys (W W2)

but then, since |Iy1 Aly2| < dys(W W?2) we would have |[W?2| < (1 4+ Mp)dyys(W?!, W?), which
violates (5.6) together with the assumption, provided

¢ > 4(1+ My)“. (5.28)
The estimates with the opposite sign follow similarly. Putting together these estimates yields part

(b) of the lemma with C5 = MyCyqd'/3~ 4+ a Mg + 2.
(c) As noted in (5.17), by (b) it immediately follows that

| < | Tyun (@) = Tgowa(a)| < 2Csdyn (W )5 (2).

Next, for x,y € Ujl, let T = GU2 ) G ( ), =Gy o G;}(y), and note these are well-defined due
i J

;]}(ZL') and s = G[;}(y) Recalling (4.4), we
J j

to the vertical matching between Uj1 and Uj2 Let r =G

have
G, (T)II ||G'1(r> -G, (s)ll

B*|rfs\ < eB*d(x,y)’
1G7: ()] (S)|| B B

and similarly for ||G7 |- Usmg this estimate together with the proof of Lemma 5.2-(a),
J

Tg;wa:) Tg;w:e) G2 (MIHIG ()]l

Toata(y)  Tida(y) 1G5 (D1 1G(s)] (5.29)

< (a0 AT 4Cy(26)1/372)d(2,5) " +2Bxd(2,y) < ad(wy)”

—= — 9

20



since d(z,y) < Mpd(x,y) and provided
(aCTIATO™ 4 Cg(20) /3~ MS + B.(26)' % < a. (5.30)

To abbreviate what follows, let us denote g1 = T\gﬂln and go = TSQ 2. Then, given z,y € U jl,
J J
we have ¢ (2) = gr(z), ¥; () = Gr(y)- If k(z) = k(y), then, by Lemma 5.2(a) and (5.29),
Ui (@) gr)(
V(1Y) k)

If k(x) # k(y), then without loss of generality, we can take k(x) = 1 and k(y) = 2. By definition,
01(z) < ga(x) and g>(y) < g1(y). Hence,

?)  pady)e
y)

—ad(zy) o 91(2) _ ¥i (@) gi(=)

92(%) _ ad@y)®
T o) T Yy ) - '

92(y)

IN

It follows that ¢ € Da’a(Ujl), and by (5.29), ngz/)g € Da@(Ujl).
J
Then, for each 1 > B > 2Csdyys(W?, W?2)® and z,y € Ujl,

A - o
iy (@) + By (x) < (B +2C5dyys (W, W2))y; () < p0d(z,y)* +4B Crdyys (W W)™ _ ad(zy)”
U (y) + Byy (y) — (B = 2Cs5dyys (WL, W2)@) (y) — -

provided 8 B~1Csdyys (WL, W2)® < ad(z,y)? and

(20)F < (5.31)

DN | =

It remains to consider the case 8B~ 1Csdyys (W', W?2)® > ad(z,y)?. Again we must split into
two cases. If k(x) = k(y) = k, then, setting {¢} = {1,2} \ {k},

Viy(@) + BY; (2) _ golw) + (B = Dgalw) _ e gy(y) + == (B — 1)gi(y)
Ui (y) + By (y) ~ ge(y) + (B = 1)grly) 9¢(y) + (B = 1)gr(y)

< ez y)® {1 N Mf’%y)“] < Al y) A U2B i) < Sd()?

(5.32)

B

provided that

a—p
B

d(z,y)* (1 +2B71) <4B77 [8Csdw:(W', W?)*a '] 7 <

N | =

That is,

B >8[Csa!] & dyys (W, W2)2=5,
The second case is k = k(x) # k(y) = ¢. In this case, there must exist £ € [z,y]| such that
Y (Z) = g1(Z) = g2(Z). Then,

Vi (@) + By (2)  go(x) + (B — Dgi(x) 9e(2) + (B — 1)gu(2)

vy (y) + By (y) Byi(T) 9¢(7) + (B = 1)gr(7)

by the estimate (5.32). A similar estimate holds for wk,Aj. It follows that we can choose

< ead(x,y)ﬁ

a=B
B=8[Csa7'] = dys(W'Ww?F (5.33)
and have @Zlfj + B@Z); e Daﬁ(Ujl). 0
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5.3 Conditions on parameters

In this section, we collect the conditions imposed on the cone parameters during the proof of
Proposition 5.1. Recall the conditions on the exponents stated before the definition of C 4,1,(9):
a€(0,1/3], ¢ €(0,1/2), B < @ and v < min{a — 3, q}.

From (4.9) and Lemma 5.4 we require,

(207 62“55 <2 and 4AC’0550_1 <1/4.
From the proof of Lemma 5.4 and Lemma 5.2, we require the following conditions on ng,
ACoH™ <1/16 and CyIATP™0 <1,
From Lemma 5.2, Corollary 5.3 and the proof of Lemma 5.5, we require
a>aCy AP + Cut3 7P and  a > (aCT AT 4 Cy(26) /37 MG + B.,(26) @

(recall that we have chosen ng > ny after Corollary 5.3).
From the bound on (4.7), we require in (5.5),

A>4L.
For the contraction of ¢, we require (see (5.7), the proof of Lemma 5.5 and (5.25))
¢>max {8C%, 4(1 4+ My)?} ; CsngA™™6' "2 <1; (200 P < 3
23-1/93C9 + Oy L + 48C (2940C58977 + cOsny A7 + 2905npA~"™6) < c.
Finally, in anticipation of (6.19), we require,
cA > 2C;. (5.34)

These are all the conditions we shall place on the parameters for the cone, except for §, which we
will take as small as required for the mixing arguments of Section 6.

6 Contraction of L and Finite Diameter

In this section, we use the mixing property of T to prove that the parameter L also contracts.
This is done in two steps. In Section 6.1, we use a length scale o > /0 and compare averages
on the two length scales, § and Jgp, culminating in Proposition 6.3. In Section 6.2, we obtain a
bound on averages in the length scale dy. This leads to the strict contraction of L established in
Theorem 6.10, which proves the first statement of Theorem 2.1. We prove the second statement
of Theorem 2.1 in Section 6.3, showing that the cone Cycya,,r(0) has finite diameter in the cone
Ce.a,1(0) (Proposition 6.11).

6.1 Comparing averages on different length scales

Recall the length scale §p from (3.6) and that § < §p/2. We choose § so that 6 < (53. Define

0 _ Jw £ dmw 0 _ oy Jwlvdmw
A = sup , IAIZ =~ in .
Wews(s,/2) Jw ¢ dmw Wews(so/2) [y ¥ dmw
I/JE'DQUB(W) ’l[JEDa’@(W)
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Recall that WW?*(dp/2) denotes those curves in W* with length between dy/2 and dyg. By subdividing
curves of with length in [09/2,do] into curves with length in [d,2d], we immediately deduce the
relations,

AN < AN < IS < A - (6.1)
Lemma 6.1. Recall e%% < 2 from (4.9) and AS < 60/4 from Lemma 5./. For allm € N,*
n - % 1
e FIIS < WIS +3Co Y GillFll < FIS + Al (6.2)
i=1
n 3
e e > S (6.3)

Proof. We prove (6.2) by induction on n. It holds trivially for n = 0. We assume the inequality
holds for 0 <k <n—1 and prove the statement for n.

Let W € W#(dp/2). Define Li (W) to be those elements of G; (W) having length at least dp/2.
For k > 1, let Ly(W) denote those curves of length at least dp/2 in G(WW) that are not already
contained in an element of L;(W) for any ¢ = 1,...,k — 1. For V; € Li(W), let Py(j) be the
collection of indices i such that W; € G,(W) satisfies T"*W; C V;. Denote by Z2(W) those
indices i for which 7" FW; is never contained in an element of Gr(W) of length at least dp/2,
1 <k<n,and § < |W;| < dp/2. Let Z,(W) denote the remainder of the indices i for curves in
Gn(W), i.e. those curves W; of length shorter than ¢ and for which T kW, is not contained in an
element of G (W) of length at least dp/2. By construction, each W; € G, (W) belongs to precisely
one Py (j) or ZO(W) or Z,,(W).

Now, for 1 € D, g(W), note that

> / fz/;oT”JWT”—/ Lk fp o T gy T,

1€PL(5)

Using this equality, we estimate,

/L”m Z Z /5” "fpoThaTE 4+ > /f¢oT”JWT"

k= 1V€L i€ZO(W
+ > /fon”JWT”
€L, (W)
<SS WA [ wethatt w3 sl [ worman
k=1v,eL, (W) Vi i€ (W) Wi
Y AW [leoon | T o
1€, (W)
n n—=k '
Py (H!f\l!i+3ZC(>91H!J”H!+) [,
k=1 v, eLy( i=1 TrY;
mn 5 n
b Y I R lleran T o + A5-dolblooan Il Cof
1€TI (W)

n—1
; o s
< 0 % ) ad, n
</ %Z)(|||f“|++3§i:120091|||f”|+)+(1+2A50>€ S| wnscoss.

“The second inequality in (6.2) follows from equation (3.6).
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where for the second inequality we have used the inductive hypothesis, and for the second and third
we have used Lemmas 3.1-(a) and 4.2. This proves the required inequality if g is small enough

that €a5g < 2 and ¢ is small enough that A0 < dp/4, both of which we have assumed.

We prove (6.3) similarly, although now the inductive hypothesis is || £* f[|° > (1—3 Zle Cob?)
for each k = 0,...,n — 1. We begin with the same decompostion of G, (W), although we simply
drop the terms in Z0(W) since they are all positive.

/E“fqp Z > /L" "fooThaTE 4+ > /f¢oT”JWT”

k=1lv,eLy(w) €T (W

+ > /fd;oT"JWT"

€L, (W)

>Z > lem / WoT Iy T — Y AW I [l coqw) | Tw, T | cow,

k=1v,eLy(w) i€T, (W)

SNDS /.. o 1—320000) A dolulcon I 11_Cod?

k=1vieL,(w)

— , 0 68
> [ @I (=3 Cob —er“%/w FIIECoby
/W e ( ?_f 061) =245 | w112 Cott

n—1
A (1 =832 Cot) > Wallleoq i T loogr,

1€T, (W)HUZQ (W)
n—1
. ) B 8
> [ wIFII°(1=33 " Cobi — 24— CuHT — % CbT ) |
[ ( > o~ 245 it} - e cupy)

where again we have used Lemmas 3.1(a) and 4.2 as well as the bound || f[|_ < [|/]|®. This proves
the inductive claim, and from this, (6.3) follows from (3.6). O

Next, we have a partial converse of Lemma 6.1.

log(8Co(Lgd~142A))

Lemma 6.2. For alln >
[log 01

, we have

1
k 0
e sy <, _max L5703 + §|Hf||\_

e £l - = *k_mln ek 2 — HIfHI_

Prool)f. The proof follows along the lines of the proof of Lemma 6.1, using the same decomposition
into Lg(W), Z2(W) and Z,,(W), except that now we begin with W € W*(4) and ¢ € D, g(W). We
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have,

/| cre<y Y et [ovemr ot S Al [ vt A

k=1v,eL, (W) €T (W)
> ASTUWLFI bl ooy [ Tw, T | oo s
€T, (W)

%% yeeo TV + 1 w 2 .
W 0,..n—1 61 2

which proves the first inequality, given our assumed bound on n.
The second inequality follows similarly, again along the lines of Lemma 6.1.

/ LITES SIS T / GoTr T — 37 AW I [leow [ Iw, T o

k=1v;eL, (W) i€Z, (W)

> WA ([ e T Wallblenan T e | - 24 [ w17l Cost
=0,...n— w w

1€L, (W)UIQ (W)
> [ v <k min |42 (1 506—1009’;>—2Acoem||fu_),

and our bound on n suffices to complete the proof of the lemma. O

Finally, we collect these estimates in the following proposition. Set

_ log(8Co(Ldpd~" + 24))

N6~
©) Tog 1]

; (6.4)

from Lemma 6.2.

Proposition 6.3. For alln > N(6)~, either,

<" £l _ 8 lIfI
e fil= = 9 lAl-

or

n n 9
e il < SIS and WL fll- > S5

Proof. Since n > N(0)~ > ng, we may apply both Lemmas 5.4 and 6.2. Now, by Lemma 6.2,
n 3 n
ANl = 7, max | Ic* A2 — *IIIfHI_ > EHIfIH_ *H!C Fll=,

applying Lemma 6.1 to the first term and Lemma 5.4 to the second. This yields immediately,
e fill- > Q%H\fmg, which is the final inequality in the statement of the lemma.
Now consider the following alternatives. If |[£" f||, < %H|f\”+, then

ller sl _ sl _ s lifil
L fll= = ssllAne = 9 llfl-
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proving the first alternative. On the other hand, if [|£" f[| . > 2|1£]ll., then using Lemmas 6.2, 6.1
and 5.4,

1 1 1
n k 0 0 n
L™ £l < pmax IEZ AU + U < TAI + A+ L £l

7 n
<A+ gIE™ il »

which yields the second alternative. O

6.2 Mixing implies contraction of L

The importance of Proposition 6.3 is that either L contracts within N(d)~ iterates or we can
compare ratios of integrals on the length scale dp (which is fixed independently of §). In the latter
case we will use the mixing property of 1" in order to compare the value of fW L" f1y for different
W of length approximately dp. To this end, we will define a Cantor set R, comprised of local stable
and unstable manifolds of a certain length in order to make our comparison when curves cross this
set.

We construct an approximate rectangle D in M, contained in a single homogeneity strip, whose
boundaries are comprised of two local stable and two local unstable manifolds as follows. Choose
S0 > 0 and z € M such that dist(T "z, Sf') > SoA~I" for all n € Z. This implies that the
homogenous local stable and unstable manifolds of z, Wi(z) and W§(z), have length at least &g
on either side of x. By the Sinai Theorem applied to homogeneous unstable manifolds (see, for
example, [('\, Theorem 5.70]), we may choose dy < g such that more than 9/10 of the measure of
points in Wi(x) N Bs, (x) have homogeneous local stable manifolds longer than 25y on both sides of
Wii(z), and analogously for the points in Wi (2)NBs(z). Let Dy denote the minimal solid rectangle
containing this set of stable and unstable manifolds. There must exist a rectangle D fully crossing
D’ in the stable direction and with boundary comprising two stable and two unstable manifolds,
such that the unstable diameter of D is between (53 and 253 and the set of local homogeneous stable
and unstable manifolds fully crossing D comprise at least 3/4 of the measure of D with respect to
isrp; otherwise, at most 3/4 of the measure of Wij(z) N Bs,(x) would have long stable manifolds
on either side of Wi(x), contradicting our choice of dy.

Let R, denote the maximal set of homogeneous stable and unstable manifolds in D that fully
cross D. By construction, psps(Rs) > (3/4)usrs(D) =~ §3. Below, we denote D by D(R,) since it
is the minimal solid rectangle that defines R,.

We say that a stable curve W properly crosses a Cantor rectangle R (in the stable direction)
if W intersects the interior of the solid rectangle D(R), but does not terminate in D(R), and does
not intersect the two stable manifolds contained in 0D(R).

Lemma 6.4. There exists n, € N, depending only on &y, such that for all W € W?* with® |W| >
30/(6Cy), and all n > n,, T™"W contains a connected, homogeneous component that properly
crosses R,.

Proof. By [C)M, Lemma 7.87], there exist finitely many Cantor rectangles R(dg) = {R1,..., Rk},
with psrs(R;) > 0 for each 4, such that any stable curve W € W?* with |[W| > 6y/(6Cy) properly
crosses at least one of them. Let e to be the minimum length of an unstable manifold in R;, for
any R; € R((50>

Consider the solid rectangle D’(R,) C D(R.) which crosses D(R,) fully in the stable direction,
but comprises the approximate middle 1/2 of D(R,) in the unstable direction, with approximately

5Recall that Cy is from Lemma 3.1.
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1/4 of the unstable diameter of D(R.) on each side of D'(Ry). Let R, := R, N D'(R.) and note
that pspp(RL) > 0 since pspgs(Ry) > (3/4)usrs(D) by construction.

Now given W € W* with |[W| > 69/(6C)), let R; € R(Jp) denote the Cantor rectangle which
W crosses properly. By the mixing property of T, there exists n] > 0 such that for all n > n},
T™(R.) N R; # . We may increase n} if necessary so that A™ §3/8 > eg. We claim that T"(R,)
properly crosses R; in the unstable direction for all n > n}. If not, then the unstable manifolds
comprising R, must be cut by a singularity curve in SF before time n} (since otherwise they would
be longer than 2e by choice of n}), and the images of those unstable manifolds must terminate
on the unstable manifolds in R;. But this implies that some unstable manifolds in R; will be cut
under T~", a contradiction.

Since T™(R,) properly crosses R; in the unstable direction, it follows that 7" (D(R,)) contains
a subinterval of W (here we use the fact that the stable manifolds of R, cannot be cut under
T™, as well as that the singularity curves of 7™ can only terminate on other elements of S [C'M,
Proposition 4.47]), call it V. Thus T~ "V properly crosses R, as required.

Since R(dp) is finite, setting n, = max;<;<x{n;} < oo completes the proof of the lemma. [

Lemma 6.5. Let VVi,T/V2 € W?* and n > 0. Suppose Uy € G,(W?') and Us € G, (W?) properly
cross R, and define U; = U; N D(R,), i =1,2. Then there exists C7 > 0, d_epe@ding only on the
mazimum slope and maximum curvature B of curves in W?*, such that dyys(Uy,Us) < C75(2).

Proof. Define a foliation of vertical line segments covering D(R.). Due to the uniform transversality
of the stable cone with the vertical direction, it is clear that the length of the segments connecting
Uy and Us have length at most C383, where C3 > 0 depends only on the maximum slope in C*(z).
Moreover, the unmatched parts of U; and U near the boundary of D(R,) also have length at most
C303.

Recalling the definition of dyys (-, ), it remains to estimate the C' distance between the graphs
of Uy and Us. Denote by ¢1(r) and ¢(r) the functions defining U; and U on a common interval
I =I5 NIy, Let @) = %L For x € Uy over I, let € U, denote the point on the same vertical
line segment as .

Suppose there exists x € Uy over I such that |} (r(z)) — ¢4(r(Z))| > C3 for some C' > 0,
where r(x) denotes the r-coordinate of = = (7, ). Since the curvature of each U; is bounded by B
by definition, we have || < B(1 + (Kmax + 71,)%)%? =: Cr.

Now consider an interval J C I of radius 62 centered at r(z). Then |¢)(r) — ¢ (r(2))] <
Cq|r — r(z)| for all r € J, and similarly for ¢}. Thus,

| (1) — @h(r)| > C62 — 20762 = (C — 2C7)6% for all r € J.

This in turn implies that there exists 7 € J such that [¢1(r) — p2(r)| > (C — 2C7)d5, which is a
contradiction if C' — 2C7 > (5. This proves the lemma with C7 = 2C7 + Cs. O

Recall that by Lemma 4.1, for W € W?* the cone D, (W) has finite diameter in D, g(W) for
« > f3, so that
PW,a,3(91,92) < Do for all g1, g2 € Doo(W) (6.5)

for some constant Dy > 0 depending only on a, o and 5. Without loss of generality, we take Dy > 1.

Lemma 6.6. Suppose W1, W2 € W? with |[W1|,|W?| € [60/3,00] and dys(W,W?) < C743.
Assume 1y € Dy o(W*) with Jor 1= [atp2 =1
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Recall that § < 63. Let C > 0 be such that if n > C'log(8p/9) then CsnA~™™ < §/62, where Cj is
from Lemma 5.5. For all n such that n > C'log(dp/d) > 2ng, we have

fwl Lnf 7/}1

e Lifn =2

provided

2CoC3C7(3LAG 9637 + 3L53)
1— A

+ 200 A8 79(289 4 ¢67T + Dod? + 35%) | 6729 < .

Remark 6.7. Since § < 62, the condition of Lemma 6.6 will be satisfied if

26_'0030731/1450 + 3L(50)
1—-—A-¢

+2C0 A8y (268 + ¢67 T + Dosd + 3)} 6e29% < 1. (6.6)

This will determine our choice of dg.

Proof. We will change variables to integrate on T-"W¥*, ¢ = 1,2. As in Section 5.2.3, we split
G,(W*) into matched pieces {U f}j and unmatched pieces {Vf}j. Corresponding matched pieces
U jl and U 3'2 are defined as graphs G;¢ over the same r-interval I; and are connected by a foliation

of vertical line segments. Following (5.12), we write,
| e ij/Uff Ufuwijj/vff et

where T\l’}e@bg =apoTm JUanv and similarly for T\"/lewg, {=1,2.

We pérform the estimate over unmatched piecejs first, following the same argument as in Sec-
tion 5.2.3 to conclude that |T”_i_1Vj1] < C3A tdyys (WL, W?2) < C3C;A7463, for any curve le
created at time ¢, 0 < i <n —1.

Recalling the sets P(i) from Section 5.2.3 of unmatched pieces created at time i, we split the
estimate into curves P(i;.5) if ]T"*i*1%1] < 0 and curves P(i; L) if \T”*"AV;H > 9.

The estimate over short unmatched pieces is given by,

zz/fm Sy

/ LY e o T Jpneicayn T
Tn—i—1y/1 J

i=0 jeP(i;5) 1=0 jeP(i;9)
n—1
<3S ASTICEA T e (W, WAL [ihr] el i n T o (6T
i=0 jeP(3;S)
CoA
< TAg CRCHS BLINL™ FI| 6o

where we have used Lemma 3.1-(b), |W| € [dp/3, do], and Remark 3.2 to estimate the sum over the
Jacobians, as well as (5.13) to estimate ||£" 1 f||_ < 3L||L"f||_.
For the estimate over long pieces, we subdivide them into curves of length between ¢ and 20
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and estimate them by [[£"~*~! f||,, then we recombine them to obtain,

zz/fm Sy

1=0 jeP(i;L) 1=0 jeP(i;L)

S OX e [ wer

1

/ En—i—lf by 0 Ti-‘rl JT'n—i—lvl T’H—l
Tn—i—1y/1 J

i=0 jeP(i;L) £ (68)
n—1
= 3L|H£nf’”— Z Z ‘Tnililvjw|¢1’CO‘JT7L7¢71VJ_1TZ+1|CO
i=0 jeP(i;L)
030700 N
< — A 1503L‘”£ f”LWﬂcO

where, in third line we used (5.13), and in the fourth line, since |W!| > §y/3, we used Remark 3.2
to drop the second term in Lemma 3.1(b).

Next, we estimate the integrals over the matched pieces Ujl. We argue as in Section 5.2.3, but
our estimates here are somewhat simpler since we do not need to show that parameters contract.

We first treat the matched short pieces with |U. jl| < ¢ much as we did the unmatched ones.
By Lemma 5.5, dWs(Ujl, UJQ) < CsnA~"dyys (WL, W?2) < 6, since we have chosen n > C'log(do/9).
Thus if |U jl\ < 0 then |U ]2\ < 24, and the analogous fact holds for short curves |U ]2\ < 0. With this
perspective, we call Uf short if either |U j1| <dor|U ]2\ < 0. On short pieces, we apply (4.7)

>

7 short

> 24601 F - lerlool S T oo < 4ASIL™fIlColthileo,  (6.9)

7 short

/ ffﬁwbl <
Uj1 J

where we have again used Lemmas 3.1(b) and 5.4 for the second inequality. Remark that the same
argument holds for W2 with test function .

Finally, to estimate the integrals over matched curves with |U. j1|, ]Uf\ > 0 we follow equation
(5.18), recalling (5.15), although we no longer have Lemma 5.5(c) at our disposal,

/ffglwl—/ F Tt <
vrt Y vt Y

Juy ITgps g I T f T Joy 1 Tt
= — = 22

fur Tpve S Tipta |z 0

J J

; Tn
ijl U]2¢2
< / ff;}l%—/ fThatn
U].1 J Uj1 J

+ Addyys (U, UD) Il -1 T2 T" | coltbnl o

Tf}ﬂ/fl —/ f Thatn
J Ujl J

2 1
U5 1 - U5
U

Anz ¢2
]{Jf Ui (6.10)

o+ dys (U, U2V6 AN F |12 T oo

U210}

where we have used (5.22) to estimate —Er
j
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To estimate the first term on the right side above, we use (4.7) and Lemma 4.7,

/ ffg1¢1—/ ffgﬂ/@ <
U].1 J Uj1 J

Joy STy Juy T f a
fun T;};wl fur Tﬁ; vo [Joy 5T
+W][ T\"ﬂbl—][ T71bo

for T2 |0 E v
< 25Lp(f{j;1/11, T(Zsz)H‘fHL’JU].lTn‘CO|¢1|Co
n A(Sl_qagmfm_(|JUJ1Tn|CO|?,Z}1|CO + 20 T2 T"|col 2l cy) »

where we have used |Uj1| < dp in the last line. We may apply (6.5) since fg_ﬂ/)l, Tvgzd)g € Da’a(Ujl)
J

J
by Lemma 5.5. Now putting the above estimate together with (6.10), recalling dWs(Ujl, UJZ) <4,
and using Lemma 3.1-(b) and Remark 3.2 as well as Lemma 5.4, we sum over j to obtain,

>

7 long

| T - /UffTUszg

J

6.11
2L Do ( :

< 2A8Y91L£™f|||_Co <c5’v+q + 61t 4 + 353) (Jth1lco + |2l co)-

Collecting (6.7), (6.8), (6.9) and (6.11), and recalling Dy > 1 and A > 4L, yields

N CoCsC7(3LAS 9621 + 3L52) .. _ "
[ g < COSEELETT0 B0 £ s oo + 4CHASIL ]l lco

AN

+ E /2 fofllJz + 245" | L7 | _Co (6™ + Dob? + 358) (41| co + 2] o)
—~ Ju:
j j

IN

. 2CoC3C7(3LAG 9637 + 3L453)
+| 1A

+2C A6 (269 + 67+ 4 Dys4 +353)} W} / L7 f
w2 w

Now since [ 1 = 1, we have e~ < [Wi[yh; < €% . Thus since [W'| > 6o/3,

[¥1]co + [alco _ 6 22055
I =5

which proves the Lemma. O

Our strategy will be the following. For W, W2 € W*(3y/2) and n sufficiently large, we wish to
compare [y L™ f1p1 with [;;,, L™ f bz, where we normalize [, 1)1 = [;;2 12 = 1. By Lemmas 6.4
and 6.5, we find Uf € G,,,(W*), £ = 1,2, such that U{ properly crosses R., and dyys (U}, U?) < C762,
where UZ Ufn D(R*)

Next, for each 7, we wish to compare fifl LI f f”{qbl with fUQ L= fT A"; )9, where, as usual,

A”z: Yy = P o T™ Jy ;0 T™. However, the weights ng Ut sy may be very dlfferent for £ = 1,2 since

the stable J acoblans along the respective orbits before time n, may not be comparable. To remedy
this, we adopt the following strategy for matching integrals on curves.
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For each curve U € G,, (W) which properly crosses R., we redefine Uf to denote the middle
third of Uf N D(R,). Let M* denote the index set of such i.

Let pf = fo T\g;f e, and let my =D, 5 pt. Without loss of generality, assume mg > mj.
We will match the integrals ) ;. \n fU} ﬁ”*"*ffgi’{wl with Z]EMQ % fUJQ [,”*”*fT"*wQ The
remainder of the integrals .,/ ™20 fUJQ LI f ZFSJQ 1o as well as any unmatched pieces (in-

cluding the outer two-thirds of each Uf) we continue to iterate until such time as they can be
matched as the middle third of a curve that properly crosses R..
Set Tg;ng = %Tg]§¢2, and consider the following decomposition of the integrals we want to

match,

2
Z/ Lo f ﬁ/}lij and Z/ L f 531;2%

J
i€M? ieM?
jeM? jeM?

1.2
For each pair 7, j in the first sum, the test function has integral weight p;f; , and the same is true
for the corresponding pair in the second sum. Thus these integrals are paired precisely according
to the assumptions of Lemma 6.6. It follows that if n — n. > C'log(do/d), then

2
Z / L= n* ﬁ/’l Z / L n* ggwl%

ieM? ieM?
jeM? (6.12)
>s< * 7 p * * 7
<22/£"" Ty, 1—22 LT {;;qu.
ZEM; jEM?
JjeEM

We want to repeat the above construction until most of the mass has been compared. To this end
we set up an inductive scheme. Consider the family of curves W € G, (W*) that have not been
matched. Each carries a test function 1y, := T, I’}V’}W. Renormalizing by a factor t,; < 1, we have

> fo Yri = 1.

Definition 6.8. Given a countable collection of curves and test functions, F = {W;, ;i }i, with
W; € W2, |[W;| < 0o, i € Do o(W;) and ), fWi ; = 1, we call F an admissible family if

Z ;i <Ok, where Cy :=3Chd; " (6.13)

Notice that any stable curve W € W?(dy/2) together with test function ¢ € D, o(W') normalized
so that [j;, ¢ = 1 forms an admissible family since [W| > do/2. The content of the following lemma
is that an admissible family can be iterated and remain admissible; moreover, a family with larger
average integral in (6.13) can be made admissible under iteration.

Lemma 6.9. Let {W;,¢;}; be a countable collection of curves W; € W*, |W;| < &g, with functions
Vi € Dy.o(W;), normalized so that Y, p; = 1, where p; = fW- ;. Suppose that ), Wi~ tp; = Cy.

Choose ny € N so that 009?”% < 1/6. Then for all n > ny, the dynamically iterated family
(Vie gn(m),fgjiwi}i,j is admissible.

Proof. Setting p} = fvji T\&-wi = fv}i ;0 T"JV;T”, it is immediate that Z” pj. =1.
J
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Now fix W; and consider VZ € Gn(W;). Then using Lemmas 3.1 and 4.2 we estimate,

DI = 3, o T I < 3 ey T oy
J
< Wz’CO(Cofs Wil + Coby) < Cody e p; + Cob e Wil ~'p;

Using that €% < 2, we sum over i and use the assumption on the family {W;,1;}i to obtain,

ZZW” 1 <Z 2C00y 'pi + 2Co07 |Wi| 7'p;) < 2Co85" + 2Co07Cy . (6.14)

Thus if n > ny, the above expression is bounded by C\, as required. O

Theorem 6.10. Let L > 60. Suppose a,c, A and L satisfy the conditions of Section 5.3, and that
in addition, § < 6% satisfy (6.6) and (6.17). Then there exists x < 1 and k. € N such that if
n € N satisfies n > N(8)™ + kuny,® with ki depending only on 8o, L,n. (see equation (6.16)), then
LCeA,1(0) C Cyexanr(6).

Proof. As before, we take f € C..a1(0), W', W2 € W*(5y/2) and test functions ¢, € D, 5(W?)
such that [;;1 91 = [j2 %2 = 1. In order to iterate the matching argument described above, we
need upper and lower bounds on the amount of mass matched via the process described by (6.12).

Upper Bound on Matching. By definition of Uf, for each curve Uf that properly crosses R, at
time n., at least 2/3 of the length of that curve remains not matched. Thus if p; = ng Tg_,z@bi, then

at least (1 — e®% /3)p; remains unmatched. Using e®6 < 2, we conclude that at least (1/3)p; of
the mass remains unmatched. Thus if ¢ denotes the total mass remaining after matching at time
n., we have t > 1/3. Renormalizing the family by v, we have Y, [W;|71E < 3C,.

By the proof of Lemma 6.9 with Cy = 3C;, we see that choosing nﬁ such that 6Cy0, < 1/3,
then the bound in (6.14) is less than C,, and the family recovers its regularity in the sense of
Lemma 6.9 after this number of iterates.

Lower Bound on Matching. By definition of admissible family, for each ¢ > 0, Z|Wi| <o Pi < Che.
So choosing & = &y/(6Cp), we have that

N

Z Pi >

[Wi|>60/(6Co)

On each W; with |W;| > 60/(6Cp), we have at least one U’ € Gn, (W) that properly crosses R, by
Lemma 6.4. Then denoting by U 7 the matched part (mlddle third) of U j’-, we have

/ Ty = | dioT™ Jyi T = > %0 inf o)y inf Jy T™
gt 7 Ut J
J
* (5/3)™*
1 —adg, —Cabd/? s UZ| 1 C™d .
> 3€ ¢ 0pje” e ‘U;| > Epi 5 =:E&n.Pi,

where we have used the fact that if W € W?* and T~'W is a homogeneous stable curve, then
|T—'W| < C~HW|3/® for some constant C' > 0 (see, for example [D73, eq. (6.9)]).

SRecall that n, is defined in Lemma 6.4 while N(§)~ is defined in equation (6.4).
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Thus a lower bound on the amount of mass coupled at time n, is sg* > 0.

We are finally ready to put these elements together. For k, € N and k = 1,...k,, let Mé(k)
denote the index set of curves in G, (We) which are matched at time kn,. By choosing dg small,
we can ensure that ny < n., where ny from Lemma 6.9 corresponds to Cy = 3C,. Thus the family
of remaining curves is always admissible at time kn,. Let M*(~) denote the index set of curves
that are not matched by time k.n.. We estimate using (6.12) at each time n = kn,,

/ Loy = Z > /En kn. g T[’;”*iﬁ - /ﬁn [ Tk*n*wl

k=14ieM?(k) iEM(~

< Z Z Enfkn*kan* ¢2 + Z / L k*n*f Tk}n* 1};1

k=14ieM?(k) Ui €M1 (~)

(6.15)

We estimate the sum over unmatched pieices M*(~) by splitting the estimate in curves longer than
§, M*(~; Lo), and curves shorter than &, M*(~; Sh).

Z / L£n= ksns Tk:*n*¢ — Z / Ln— kxns Tk*n*1/} + Z / Ln= ksns Tk:*n*wZ

ieML(~) i€ML(~ ieMt(~
< > |H£nk*"*f|H+/[T";2"*1ﬁe+ > A\Hﬁnfk*n*f\HJ!W\cOvaTk*"*!CO
ieM*(~;Lo) i i€ M*(~;Sh)
< (1= )3 1Ll + A2)|L™ | -6 ]%bel o Co -

where we have used (5.13) and the fact that k.n. > ng. For the sum over long pieces, we used that
the total mass of unmatched pieces decays exponentially in &k, while for the sum over short pieces,
we used Lemma 3.1 and Remark 3.2 to sum over the Jacobians since |W?!| > §p/2. Finally, since
[th1]co < €% £ 1y < %, we conclude,

D

€M1 (~)

L= KM f Tk*n*
Vl

< (3L - T )k +84CE ) L™

< (3L(1 — )P+ 8AC*O%) / L e,
w

using the fact that [, 12 = 1. A similar estimate holds for the sum over curves in M 2(~). Finally,
we put together this estimate with (6.15) to obtain,

/ £nf¢1<z 3 /ﬁn TNy /En e f Ty

k=14ieM?(k iEM(~)

<2/ L fahy +2 Z
FEM2(~)
+

ieM1(~)

< /W2 L7 f 1y (2+3(3L(1 — Ens )k +8AC‘0%)) .

/ ﬁn—k*n* f f‘ljzn* 1;2
J

/ L= k*n*ka*n* |
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We choose k. such that .
sn* k
L(1 - < - 1
3L( 5 )< 5 (6.16)
Note that this choice of k, depends only on g via €,,, and not on §. Next, choose § > 0 sufficiently

small that

_ 1
8AC()5/(50 < 6 (6.17)

/Wl £y <3 /W2 £rf s,

Finally we prove that the first alternative of Proposition 6.3 must happen. Suppose the contrary.
Since this bound holds for all W, W?2 € W?(8y/2) and test functions 11, 2 with o V1= [p2tb2 =
1, we conclude that, for k > k, and m > N ()™,

These choices imply that

e fily _ 160 1€ IS _ 160

SR S <—XL
|||£kn*+mf|”_ - 9 H]/Jk”*f - B

L,
[

©| oo

if we choose L > 60. ]

6.3 Finite diameter
In this section we prove the following proposition, which completes the proof of Theorem 2.1.

Proposition 6.11. For any x € (max{%, 1, ﬁ}, 1), the cone Cycyaxr(0) has diameter less

than A = log (E}ti;; XL) < 00 in Cea,1(8), assuming 6 > 0 is sufficiently small to satisfy (6.19).
Proof. For brevity, we will denote C = C. 4,1.(0) and Cy = Cycra,xr(6). For f € Cy, we will show
that p(f,1) < oo, where p denotes distance in the cone C. Fix f € C, throughout.

According to (4.1) if we find A > 0 such that f — X > 0, then &(1, f) > A.

Notice that || f — Al = [If]l. — A. Hence f — X satisfies (4.6) if

L(1-x) _
I, A< LAl - %) = A<y —a

where we have used that f € C,.

Similarly, f — X satisfies (4.7) if, for all W € W? (0) and ¢ € D, g(W),

w0 iy -y = 2 UEAN g

fw ¥ - A+1
Next, notice that for any A > 0, W', W2 € W2 (§) and vy € Dy o(W?),
fwl(f - )\Wl _fw2(f - /\)¢2 o le [ N fW2 [ _ )\(\W1| _ |W2|)

fwl ¢1 :)Ew2 ¢2 B fwl 71)1 fw2 1/}2 (618)
< Pdws (WH W25 CA|| £ 4 MO + Cs)dyys (W W),

where we have used (5.8), so that f — X satisfies (4.8) if

Xdw: (W W28 A Fll -+ MG+ Co)8' Vs (W W2)T < dyys (W W26 CA(I - = A) -
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This occurs whenever

cAll Al —x?)
A< A< (1-— =:
ST < (1=l
provided that § is chosen sufficiently small that
0+ Cs < xcA, (6.19)

which is possible since cA > 2C; by (5.34) and x > 1/2.

Note that as < asz < aj, so that as = min;{a;}. Thus if A < a9, then f — X € C, ie.
a(l, f) > ao.

Next, we proceed to estimate 3(1, f) for f € Cy. If we find p > 0 such that p — f € C, this will
imply that B(1, f) < u. Remarking that [|u— f||l. = p— I flll; we have that p — f satisfies (4.6) if

L _
s A1 = I AI-
L—1

p= 7H|f\ll+ B

while p — f satisfies (4.7) if for all W € W2 (0), ¥ € D, g(W),

Wi q'“fwffwz{m'mal el = ez 0, =5

Finally, recalling (6.18) and again (5.8), we have that u — f satisfies (4.8) whenever
Xy (W W28 A F| -+ (8 +Co)8tayys (W W2)T < dyys (W W26 eA(u— I £ -
This is implied by,

cA 2
nz S,

= >t H\f|H+ : B3,
where again we have assumed (6.19).

Defining 8 = maxi{@-} it follows that if 4 > B3, then u — f € C. Thus B > B(1, f). Since
x > 1/L and % > 1/(A ) 1t holds that B3 > (2 > (1. Thus 8 = B3. Our assumption also
implies y > 1/A, so that ay > 1+ XN

Finally, recalling (4.1), we have

_ ﬁ(Lf)) <53) L <<1+x>2 )
o) = 1o T57) < toe (5 < ow ooy | = la— o)

for all f € Cy, completing the proof of the proposition. O

Remark 6.12. Note that, setting x« = maux;{27 T \/ﬁ}, for x < x« Proposition 6.11 implies only

that the diameter of Cyeyax1(0) C CyrennAn.(0), i Ceoa,1(6), is bounded by log (Eljx*§2 X*L> If

needed, a more accurate formula can be easily obtained, but it would be more cumbersome.
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7 Convergence to Equilibrium and Decay of Correlations

In this section we show how Theorem 2.1 (i.e. Theorem 6.10 and Proposition 6.11 ) imply the (by
now classical) result on decay of correlations and convergence to equilibrium. To be more precise,
the results are comparable with the ones obtained in | | since they apply to a similar (very)
large class of observables (and possibly even distributions). Before stating the exact results (see
Theorems 7.3, 7.4 and Corollary 7.5), we establish a key lemma that integration with respect to
Usrp against suitable test functions respects the ordering in our cone. Recall the vector space of
functions A defined in Section 4.3.

Lemma 7.1. Let 6 > 0 be small enough that 2C,C(1 + A)(0*3 + 63 Balay) < 1, where
Cy,Cp, > 0 are from (7.4) and lyax is the mazimum diameter of the connected components of
M.

Suppose 1 € C*(M) satisfies 2(2(5)1*5|w’\00(M) < aminpy . If f,g € A with f < g, then
ffwdHSRB < fg¢dNSRB-

Proof. Let ¢min = minjs ¢. The assumption on ¢ implies that ¢ € Da g(W) for each W € W2 ()
since,

()

1 10| oy | co(any
log 2 _
’ o8 1#(2!) ’ S wmin W}(:E) ¢(y)| S wmin § ¢min

Suppose f,g € A satisty f < g. If g — f = 0, then the lemma holds trivially, so suppose instead
that g — f € Cc,a,1.(6). Then according to (4.5) and (4.7), for all ¢ € D, g(W),

g == Jwo < fwlo—Hvdmw < llg—flly fyw ¢ VW e W3(6) (7.1)
|fw (g = Pdmw| < llg = FI_ASIWIT fi 0 VIV € W2(9). (7.2)

Next, we disintegrate pusgrg according to a smooth foliation of stable curves as follows. Since the
stable cones for T are globally constant, we fix a direction in the stable cone and consider stable
curves in the form of line segments with this slope. Let ks > kg denote the minimal index k of a
homogeneity strip Hy such that the stable line segments in Hj have length less than §. Due to the
fact that the minimum slope in the stable cone is KCpin > 0, we have

d(z,y) (20)'Pd(z,y)" .

ks = Cpo~ /3, (7.3)

for some constant C, > 0 independent of 6.

Now for k < ks, we decompose H, into horizontal bands B; such that every maximal line segment
of the chosen slope in B; has equal length between § and 26. We do the same on M \ (Ug>,Hy). On
each B;, define a foliation of such parallel line segments {W¢}ecz, € W#(6). Using the smoothness
of this foliation, we disintegrate ugsrp into conditional measures cos cp(av)dmw5 on W¢ and a factor
measure [t on the index set Z;. Note that our conditional measures are not normalized - we
include this factor in . Finally, on each homogeneity strip Hg, k > ks, we carry out a similar
decomposition, but using homogeneous parallel line segments of maximal length in Hj, (which are
necessarily shorter than length §). We use the notation {We}eez, € W2 (9) for the foliations in
these homogeneity strips. Note that in both cases, we have [i(Z;), i(Z;) < Cy, for some constant
Cy depending only on the chosen slope and spacing of homogeneity strips.

Also, it follows as in (3.3), that for x,y € W € W2 (9),

log <54(@) Ca(20)/*Pd(z,y)?
cos p(y)
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so that cos¢ € Da g(W) by the assumption of Lemma 5.2. Thus thcose € Dy (W) for all
W e W2 (9).

Using this fact and our disintegration of psrs, we estimate the integral applying (7.1) on =; and
(7.2) on E,

[ (o= pvdisa =3 | | /Wi(g—f)wcossodmmdu Y / / g — £ cos p dmuw, dii(€)

k>ks

S0l | L[ veospdmudnte)~ 45 Y [ cos g dmudice)
i V= 3 Ek €

k>ks

> lg = fIl- | Ymintisne (M \ (Ukzk;Hi)) — ASCeltblco » k2
K>k

> g~ Il (imin(L — 200C0%) — [0]cn ACCH25Y)
(7.4)
where we have estimated Zk>k k2 < 2k5 and fisgp (Ug>ks Hi) < 20,C,64/3.

Now [¥|co < Ymin + lmax|? |Co where £,.x is the maximum diameter of the connected compo-
nents of M. Then by the assumption on ¢, we have

2C,Cp (1 + A)63 3| co < 200CH(1 + A)5Y 39hmin (1 + lrnax 2(20)°71)
< Yuin2CCh(1 + A) (6 + alimaxd ) < thin,

where for the last inequality we have used the assumption on ¢ in the statement of the lemma. We
conclude that the lower bound in (7.4) cannot be less than 0. O

Remark 7.2. Lemma 7.1 implies there exists C' > 1 such that [y, f dpsps > C7H| f]|- > 0 for all
fe CC7A7L(5).
Using instead the upper bound in (7.1) and following the estimate of (7.4) yields,

0< /M fdpsgs < ‘|‘fm+0‘w‘€0 )

forall f € Ce.a.1.(8) and ) as in the statement of Lemma 7.1. This can be extended to ally) € C1(M)
by defining Cy as in (7.8) below to conclude

/ F dpsns < 11l Cliblen -
M

Convergence to equilibrium, including equidistribution, and decay of correlations readily follow
from the contraction in the projective metric p¢ (-, ) of the cone C. a.1.(6). Set pusrp(f) = fM fdusrs-

Theorem 7.3. Let § > 0 satisfy the assumption of Lemma 7.1. There exists C > 0 and 9 < 1
such that for alln >0, f,g € Cc a,1,(0) with fM fdisps = fMgduSRB, all Wi, Wo € W#(0) and all
P € CY(W;) with le P = fW2 9, we have

‘ L" f 1 dmyy, — L" g1 dmyy,
W1 W2

In particular, for all W € W5(3) and ¢ € CH(W),

< Ccv" (Wl‘cl + ‘¢2‘01)NSRB(f) .

‘][ »Cnfw dmyy — ,USRB(f) ][ (0 de‘ < Co" W}’OUJSRB(JC) . (7-5)
w w
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Proof. Tt is convenient to extend the definition of || - ||, to all of A by

[ dmw
il = sup Uil
wews(s) Jw ¥ amw

W€D, g(W)

Note that, with this definition, || - ||, is an order-preserving semi-norm in A.” Also psgs(f) =
Jas [ disrs is homogeneous and order preserving in C 4,7,(d) by Lemma 7.1 applied to ¢ = 1. Then
[ , Lemma 2.2] implies that, for all f,g € C. 4, 1(5) with psrs(f) = psrs(g),

Ie™f =Ll < (e’”“"f’ﬁng) = 1) min{[[£* fl 5 [1£7 9l 3- (7.6)

Hence by Theorem 6.10, Proposition 6.11 and [ , Theorem 2.1], there exists C' > 0 such that
for all n > n(d) := N(0)™ + k.n,

2" f = £l < Co" ming|[ £l llgll 1} (7.7)
where ¥ = [tanh(A/él)]l/"(é). Hence, applying (7.7) with g = usgs(f) implies,

’ 'fw Lrfpdmy [y L™ (psro(f)) ¥
ow fw¢
< Oﬁn 9] copsre(f) -

Since £"1 = 1 and |[|usre(f) || = tsre(f), the above proves (7.5) for ¢ € Dy g(W). To extend this
estimate to more general ¢ € C1(W), define v =1+ Cy, where
Cy = [thmin| + 2[¢|c0(20)' 77 . (7.8)

Then ¢/ = ¢ and miny ¢ > %|@Z~/|Co (26)'=, so that ¥ € Da 5(W) by the proof of Lemma 7.1.

Then since also Cy, € D, g(W), the estimate for (7.5) follows by writing ¢ = b — Cy and using the
triangle inequality. Finally, the first assertion of the theorem follows from another application of
the triangle inequality. O

‘][ L7 dmw — psus (f
w

Theorem 7.4. Let 6 > 0 satisfy the assumption of Lemma 7.1. There exists C > 0 such that for
alln>0, ¢ € c! (M) and f,g € CC,A,L((S); with MSRB(f) = HSRB(Q);

‘/M L*f b dpsps — /M L ¢ dpsps| < CO* Y] cr(ary min{[[ 1l g1l 4 } - (7.9)

In particular,

’/ fonndMSRB_/ fdMSRB/ Y dpspp
M M M

< COblen oy /M f dpsns.

Proof. Following the strategy of Theorem 7.3, given ¢ € C!(M) satisfying the assumption of
Lemma 7.1, we define a pseudo-norm for f € A by

1ls = ] [ £ (7.10)

"A semi-norm || - || is order preserving if —g < f < g implies ||f|| < |lg||. The space A is defined just before (4.5).
| , Lemma 2.2] is stated for order preserving norms but its proof holds verbatim for order preserving semi-
norms.
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By Lemma 7.1, || - || is an order-preserving semi-norm, and as in (7.6), invoking again | ,
Lemma 2.2], Theorem 6.10, Proposition 6.11 and [ , Theorem 2.1], we have for f,g € Cc a.1.(6)
Wlth ,U’SRB(f) = MSRB(Q) and n Z 77,(5),

1£"f = L7lly < CO" min{[| L f [y, [[£7gll } < CO"[blco min{[[[ £l llglll, 3

where we applied (7.7) and Remark 7.2. This proves (7.9) for 1 satisfying the assumption of
Lemma 7.1. We extend to more general ¢ € C*(M) by defining =1+ Cy, where Cy, is given by
(7.8), and arguing as in the proof of Theorem 7.3.

Next, by definition of £ and using that £™1 = 1, we have

/ foT" dpsrs — / fdMSRB/ ¥ dpsrs = / L(f = psra(f)) ¥ dpsws -

M M M M

Thus applying (7.9) to g = psrs(f) yields the second claim of the Theorem since ||usrs(f)[|. =
psre(f)- O

Corollary 7.5. The convergence in Theorems 7.5 and 7. extend to all f,g € CY(M), with
|fleranys 9lerary on the right hand side.

The proof of this corollary relies on the following lemma.

Lemma 7.6. If f € CY(M), then A+ f € Cc,a,(0) for any

A+21*‘1|f’ CA+SCs|f|
A— 1= 4 oo VI

L+1
32 max {7 e,
Proof of Corollary 7.5. Let f,g € CY(M) with psps(f) = psrs(g) and let 1p € C1(M). Let Af, Ay

be the constants from Lemma 7.6 corresponding to f and g, respectively, and set A = max{As, A\s}.
Then f+ X g+ A € Cear(6) and pspp(f +A) = psre(g+ A), so that by Theorem 7.4, for all n > 0,

‘/Mc"u—g)wm] -

/M L7(f + A — (g + X)) dim]| < C9"ler agy max{ | flos any. [9leran )

since [|f 4+ Al . < A+ [f[co, and by Lemma 7.6, Ay > C”|f|c1(ar), with analogous estimates for g.
This proves (7.9) and the second claim of Theorem 7.4 follows from the first by setting ¢ = psgrs(f)
as in the proof of that theorem.

The extension of Theorem 7.3 to f,g € C*(M) follows analogously, replacing the integral over
M with the integral over W to prove (7.5), and then using the triangle inequality to deduce the
first statement of the theorem. O

Proof of Lemma 7.6. We must show that A\ + f satisfies conditions (4.6) - (4.8) in the definition of
Ce.a,1(6). Since

A+ Flly <A+ 1fleo,  and A+ FllZ = A= [flco, (7.11)
to guarantee (4.6), we need
A+ |f|Co L+1
— <L A> .
A=|[fleo = = Wleo
Next, to guarantee (4.7), for W € W?(6), ¢ € D, g(W), we need,
_o S A+ DY _ A+ 211
qJW < ASTTI(N — > _—
W < A0 ) = Az e gy
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Lastly, we need to show that (4.8) is satisfied. For this, we prove the claim:

Jw fr S, Fn
le ¢1 JEV[/2 7/’2
for Wi, Wa, 11,92 as in (4.8). Recalling the notation Wy, = {Gw, (r) = (r,ow,(r)) : 7 € Iw,}

for k = 1,2 from Section 4.2, we set Wy = Gw, (Iw, N Iw,) and W = Wy, \ Wy. As in Sec-
tion 5.2.3, we assume without loss of generality that |Wa| > |W;| and le 1 = 1. Also, we

may assume |Wa| > 206!V dyys (W1, Wa)7; otherwise, (7.12) is trivially bounded by 2|Wa||f|co <
405(51_7dws(W1,W2)7‘f|00.
Next,
Jw, T Jw, Fo - T, fo1 = [y, Fi2 N Jo, P2 [ fw, 2 Z UW fon]
le (& J[WQ P2 | T le Y1 fwg P2 le (& fWk ¥k

To estimate the first term above, recalling (4.3) and d. (11, 12) = 0, we have for r € Iy, N Iy,,

[(Fr) o Gwy (M) |G, (M) = (F1h2) © Gy () [| G, ()]
= Y1 0 G, (N)|Gw, (N)I1f © Gw, (1) = f 0 Guy (r)] < W1 0 G, (1) |Gy, (M) I codwys (W1, W2)
and integrating over Iy, N Iy, yields,

S, f1 = [, Fi2 le (1
J[W1 (& JCWI
For the second term in (7.13), note that our assumption |Wa| > 2Cs6*~Vdyys (W1, W3)? implies as

in the estimate following (5.6) that Iy, N Iy, # . Thus we may apply (5.9) and (5.10) and use
fwl 11 = 1 to obtain,

< 8C 6 Vdyys (W1, W) |f|on s (7.12)

(7.13)

|| codws (Wi, Wa) < 25| f/| codyys (W1, Wa). (7.14)

7, J V2 (0
JwaT0e (a2 )| g, / W2 — [Wal| < | leo6Csdys (Wi, Wa). (7.15)
fw, Y2 \ fw, 01 Wa
Finally, the third term in (7.13) can be estimated by

| five fUk|
5 T 3 = 21wt 1, 9
Wy

Collecting this estimate together with (7.14) and (7.15) in (7.13), we obtain

S, i B S, Fi2
fw, 01 fy, P2
proving the bound in (7.12) since dyys (W5, Wa) < 6.
With the claim proved, we proceed to verify (4.8). Using (5.8) we estimate,
S F+ 200 Jy, (F + M le for Jy, fibe
fwl (3 ]CW2 (> JCWI V1 fWQw
< 8C6  Vdyys (Wi, Wa) 7| flon + A2Csdwys (W, Wa) .

< 8Csdyys (W1, Wa)|flcn

+ MW — [Wa|

Thus (4.8) will be verified if
8C6 Y dyys (W1, W)Y | flor + X2Csdyys (W1, W) < cAS Y dyys (W1, Wo) (X — | f|co),

which is implied by the final condition on A in the statement of the Lemma since dyys (Wi, Wa) < §
and cA > 2C; by (5.34). O
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8 Applications

Suppose that we have a billiard table Q = T? \ U;B; and that the particle can escape from the
table by entering certain sets G C @), which we call gates or holes, but only at times kN for some
N € N. One could easily consider also the case of G C Q x S (i.e. some velocity directions are
forbidden), however we prefer to keep things simple. On the contrary the limitation that the holes
are “open” only at times kN is not very natural and is introduced only since it drastically simplifies
the following arguments. To remove such a limitation means that we would have to contend with a
limited amount of hyperbolicity from two consecutive visits to a neighborhood of the hole. In turn
this would not allow us to use directly the results developed in the previous sections and would
force us to redo all the arguments while keeping track of the combinatorics of the trajectories that
either fall or do not fall into the holes. To do that is a highly non trivial job (see [\, AL] for an
implementation in simpler situations) which exceeds our current objectives.

A hole G C @ induces a hole H C M in the phase space of the billiard map T". We formulate here
two abstract conditions on the set H, and then provide examples of concrete, physically relevant
situations which induce holes satisfying our conditions.

(H1) (Complexity) There exists Py > 0 such that any stable curve of length at most J can be cut
into at most Py pieces by OH, where § is the length scale of the cone C¢ 4,1,(9).

(H2) (Uniform transversality) There exists C; > 0 such that, for any stable curve W € W* and
e >0, my(N:(0H)) < Ce.

Remark 8.1. Assumption (H2) can be weakened to, e.g., my (N.(OH)) < Cie'/2, but this would
then require dyys(W*', W?2) < 6% in our definition of cone condition (4.8). Similar modifications
are made to weaken the transversality assumption in the Banach space setting, see for erxample

[DZ3, D2,

We let diam®(H) denote the maximal length of a stable curve in H, which we call the stable
diameter.

Denoting by 14 the characteristic function of the set A, the relevant operator is given by
Ly = LN ge, where H¢ denotes the complement of H in M, and L is the usual transfer operator
for the billiard map. The main objective is to control the action of the multiplication operator 1 je
on the cone C. 4 1,(9).

8.1 Small holes

]1/q

Lemma 8.2. Under assumptions (H1) and (H2), if diam®(H) < ¢ [ﬁ

, we have
Lge[Ce,a,0(0)] C Cor a1 1/ (9),

where

L' =2P 1)’ A A = 2P 100 4
¢ = Pge®®)" +2(295 + 3¢) + A(Py + 2)Pg ' CY .

Proof. Letting f € C. a,1,(0), we must control the cone conditions one by one. We begin with (4.6).
Given W € W#(9), let Gy denote the collection of connected curves in W\ H. Then applying (4.7)
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to each W’ € Gy, for ¢ € D, g(W), we estimate

/W(ﬂHcf)wdmw = Z /W, o dmy

W’eGo

< S | v WAS ) (51)

W'eGo

< P9’ 4| )1 / ¥ dmay.
w

On the other hand, if the collection of disjoint curves {W;} is such that U;W; = W N H,

/ (]chf)w de = / fw de —/ (]le)wde
w %% w
> 171l / dmy — S W14 | f o dmw,
W - Wi
> {1 e AR i (Y £ [ i
w
Hence, for diam®(H) small enough,

1

Iaze fl- = S (82)
Accordingly, taking the supremum over W, in (8.1),

- )

e il < 2P~ 7" Al Lge |- =: L'l Laef |-
Next, to verify (4.7), if W € W2 (0), then estimating as in (8.1),
/ (Lpge f)vodmy = Y / fodmy
w W’eGo wr

< X @ WS f vy

W'eGo

< RWre e A5 A f by

w
< 2P} YW |7e*20)” A5V 9| gy £ ][W Ddmyy
. AWJS I L £ fw bdmu |

where we have used (8.2) for the third inequaity.

We are left with the last cone condition, (4.8). We take W, W2 € W (§) with dyys (W, W?) <
d, and v; € Dy o(W;) with di(11,2) = 0.

As in Section 5.2.3, we may assume w.l.o.g. that [W?| > [W?| and f;, ¢1 = 1. First of all note
that, by condition (4.7) and our estimate above,

S Lae fbn,

_ 1 _
P < AWHIST Y Ly f| - < s (W16 [ 1y ]|,
Wk
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for k = 1,2, provided |[W?|? < 6q_7§dws(W1, W2)7. Accordingly, it suffices to consider the case
W22 > 59 Sdyya (W, W27,

It follows from (5.8) that W17 > 16977 Edyy« (W, W?)7, recalling that dyys(W?', W?2) < § and
(5.7). By (H2), we may decompose W* N H® into at most Py ‘matched’ pieces Wf such that
dWs(le, WJZ) < dyys(WH, W?2) and Ij1 = Iyy2, and at most Py + 2 ‘unmatched’ pieces Wf, which

J J
satisfy,
WF) < Crdos (W, W2).
Then, using condition (4.7) and noticing that dy(¢1|y1, ¥2|y2) =0,
J J

Jwr e fr Jyo Tue fob fwjl fin fwz faba

ZIW 951 A £ e

le (A fw2 o - f 2 W2
W1 ¥ f¢2 for 1 fyp2 2 (8.4)
dyys (W W61 7cA B B S
< Z Fog el Y8t cAll Il [ ey w”

+ 8(Py + 2)Cdyys (W1, W2)751_7AH]]1HC fm_
using (8.2). Next, since IW1 = Iwz recalling Remark 4.4 and (5.8) we have le P = fW2 1y and”
||W1] |W2|| < |W1|dW5(W1 Wz) Then applying (4.7) and recalling le Y1 =1,

ij? fiba fwjl V1 frye P2 W2
fuata | Fun b fon 0 |W}\7[Wz v
w2
% - ! 8.5
) /WQW\‘W}') (5.5)

wo = [ )

Next, recalling [W?| > 517%[0/2]%dws(W1, WQ)% and using (5.10) yields,
g \' 1(1—g) 2o _a
o W2|—/ | < 60412/ T 0055 e (W, W2
W2 w2

where we have again used (5.7) and dyys (W', W?2) < §. Using this estimate and the fact that
g <1/2in (8.5) and summing over j yields,

fwffl/’? . fwjl¢1fwz¢2

|q51 q

Fwe
| AllFIl-

w2
+H/Vj2|q 5 \1¢
(W2je \[W?|

2051 N A A
< Al { WO e (W, W5+ 2o, (\W?l)

2
w3
1
W]

< Al e <\W2|q51 ‘

< 4—76c<5 d S(W17W2)'y’

3\ 2|
1 W2

< 2461 || £l _dws (W W2 ST e w2 4
J
< 248 ||l _dws (W, W) Py~ (276 + 2¢) .

Finally, using this estimate in (8.4) concludes the proof of the lemma,

fwl ﬂHcf¢1 . fw2 ﬂHCﬂ/@
fwl wl fw2 ¢2

< dye (W, W2)18' 7 A2 1 £ (P +

2295 + ) +4(Ry + P CY) |

9Since Iyy1 = Iyy2, the term on the right side of (5.8) proportional to Cj is absent in this case.
J J
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where we have again used (8.2). O

Remark that, by Theorem 6.10, we know that there exists Ny € N, Ny < ny + C, Ind~! where
ny, defined in Lemma 6.4, depends only T and Jy while Cy depends only on ¢, A, L, such that

LNTCe 4,1(8) C Cyexaxr(9)-
Proposition 8.3. For ny, > KNy, with K depending only on ¢, A, L, Py, Cy, if assumptions (H1)

1/
and (H2) are satisfied and diam®(H) < ¢ [ﬁ] q, then, for all n > ny, [L"L1ge|Cea,r(6) C
CyexAxr(9), where Ce a.1,(0) is given in Theorem 6.10.

Proof. Define k = N(§)~ + kun., where N(§)~, k. and n, are defined in Theorem 6.10. Then for
n = mk, we may apply both Lemma 8.2 and Theorem 6.10 to obtain,

(L™ 5¢]Cen1(8) C L™ Co a1 1(8) < Comer yom ar yms (8)

for as long as x"'¢’ > ¢, YA’ > Aand Y™ L' > L. Letting m; denote the least m such that x"'¢’ < ¢,
XA < A and YL’ < L, and setting n, = (my + 1)k produces the required contraction. O

Remark 8.4. Once we know the transfer operator for the open system acts as a strict contraction
on the cone, it is straight forward to recover the usual full set of results for open systems with
exponential escape, including a unique escape rate and limiting conditional invariant measure for
all elements of the cone. See Theorem §8.18 for an example.

8.2 Large holes

The above pertains to relatively small holes. For many applications large holes must be considered.
To do so requires either a much closer look at the combinatorics of the trajectories or requiring
the holes to open at even longer time intervals than what was needed before. We will pursue the
second, much easier, option with the intent to show that large holes are not out of reach. To work
with large holes it is convenient to weaken hypothesis (H1):

(H1") (Complexity) There exists Py > 0 such that any stable curve of length at most dy can be cut
into at most Py pieces by 0H.

When iterating T-"W for W € W?, we will need to distinguish between elements of G, (W)
which intersect H and those that do not. Recall that G, (W) subdivides long homogeneous con-
nected components of 7~"W into curves of length between &y and 6y/3. We let G (W) denote the
connected components of W; N H€, for W; € G,,(W), where H® = M \ H. Following the notation
of Section 5.2, let LoX (W;§) denote those elements of GH (W) having length at least § and let
ShH (W ;§) denote those elements having length at most §.

Without the small hole condition, hypotheses (H1’) and (H2) are insufficient to prove Lemma 8.2;
however, one can recover the results of Proposition 8.3 and its consequences provided one is willing
to wait for a longer time. This is due to the following result.

Lemma 8.5. If (HI') and (H2) are satisfied, then for each § > 0 small enough (depending on
psrs(H)) there exists ng € N, ng < C'lnd~! for some constant C > 0, such that for all W € W?3(J)
and n > ng,

—_

S /W/ T T > (0= prsgs(H))

W’eLoH (W,5)
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Proof. Arguing exactly as in Lemma 8.2 it follows that if (H1") and (H2) are satisfied, then there
exists ¢ > ¢, A" > A, L' > L such that 1gc +1 € Cy 4/ 1(6). Then by Theorem 7.3 applied to this
larger cone,

. e = = )| = [, 270 1) = 2 )| < i

On the other hand, recalling Lemma 3.1,

L™ (1ge) — Wl/ Jy T < Wl/ Jw T
ACACEOE D SN > it

W'eLoH (W,5) W'eShH (W,8)
< Po(Cody 'o + Cob}),
which implies the Lemma. O

We are now able to state the analogue of Proposition 8.3 without the small hole condition.
Note, however, that now n, has a worse dependence on ¢ that we refrain from making explicit.

Proposition 8.6. Under assumptions (H1') and (H2), for each § > 0 small enough there exists
¢, A,L>0, x € (0,1) and n. € N such that, for all n > ny, [L"1ge|Ce A,1(6) C Cyeyaxr(9).

Before proving Proposition 8.6, we state an auxiliary lemma, similar to Lemma 8.2.
Lemma 8.7. There exists ng > 0 such that for n > ngs, [L"1ge|Cea,(6) C Cor ar 1/(5), where

6 9
d=cPy, A=A— "  and L'=L— " |
’ 1 — psrp(H) 1 — psrp(H)
Proof of Proposition 8.6. Letting n = mk + ng, with & = N(§)~ + k«n., we may apply both
Lemma 8.7 and Theorem 6.10 to obtain,
[ﬁn]ch]Cqu/((S) C ﬁkaC’,A’,L’ (5) < CXmC,aXmA/vxmL/((S) ,

for as long as x"c¢ > ¢, Y"A’ > A and x™L' > L. Letting m; denote the least m such that
X" < e, XA < A and Y"L' < L, and setting ny = (my + 1)k + ns produces the required
contraction. O

Proof of Lemma 8.7. Let n > ns (from Lemma 8.5) and f € C. 4,1(6). For each W € W?(§) and
1 € Dy 3(W), we have

YL (Tgef) = T f + o f, (8.6)
/W WleLoZH(W 5)/ " ers%‘;wa / "

where we are using the notation of Section 5.1 for the test functions. Since any element of G, (W)
may produce up to Py elements of ShZ(W;4) according to assumption (H1’), we estimate

Joreanns S W [ v AR [ (@t ep)

W, Lol (W;8)

<Al [ 0 (1 AR (Cossy" + o))
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where we have used |W| > § and cone condition (4.7), as well as Lemma 3.1(b) to sum over elements
of SRE(W;6).
Analogously, using Lemma 8.5,

" c _ AP a(26)” ~oss—1 n
feeunz S w [ AR [ v cossst+ o

W€ LoH (W;5)

—a(26)8
€ a B, A — I
2 IfIl- [ v ( (1~ snaH)) — AR (o + Cof >> |
w
Let ng be such that 2APyC07? < i(l — psrs(H)), then for n > ny and § small enough we have

n 1
L™ (Lae - = WA & (1 — psre(H))- (8.7)
Accordingly, for n > max{ng,ns} =: ns and ¢ small enough, we obtain

e e NIl AL _ 9L
£ (Lae A=~ M- (G = psru(H)) ~ 1= psns(H)

The contraction of A follows step-by-step from our estimates in Section 5.2.2. Taking W €
W# (§) and grouping terms as in (8.6) we treat both long and short pieces precisely as in Section 5.2.2
with the additional observation that each element of G, (W) produces at most Py elements of
ShH(W;§) by assumption (H1’). Thus (5.4) becomes,

= L. (8.8)

L1 ge _
‘fww ( H f)| < A(Sl_q‘W|qH|fH|, (QLA_l + P0€G(26)B(0050_1’W’ + 009711)1—11)
fw ¥ . (8.9)
< A517q\W\qH|ﬁn<]1HCf)HLTRB(H) = AT WL (Mg ]

where we have applied (8.7) and assumed n > max{ng, ns}.

Finally, we show how the parameter ¢ contracts from cone condition (4.8). Following Sec-
tion 5.2.3, we take W1, W2 € W5 (§) with dyys (W1, W?2) < 8, and ¥y, € Dy o(WF) with du(th1,19) =
0. As before, we assume w.lo.g. that [W?| > [W*| and f;;,, ¢1 = 1.

We begin by recording that, by (8.9),

S Yk L (M pe f)
fwk (o

for k = 1,2, provided |[W?|? < 6‘1_7§dws(W1, W2)7. Accordingly, it suffices to consider the case
[W2[9 > §779Edyys (W, W2),

It follows from (5.8) that |W!|9 > L6977 Sdyys (W, W?2)7, recalling that dyys (W', W?) < § and
(5.7).

Next, following (5.11), we decompose elements of G2 (") into matched and unmatched pieces,
as in (5.12). We estimate the unmatched pieces precisely as in (5.14), noting that by (H1’) and the
transversality condition (H2), each previously unmatched element of G, (W*) may be subdivided
into at most Py additional unmatched pieces VJ"“' , while each matched element may produce up to
Py additional unmatched pieces each having length at most,

1
< ANWRISTIL pe )] - < s (W W28 e[ Te ]

V| < ClCsnA"dyys (W, W2 |
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by Lemma 5.5(a). Thus,

-~ 9P,
> / FTon| < ﬁCQALél_VdWS(Wl,W2)7H|£”(]ch A, (8.10)
ik VJ’“ J - MSRB( )
where we have used (8.7) in (5.13) to estimate
lem £l < Memfily < 30F0y < SEIAI- < = e (Mae Dl (8.11)

The estimate on matched pieces proceeds precisely as in (5.18), and with an additional factor
of Py in (5.19), we arrive at (5.23), again applying (8.7),

S [ 1T = [ 1T
j U; U;

< #%2400031451‘7%5(“/1, WYL (L £)]| - (2940C50777 + cCsn?A™"7 + 29C5nA™"5) .

Combining this estimate together with (8.10) in (5.11) (with A" in place of A in (5.11)), and recalling

(5.12), yields by (5.24),

fwl £nfz/}1 . fw2 £nfz/}2

fwl wl fw2 ¢2

where we have applied (5.25) to simplify the expression. Setting ¢’ = Pyc and recalling the definition
of A" from (8.9) completes the proof of the lemma. O

6P,
~1—p(H)

cAS Vs (W W2)IL" (L )]

8.3 Sequential open systems

We conclude the section by illustrating several physically relevant models to which our results apply.
Admittedly, we cannot treat the most general cases, yet we believe the following shows convincingly
that the techniques developed here can be the basis of a general theory.

Dispersing billiards with small holes have been studied in | , D1, D2], and results obtained
regarding the existence and uniqueness of limiting distributions in the form of SRB-like conditionally
invariant measures, and singular invariant measures supported on the survivor set. In the present
context, we are interested in generalizing these results to the non-stationary setting. Amnalogous
results for sequences of expanding maps with holes have been proved in [MO), ]

We consider a family of billiard tables on T? with uniform constants. In order that all the maps
and transfer operators act on the same space M, we first choose a number d of scatterers B; and a
set of d arclengths (¢1,...,£¢q) for the perimeters of the scatterers. Next fix 7, K, > 0 and E, < oo.
Let Qq(7x, Ky, E.) denote the set of billiard tables @ on T? with precisely d pairwise disjoint convex
scatterers with C® boundaries having perimeters ¢1, ..., ¢4, and satisfying,

Te < Tmin < Tmax < 7—;1; Ky < ICmin < K:max < K:;17 and HBQHC?’ < E,.

Let Ty(7s, Ky, E,) denote the associated set of billiard maps. Since we have fixed the number and
perimeter of each scatterer, all the maps in 74(7«, K, Fx) act on the same phase space M, although
maps pertaining to different arrangements of scatterers may be very different.

It is shown in | | that one can choose kg in the definition of homoegeneity strips, and dyp > 0
such that all T € Ti(7«, Ky, Ex) satisfy the distortion bounds, one-step expansion and growth
lemmas of Section 2 with uniform constants depending only on 7., K, and E,. Indeed, this family
of maps preserves a common set of stable curves W# | , Section 6.1]. In addition, an inspection
of the proof of Lemma 6.4 shows that n, is continuous in Qu(7y, Ky, Ey). Accordingly, a direct
application of Theorem 6.10 yields:
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Proposition 8.8. Fiz 7,,Ki > 0 and E, < oo, and let a,c, A, L, and &y satisfy the conditions of
Theorem 6.10. There exist x < 1 and N7 > 0, such that for all T € Tq(7«, Ky, Ex) if n > N7, then
L1CeA,1(0) C Cyeyaxr(0), where Lp is the transfer operator corresponding to the map T

Next, we introduce holes into a billiard table Q € Qu(7, Ky, Ex). Let H(Py, Cy) define the set
of holes H C M which satisfy (H1), (H1') and (H2) with constants Py and C}, respectively.
For concreteness, we give two example of physical holes that satisfy our hypotheses, following

[DWY, D2].

Holes of Type I. Let G C 0Q be an arc in the boundary of one of the scatterers. Trajectories of the
billiard flow are absorbed when they collide with G. This induces a hole H in the phase space M
of the billiard map of the form (a,b) x [—7/2,7/2]. Note that 9H consists of two vertical lines, so
that H satisfies assumption (H2) since the vertical direction is uniformly transverse to the stable
cone, as well as assumptions (H1) and (H1’) with Py = 3.

Holes of Type II. Let G C @ be an open convex set bounded away from 0Q and having a C?
boundary. Such a hole induces a hole H in M via its ‘forward shadow.’

We define H to be the set of (r,¢) € M whose backward trajectory under the billiard flow
enters G before it collides with Q). Thus points in M which are about to enter G before their next
collision under the forward billiard flow are considered still in the open system, while those points
in M which would have passed through G on the way to their current collision are considered to
have been absorbed by the hole.

With this definition, the geometry of H is simple to state: if we view G as an additional
scatterer in (), then H is simply the image of G under the billiard map. Thus H will have connected
components on each scatterer that has a line of sight to G, and 9H will comprise curves of the form
Sop UT(Sp), which are positively sloped curves, all uniformly transverse to the stable cone. Thus
holes of Type II satisfy (H2) as well as (H1) and (H1’) with Py = 3. (See the discussion in [D2,
Section 2.2].)

Still other holes are presented in [D2] such as side pockets, or holes that depend on both position
and angle, which satisfy (H1), (H1") and (H2), but for the sake of brevity, we do not repeat those
definitions here.

As noted, both holes of Type I and Type II satisfy (H1) and (H1’) with Py = 3. Moreover,
holes of Type I satisfy (H2) with Cy depending only on the maximum slope of curves in the stable
cone. This slope is bounded by Kyax + ﬁ, so choosing C; > Ky + 7, I suffices. Since OH for holes
of Type II have positive slope, the same choice of C; will suffice for such holes to satisfy (H2).

Fixing 74(7«, Ky, Ex) and H(FPy, Ct), we define a non-stationary open billiard by choosing a
sequence of maps and holes ((T;, H;))$2, such that T; € Tg(7s, Ky, Ex) and H; € H(Py,Cy). For
each i, the corresponding open system is defined by

Ty T M7 (M\ Hy) — M\ H;, Ty(z) =TM (x) for z € T, M7 (M \ H;),
where My = Ny + ny, and Ny is defined in Proposition 8.8, while n, is as in Proposition 8.3 or
Proposition 8.6 depending on which hypotheses are satisfied. To concatenate these into a sequential
system, define

Tjo(w) =Tjo o Tilw) for w € 0 T orero Ty (M Hy).
The transfer operator for the sequential system is defined by

Liaf =Ly Upe - L3 Lpef - (8.12)
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Remark 8.9. The definition of open system we adopt here permits trajectories to escape only if
they enter the hole at multiples of My iterates. This contrasts with the usual situation in the
literature in which escape is possible at each iterate of the map. Such results rely on the assumption
that the holes are sufficiently small in an appropriate sense. Yet here we are interested instead in
situations in which the holes are large, and so we use the iterates of the map to acquire sufficient
hyperbolicity to overcome this difficulty. To extend our results for large holes to the more natural
case in which the particles can escape at each time requires an analysis of the combinatorics of the
trajectories which exceeds our present goals.

We will be interested in the evolution of probability densities under the sequential system, given

[:’n,kf . a . .
by T Tt dnons” Note that if f € C. a.r(0) then fM Ly f > 0 for each n (thus the normalization

is well defined). When f > 0, this normalization coincides with the L!(pusps) norm; however, we
use the integral rather than the L! norm as the normalization since the integral is order preserving
with respect to our cone, while the L' norm is not. We conclude the section with a result regarding
exponential loss of memory for the sequence of open billiards.

Theorem 8.10. Fiz 7.,/ > 0 and E, < oo, and let a,c, A, L,d and 0o satisfy the conditions
of Theorem 6.10 and Lemma 7.1. There exist C' > 0 and ¥ < 1 such that for all sequences
(T3, Hy))2y € Ta(1e, Ky B x H(Py, Cy)°, satisfying either (H1), (H2) or (HI'), (H2), for all
€ CY(M), for all f,g € Cear(8) and all 1 <k <mn,

’I’L Eon n—
/ kf Y dpgrp — / 77]69 Y dusrs| < CLY k‘w‘Cl(M
M HSRB n kf M ,U«SRB([’n,kg)

Proof. Proposition 8.8 implies that the constants appearing in Propositions 8.3 and 8.6 are uni-
form. Hence if f,g € CCAL(é) then for each ¥k < n € N, nkf, nkg € Cear(0). Since
n, kf En k9

i} M mdusm / M isnn (B ) dusgs = 1, the theorem follows arguing exactly as in the
proof of Theorem 7.4, using again the order preserving semi-norm || - ||, as well as the fact that by
Remark 7.2,
£kt Lk

A < Cllon e < CLIY e -

psrs(Ln kf) H’En kaL
When inVOking (76)7 it holds that Pc (ﬁn,kf/ﬂSRB( n kf) n kg/,uSRB( n kg)) = pC(ﬁn,kfv ‘Con,kg)
due to the projective nature of the metric. O

Note that, by changing variables, fM Eomkf@bd,uSRB = fM i fo Tnk’ dsgs, where Mnk; =

ﬂ?zlfl; lo.iio Tfl(M \ H;). Thus the conclusion of the theorem is equivalent to the expression,

an,k foo fn,k dMSRB ank gyo j)—’n,k d,USRB
an,k f d)u’SRB fM’n,k g dlu’SRB

< CLY" | any -

Remark 8.11. Taking H; = () for each i yields an exponential loss of memory for sequential
billiards without holes. Such systems have been studied and similar results obtained in [SY7]. Note
however that we allow for drastic, occasional, changes in the billiard sequence while [SV7] deals
only with slowly changing billiard tables.

Next we show that sequential systems with holes allow us to begin investigating some physical
problems that have attracted much attention: chaotic scattering and random Lorentz gasses.
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Incoming particle beam

Figure 1: Obstacle configuration for which the non-eclipse condition fails and the box R (dashed
line).

8.4 Chaotic scattering (boxed)

Consider a collection of strictly convex pairwise disjoint obstacles {B;} in R? for which the non-
eclipse condition may fail.'° Assume that there exists a closed rectangular box R = [a, b] X [c, d] such
that if an obstacle does not intersect its boundary, then it is contained in the box. In addition, if an
obstacle intersects the boundary of R, then it is symmetrical with respect to a reflection across all
the linear pieces of the boundary which the obstacle intersects (see Figure 1 for a picture). Finally,
we will assume a finite horizon condition on the cover () defined after Remark 8.14.

Remark 8.12. The restriction regarding symmetrical reflections on the configuration of obstacles
s necessary only because we did not develop the theory in the case of billiards in a polygonal box
(see Remark 8.1/ and the following text to see why this is relevant). Such an extension is not
particularly difficult and should eventually be done. Other extensions that should be within reach
of our technology are more general types of holes and billiards with corner points. Here, however,
we are interested in presenting the basic ideas; addressing all possible situations would make our
message harder to understand.

Lemma 8.13. If a particle exits R at time tg € R, then, in the time interval (tg,o0), it will
experience only a finite number of collisions and it will never enter R again.

Proof. Recall that R = [a,b] x [¢,d]. Of course, the lemma is trivially true if, after exiting R, the
particle has no collisions. Let us immagine that the particle, after exiting from the vertical side
(b,c) — (b,d), collides instead with the obstacle B; at the point p = (p1,p2). Note that B; must
then intersect the same boundary, otherwise it would be situated to the left of the line z = b and
the particle could not collide since necessarily p; > b. Our hypothesis that B; be symmetric with
respect to reflection across z = b implies that also (2b — p1,p2) € 0B;. Thus, by the convexity
of B;, the horizontal segment joining p and (2b — pi1,p2) is contained in B;. This implies that,
calling n = (n1,72) the normal to dB; in p, it must be 7; > 0. In addition, if v = (v1,v2) denotes
the particle’s velocity just before collision, it must be that v; > 0 since the particle has crosses a

ORemember that the non-eclipse condition is the requirement that the convex hull of any two obstacles does not
intersect any other obstacle.
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vertical line to exit B. Finally, (v,n) < 0, otherwise the particle would not collide with B;. But
since the velocity after collision is given by vt = v — (v,n)n, it follows v = v1 — (v, )1 > vy.
That is, the particle cannot come back to the box B. Since all the obstacles are contained in a
larger box B; and since there is a minimal distance between obstacles, the above also implies that
the particle can have only finitely many collisions in the future. The other cases can be treated

exactly in the same manner. O

Remark 8.14. We want to consider a scattering problem: the particles enter the box coming
from far away and with random position and/or velocity, interact and, eventually, leave the box.
The basic question is how long they stay in the box or, better, what is the probability that they
stay in the box longer than some time t. This is nothing other than an open billiard with holes.
Unfortunately, the holes are large and our current theory allows us to deal with large holes only if
enough hyperbolicity is present. To extend the result to systems with small hyperbolicity is a very
important (and hard) problem as one needs to understand the combinatorics of the trajectories for
long times.

Given the above remark we modify the system in order to have the needed hyperbolicity. This is
not completely satisfactory, yet it shows that our machinery can deal with large holes and illustrates
exactly what further work is necessary to address the general case.

Fizing N sufficiently large, we suppose that when a particle enters the box, the boundaries of
the box become reflecting and are transparent again only between the collisions kN and kN + 1,
k € N, counting only collisions with the convezr obstacles.

More precisely, consider the billiard in R with elastic reflection at 0R. We call such a billiard
Q. Let M = (Ui 0B; N R) [—5, 5] be the Poincaré section, '1"and consider the Poincaré map T :
M — M describing the dynamics from one collision with a convex body to the next. Unfortunately,
this is not a type of billiard that fits our hypothesis. Yet, when the particle collides with OR we
can reflect the box and imagine that the particle continues in a straight line. Note that, by our
hypothesis, the image of the obstacles that intersect the boundary are the obstacle themselves,
this is the reason why we restricted the obstacle configuration. We can then reflect the box three
times, say across its right and top sides and then once more to make a full rectangle with twice
the width and height of R, and identify the opposite sides of this larger rectangle. In this way we
obtain a torus T? containing pairwise disjoint convex obstacles. Such a torus is covered by four
copies of R, let us call them {Ri}?zl. We call such a billiard @, and we consider the Poincaré map
Qj/ which maps from one collision with a convex body to the next, and denote its phase space by
M = UL M;.

Our final assumption on the obstacle configuration is that Q is a Sinai billiard with finite horizon.
Hence T': M O falls within the scope of our theory. By construction there is a map 7 : M— M
which sends the motion on the torus to the motion in the box. Indeed, if Z € M and z = 7(z),
then 7" (z) = 7(1T™(&)), for all n € N.

We then consider the maps S = TV and S = TV, again 7(S(i)) = S(n(&)). Define also the
projections 7 : M — Q and 1 : M — @, which map a point in the Poincaré section to its position
on the billiard table. For & € M, let us call 5(%) the straight trajectory in T? between 71 (%)
and 71 (T (%)), and setting = = 7(Z), O(z) the trajectory between (z) and 71 (T((z)). Note that
the latter trajectory can consist of several straight segments joined at the boundary of R, where
a reflection takes place. By construction, if 6(:75) intersects m of the sets OR;, then the trajectory

"Recall that ¢ € [—%, %] is the angle made by the post-collision velocity vector and the outward pointing normal

2
to the boundary
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O(z) experiences m reflections with OR. Accordingly, we introduce, in our billiard system (M S),
the following holes : H =T{% € M : O(%) N (U;OR;) # 0} and set H = m(H).

The above makes precise the previous informal statement: the system (M,.S) with hole H,
describes the dynamics of the billiard (M, T") in which the particle can exit R only at the times kN,
k € Z. The transfer operator associated with the open system (M, S; H) is 1g<Lglge, yet since
(LgeLslpe)™ = Lyge(Lslye)™, it is equivalent to study the asymptotic properties of Lg:= Lg1pe.

For a function f: M — C, we define its lift f :M —C by f = f omw. The pointwise identity
then follows,

Lof =Ls(1g.f)=Ls((Ipef)orm)=(Lsf)om. (8.13)
While H is not exactly a hole of Type II, its boundary nevertheless comprises increasing curves
since it is a forward image under the flow of a wave front with zero curvature (a segment of OR;).
Hence condition (H1’) of Section 8.2 holds with Py = 3 and condition (H2) holds with C; depending
only on the uniform angle between stable and unstable curves in M. Thus Proposition 8.6 applies
to £ g with n, depending on Cy and Py = 3. In fact, our next result shows that also EOS contracts
Ce,a,.(8) on M.

Proposition 8.15. Let n, € N be from Proposition 8.6 corresponding to Py = 3 and Cy > 0.
Then for each small enough § > 0, there exist ¢, A,L > 0, x € (0,1) such that choosing N > n,,
L5(Cen,L(0)) C Cyexaxr(6), where S =TV,

Proof. As already noted above, Proposition 8.6 implies the existence of 4, ¢, A, L and x such that
ﬁOS(CC A,L(0)) C Cxc,xA,xL((S) if we choose N > n,. Note that the constant C; is the same on M and
M. In fact the same choice of parameters for the cone works for Es .

For any stable curve W, 77 1W = U4 —W; where each W is a stable curve satisfying 7T(W ) =W.

Since 7 is invertible on each MZ, we may define the restriction m; = 7r|~ such that ;" Yw) =w;.

Conversely, the projection of any stable curve W in M is also a stable curve in M.
Since each m; is an isometry, and recalling (8.13), for any stable curve W C M, each f €
Ce,a,1(9), and all n > 0,

/Wiz/JOﬂ'EDgfde:/ O L dmy, Ve CO(W),

where f = f om. Moreover, if ¢ € Daﬁ(W) then ¢ o € Dag(W) for each ¢ = 1,...,4. This
implies in particular that ]HE flle = ]HE”f\Hi for all n > 0, and that f € C. 4,1(9) if and only if

f=fome CQA,L((S). Consequently, Lsf € CyexaAxr(9) if and only if ESf S Cxc,xA,xL(‘s), which
proves the proposition. ]

In contrast to the sequential systems studied in Section 8.3, the open billiard in this section
corresponds to a fixed billiard map T (and its lift 7). Thus we can expect the (normalized) iterates
of £Og to converge to a type of equilibrium for the open system. Such an equilibrium is termed
a limiting or physical conditionally invariant measure in the literature, and often corresponds to
a maximal eigenvalue for Ls on a suitable function space. Unfortunately, conditionally invariant
measures for open ergodic invertible systems are necessarily singular with respect to the invariant
measure and so will not be contained in our cone C. 4,1,(0). However, we will show that for our
open billiard, the limiting conditional invariant measure is contained in the completion of C. 4 r,(9)
with respect to the following norm.

Definition 8.16. Let V = span(Ce,a,L(9)) For all f € V we define
Ifll =mnf{A>0:-X=f=<A}.
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Lemma 8.17. The function || - ||, has the following properties:
a) The function || - || is an order-preserving norm, that is: —g =< f < g implies || ]|« < ||g]|«-

b) There exists C > 0 such that for all f € C.a.1(5) and 1 € C*(M),

] /M £ dpisns

Proof. In this proof, for brevity we write C in place of C¢ a 1,(6).

S ClfM L leran < ClFIPlerary -

a) First note that || f||« < oo for any f € V by the proof of Proposition 6.11 since there for any
f e, wefind A\, > 0 such that f — A and u — f belong to C.

Next, if ||f]lx = 0, then there exists a sequence A, — 0 such that —\, < f =< \,, and so
A+ f,An — f € C) for each n. Since C is closed (see footnote 1), this yields f,—f € C U {0} and
so f =0 since C N —C = ) by construction.

Since f < g is equivalent to vf < vg for v € Ry, it follows immediately that ||vf]« = v f]|«.

To prove the triangle inequality, let f,g € V. For each € > 0, there exists a,b, a < e+ || f||x,
b <e+|g|lx such that —a < f < a and —b < g < b. Then

—(Iflle + llgllsx +2¢) = —(a+0b) 2 f+g 2a+b<|fll«+ gl +2e,

implies the triangle inequality by the arbitrariness of e. We have thus proven that || - ||, is a norm.
Next, suppose that —g < f < g and let b be as above. Then

—lgllk —e=2=b=x—g=f2g=2b=2|gls+e

which implies || f||x < ||g]l«, again by the arbitrariness of €. Hence, the norm is order preserving.

b) The first inequality is contained in Remark 7.2. For the second inequality, we will prove that

Ay < 1Al for all fec. (8.14)

To see this, note that if —A < f < A, then [|A — f||_ > 0 by Remark 4.6. Thus for any W e Wws

and ¢ € Dy g(W),

o< O =DY  fwf
and taking suprema over W and v yields || f[|, < A, which implies (8.14). O

A,

We now define C, to be the completion of C; 4. 1() in the || - ||« norm. We remark that by
Lemma 8.17(b), C, embeds naturally into (C'(M))’, where (C'(M))’" is the closure of C°(M)
with respect to the norm ||f]|_1 = SUD|y| ;<1 Jas f¥ dpsgs. We shall show that the conditionally
invariant measure for the open system (M, T; H) belongs to C,.

Theorem 8.18. Let (M, S; H) be as defined above, where S = TN . If N > n,, where n, is from
Proposition 8.6, then:
n
a) h = lim — =5 s an element of C,. Moreover, h is a nonnegative probability measure
n=0 f16p(Le1)
satisfying ﬁgh = vh for some v € (0,1) such that

1 .
logy = ILm E log MSRB(Q?:O‘Sil(M \ H)) )

i.e. —logv is the escape rate of the open system.

93



b) There exists C > 0 and ¥ € (0,1) such that for all f € Cc a,1(5) and n > 0,

Eisf —h|| <Cv".
tsre(LSf) N
In addition, there exists a linear functional £ : Cc a.1,(6) — R such that for all f € Cc a,1.(9),

0(f) >0 and
[V LEf = ()R] < COM(F)|D]ls-

The constant C depends on Cc a,1,(9), but not on f.

Remark 8.19. (a) The conclusions of Theorem 8.18 apply equally well to the open system (]\7, S: H).

(b) By Lemma 8.17(b), the convergence in the ||-||x norm given by Theorem 8.18(b) implies conver-
gence when integrated against smooth functions 1 € C1(M). As usual, by standard approzimation
arguments, the same holds for Hélder functions.

(c) Also by Lemma 8.17(b), the above convergence in || - || implies leafwise convergence as well.
First note that for W € W?*(6), each f € Cca,1(0) induces a leafwise distribution on W defined
by fw () = fwfwdmw, for i € Dqg(W). This extends by density to f € C,. Since h € C,
by Theorem 8.18(a), let hyy denote the leafwise measure induced by h on W € W?4(5). Then by
Lemma 8.17(b) and Theorem 8.18(b), there exists C > 0 such that for all n >0,

S L&f o dmw
,U«SRB(ﬁgf)

— hw ()| < CoM™, Vf € Conr(d),Vi € CP(W),

and also,

ym / Fuf o dm — €(F)hw ()| < Co-1me(f) .
w

In particular, the escape rate with respect to each W € W?*(§) equals the escape rate with respect to

HsrB-

Proof of Theorem 8.18. We argue as in the proof of Theorem 7.3. Recalling that || - ||+ is an order-
preserving norm, we can apply [ , Lemma 2.2], taking the homogeneous function p to also be
|| - |l and obtain that, as in (7.6), for all f,g € Cc.a.1(0),

onf g
— < o9, (8.15)
I£afle L2l
since T 5]{” = 1 and similarly for g. This implies that < yi SJ{” > is a Cauchy sequence in
the ||+ ||x norm, and in addition, the limit is independent of f. Hence, defining hy = lim, o ”éﬁ%,
S *

we have hg € C, with ||hgl|, = 1 such that'? for all ) € C1(M),

/Eoshol/}: lim 1 / Ly = i ||£”+11H*/ hot = || Lshol| / hoyp =: u/ hot
M n=roo || L1 | nroe L&« ’

2Note that Lg extends naturally to (C*(M))" and therefore to Cs.
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where all integrals are taken with respect to uggs. Thus, Logho = vhg. Moreover, the definition of
hg implies that,

NSRB(igl)

= = [t|oho(1), Yo e CHM), 8.16
1221 |Y|coho(1) (M) (8.16)

[ho(¥)] < [¢]co Tim

thus hg is a measure. Addition, by the positivity of EDS, ho is a nonnegative measure and since
|lholl« = 1, it must be that ho(1) # 0. Thus we may renormalize and define

Then II(HTCC’Z) represents the limiting conditionally invariant probability measure for the open system

(M, S; H). However, we will work with h rather than its restriction to H¢ because h contains
information about entry into H, which we will exploit in Proposition 8.20 below.
Due to the equality in (8.16), h has the alternative characterization,

tn] £n1
TS fim S
n—o00 MSRB(Egl) n—o00 NSRB(Mn)

as required for item (a) of the Theorem, where M™ = N?_,S~*(M \ H) and convergence is in the

|| - ||+ norm. ]
Remark that (8.15) implies ”éﬁns fH converges to hg at the exponential rate ¥"*. Integrating this
Sl R
relation and using Lemma 8.17(b), we conclude that in addition the normalization ratio ”S“ini(fﬁusﬂ
S *

converges to ho(1) at the same exponential rate. Putting these two estimates together and using
the triangle inequality yields for all n > 0,

Lyf

—=2— —h
HSRB(»Cgf)

< CY9ho(1)™t, YV fECeard),

*

proving the first inequality of item (b).
Next, for each, f € C. a.1,(0) let

0(f) = limsup v " pgrp(LEf) - (8.17)

n—o0

Note that ¢ is bounded, homogeneous of degoree one and order preserving. By Lemma 8.17(b), ¢
can be extended to C,. Since ¢(h) =1, v""L%h = h and (v "L%f) = £(f) we can apply, again,
[ , Lemma 2.2] as in (7.6) to f and ¢(f)h and obtain

[V L5 f = hU(H) = v ILEf =€) LS < CO(F)IA] (8.18)

proving the second inequality of item (b) of the Theorem. Note that (8.18) also implies (integrating
and applying Lemma 8.17(b) ) that the limsup in (8.17) is, in fact, a limit, and hence ¢ is linear.
Remark that /¢ is also nonnegative for f € C. 4 1(6) by Remark 7.2.

By definition, if f € C. 4,1,(0) and XA > || f||« then A+ f, A — f € Cc 4,1(0), so that using the
linearity and nonnegativity of ¢ yields,

—M(1) < U(f) S A1), YV feCear(d), A>|fll- (8.19)
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Thus either ¢(f) =0 for all f € C. a,1.(0) or £(f) # 0 for all f € C. ar(0). But if the first alternative
holds, then by the continuity of ¢ with respect to the || - ||« norm (Lemma 8.17(b)), ¢ is identically
0 on C,, which is a contradiction since £(h) = 1. Thus ¢(f) > 0 for all f € C. 4,1.(6).
Finally, applying (8.18) to f = 1 integrated with respect to usgs and using again Lemma 8.17(b),
we obtain )
1"t (M7) — E(1)] < CO" (1) ]

which in turn implies that logy = lim, %bg MSRB(M”) since £(1) # 0, as required for the
remaining item of part (a) of the Theorem. Note that v # 0 by Remark 7.2 and (8.7), while
v # 1 by monotonicity since the escape rate for this class of billiards is known to be exponential
for arbitrarily small holes [ , D2]. O

We can use Theorem 8.18 to obtain exit statistics from the open billiard in the plane. As an
example, for § € [0,27) let us define Hy to be the set of x € H such that the first intersection of
O(T~'z) with OR has velocity making an angle of § with the positive horizontal axis. Note that
Hy is a finite union of unstable curves since it is the image of a wave front with zero curvature
moving with parallel velocities. The fact that Hy comprises unstable curves is not altered by the
fact that the flow in R may reflect off of OR several times before arriving at a scatterer because
such collisions are neutral; also, since the corners of R are right angles, the flow remains continuous
at these corner points.

If the incoming particles at time zero are distributed according to a measure with density
f € Cc,a,(9), then the probability that a particle leaves the box at time nN with a direction in
the interval © = [0, 6], call it P¢(x, € [01,62]), can be expressed as

Pf(z, € [91,92]):/ 1o L% f dpisne , (8.20)
M

where Hg := UpcoHy. Although the boundary of Hg comprises increasing (unstable) curves as
already mentioned, the restriction on the angle may prevent 0Hg from enjoying the property of
continuation of singularities common to billiards. See Figure 2 (see also [D2, Sect. 8.2.2] for other
examples of holes without the continuation of singularities property).

Similarly, for p € R, define H,, to be the set of x € H such that the last intersection of O(T~'x)
with OR is p. Then for an interval P C R, we define Hp = UpepH), and fM ]alﬁogf denotes the
probability that a particle leaves the box at time nN through the boundary interval P.

Proposition 8.20. For any intervals of the form © = [01,65], or P = [p1,ps], any f € C*(M)
with f >0 and [ fdpses =1, and all n > 0, we have'?

Py(2n € ©) = V"h(Lgg)(f) + | fller O (v*97T") . and
Py(n € P) = v"h(Litg )U(f) + || fler O ("0 7T")

Remark 8.21. If f € C. a,1.(6), then £(f) > 0 by Theorem 8.18(b), and Proposition 8.20 provides
a precise asymptotic for the escape of particles through Hg and Hp. For more general f € CY1(M),
it may be that ¢(f) = 0, in which case Proposition 8.20 merely gives an upper bound on the exit
statistic compared to the rate of escape given by v.

Proof. We prove the statement for 1g. The statement for 1p is similar.
To start with we assume f € C.a.1(9), f > 0 with [ fdusrs = 1. As already mentioned, Hg
comprises finitely many unstable (increasing) curves in M and so Hg satisfies (H1’) and (H2) with

'31f instead f € Ce,a,(6), f > 0 and [ fdusre = 1, then | f||c1 can be dropped from the right hand side.

96



©
Il
B}

Figure 2: a) Sample rays with § = 6; and § = 6, striking the scatterer By. The point p is
the topmost point of Bs. b) Component of Hg on the scatterer By. In this configuration, Hp,
intersects the singularity curve T'Sy coming from B; while Hy, reaches Sy directly; however, the
left boundary of Hg is an arc of H,, and the continuation of singularities properties fails for a hole
of this type since 61 > 0.

Py = 3 and C} depending only on the uniform angle between the stable and unstable curves. Since
1, is not in C*(M), we cannot apply Lemma 8.17(b) directly; we will use a mollification to bypass
this problem.

Let p : R?2 — R? be a nonnegative, C* function supported in the unit disk with Jp=1,and
define p.(-) = e72p(-e71). For ¢ > 0, define the mollification,

Ye(r) = / Lo (y)pe(x —y)dy  x€ M.

We have |¢:|c, < 1 and |[¢L|co < Ce™!. Note that . = 15, outside an e-neighborhood of dHy
(including Sp). Letting t. denote a C'! functlon with |¢)c|co < 1, which is 1 on N.(8Hg) and 0 on
M\ Noc(DHg), we have |15, —1b:| < .. Due to (H2), for any W € W* such that WNN.(dHg) # 0,
using first the fact that f > 0 and then applying cone condition (4.7),

[ s = vl 3 p dm < [ G dm < [ 25 dmy
WNN2:(9He) (8.21)
< 2"H9IASTICT LS
where we have used the fact that W N No.(0Hg) has at most 2 connected components of length
2C:e. Then integrating over M and disintegrating psgp as in the proof of Lemma 7.1, we obtain,

i f nf £z fl-
1 o — Ve g srB < sid SRBgcqi. 8.22
/M| f v |/JJSRB(£gf) a / ¢ tsre (L f) a c psrs (L Sf) ( )

By Remark 7.2, psgs (£ if)>C- 1\”/3 fll_, so the bound is uniform in n. Since ¢, € C'(M) the

bound carries over to h(¢.), and since h is a nonnegative measure, to h(1g, — ). Thus for each
n >0 and e > 0,

/]lH@ Z:gf dpisrp = /(]lH@ - 1/)5) »Cogf dpisrp + (/ e ['gf dpisrp — Vng(f)h(wa)>

+ VM f)h(Ye — Lug) + v U(f)(1h,)
= O(W"U(f)) + O([eelcrv™™U(f)) + v f)(Lng) ,

(8.23)
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where we have applied (8.22) to the first and third terms and Theorem 8.18(b) and Lemma 8.17(b)
to the second term. Since 1|1 < €71, choosing ¢ = ¥/(@+1) yields the required estimate for
f€Conrld).

To conclude, note that by Lemma 7.6, there exists C, > 0 such that, if f € C1(M), then, for
each A > G| fllct, A+ f € Cc,a,(6). Hence, by the linearity of the integral, ¢(f) as defined in
(8.17) can be extended to f € C! by £(f) = £(\+ f) — £(\), and the limsup is in fact a limit since
since the limit exists for A+ f, A € C. 4.1,(0) (see (8.18) and following).

Now take f € C! with [ fdusss = 1 and A > G, || f| |1 as above. Then, necessarily A + f > 0,
and so recalling (8.20), we have

Pais(zn € 0) = / lHe‘Cog (%) TS ﬂHeﬁnl + / He[’Sf
+A M M

= Py(z, € ©) + TIPf(xn € 0).

Hence by (8.23),
Pi(xn € ©) = (1+ )P (.I'n € 0) — \Py(z, € 9)

"W(Lag ) ML) + £(f)) — V" h(Lpg )M(L) + AO (V07"
"h(Lg)(f) + | fler O (97",

8.5 Random Lorentz gas (lazy gates)

Consider a Lorentz gas described in [AlL, Section2]. That is, we have a lattice of cells of size one
with circular obstacles of fixed radius r at their corners and a random obstacle B(z) of fixed radius
p and center in a set O at their interior.'? The central obstacle is small enough not to intersect with
the other obstacles but large enough to prevent trajectories from crossing the cell without colliding
with an obstacle. We call the openings between different cells gates, see Figure 3b, and require that
no trajectory can cross two gates without making at least one collision with the obstacles. Thus
we fix r and p satisfying!® the following conditions:

i1<r<i, and 1—2r<p<@—r. (8.24)

With r and p fixed, the set of possible configurations of the central obstacle are described by
w € Q = 0% In order to ensure that particles cannot cross directly from Ry to R3 or from Ry
to R4 without colliding with an obstacle, and to ensure a minimum distance between scatterers,
we fix e, > 0 and require the center ¢ = (¢1,c2) of the random obstacle B, w € Q, (the central
obstacle C5 in Figure 3b) to satisfy,

l—(r+p—ces) <cr,ca<r+p—ey. (8.25)

Note that (8.24) and (8.25) imply that all possible positions of the central scatterer B, result in a
billiard table with 7, > 7 := min{e,, 1 — 2r} > 0.

On  the space of translations &,, z € Z?2, acts naturally as [£,(w)]z = w,14s, see Figure 3a.

We assume that the obstacle configurations are described by a measure P, which is ergodic with
respect to the translations.

4 The assumption that all obstacles are circular is not essential and can be relaxed by requiring that the obstacles
at the corners are symmetric with respect to reflections as described in Section 8.4.

15Finite horizon requires r > yet our added condition that a particle cannot cross diagonally from, say, Ry

1+ﬁ ’
to R2 without making a collision requires further that r > %
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a=(1,0);b=(1,1);c=(1,0)

Fig 3a: Configuration of random obstacles B,,(z) Fig 3b: Poincaré section C; and gates R;

Exactly as in the section 8.4, we assume that the gates are reflecting and become transparent
only after IV collisions with the obstacles. Thus when the particle enters a cell it will stay in that
cell for at least N collisions with the obstacles, hence the lazy adjective.

As described in section 8.4, when the particle reflects against a gate one can reflect the table
three times and see the flow (for the times at which the gates are closed) as a flow in a finite horizon
Sinai billiard on the two torus. Note that the Poincaré section M = UJ_,C; x [—5, 5] in each cell
is exactly the same for each w and z since the arclength of the boundary is always the same, while
the Poincaré map T, changes depending on the position of the central obstacle, see Figure 3b. As
in Section 8.3 let us call T (7) the collection of the different resulting billiard maps corresponding
to tables that maintain a minimum distance 7. > 0 between obstacles, as required by (8.24) and
(8.25). (Note that the parameters K, and E, of Section 8.3 are fixed in this class once r and p are
fixed.) The only difference with Section 8.4, as far as the dynamics in a cell is concerned, consists
in the fact that we have to be more specific about which cell the particle enters, as now exiting
from one cell means entering into another.

Recalling the notation of Section 8.4, if we call R(z) the cell at the position z € Z2, then the
gates R; are subsets of OR(z). We denote by R(z) the lifted cell (viewed as a subset of T2) after
reflecting R(z) three times, and by (]Tf ) T ..) the corresponding billiard map. As before, the projection
7+ M — M satisfies 1o T = T o . Then the hole H(z) can be written as H(z) = Ulef]i(z),
where 7(H;(z)) =: H;(z) are the points z € M such that O(T~'z) N dR(z) € R;.'® Due to our
assumption (8.24), this point of intersection is unique for each x since consecutive collisions with
OR cannot occur. Then H(z) = 7(H(z)) = UL H;(2).

As discussed in Section 8.4, the holes, are neither of Type I nor of Type II, yet they satisfy (H1')
and (H2) with Py = 3 and C; depending only on the uniform angle between stable and unstable
cones for the induced billiard map.

Yet for our dynamics, when a particle changes cell at the Nth collision, it is because after N — 1
collisions, that particle is in G;(2) := T, 1 H;(2), and in fact it will never reach H;(z). Unfortunately,
the geometry of G(z) := UL G;(2) is not convenient for our machinery, yet we will be able reconcile
this difficulty after defining the dynamics precisely as follows.

The phase space is Z? x M. For x € M, denote by p(x) the position of z in R(z) and by 6(x)

16ThAe hole depends on the trajectory of x, which is different in different cells and hence depends on z, while the
gates R; are independent of z.
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the angle of its velocity with respect to the positive horizontal axis in R(z). We define

0 =:wy if x ¢ G(2)
el =:wq ifx € Gy(z
w(z, )

ey =: Wy if x € Gao(z

)
)
)
)

(

(
—e] =: Ws3 ifre G3(Z
—eg =1wy if x € Gy(2).

\

Also we set 20 = {wy, ..., ws}. If z € G;(2), then we call §(z) = (¢,0) € R; x [0,27) the point
g such that ¢ = O(z) N R; and 0 = #(x), i.e. without reflection at R;. We then consider g as
a point in the cell z + w(z,2) = z + w; and call T} ;(z) the post collisional velocity at the next
collision with an obstacle under the flow starting at g. Note that in the cell R(z 4+ w;), ¢ € R;,
where i = i + 2 (mod 4*).!7 Thus if ®; denotes the flow in R(z), then with this notation, G;(2) is
the projection on M of R; under the inverse flow ®*, while H;(z +w(z,z)) is the projection on M

of R; under the forward flow ®; . Thus,
Hy(z +wi) = T.iGi(2) = Lo T, = Lg(rwn) » (8.26)

which is a relation we shall use to control the action of the relevant transfer operators below.
Differing slightly from the previous section, here is convenient to set S, = TN ~! and define

Flo.z) = {(z,SZ o Ty(x)) = (2, 5:(2)) ) if « ¢ G(2)
’ (z+w(z,7),Ssqw(zz) © T2i(p) = (2 +w(z,x), 5. (7)) if v € Gi(z).

We set (zp, x,) = F™(z,2) and we call n the macroscopic time, which corresponds to Nn collisions
with the obstacles. The above corresponds to a dynamics in which when the particle enters a cell
it is trapped in the cell for N collisions with the obstacles; then the gates open and until the next
collision the particle can change cell, after which it is trapped again for N collisions and so on.

We want to compute the probability that a particle visits the sets Gi,(20), - Gk, _, (2n—1), in
this order, where we have set Go(2) = M \ U G;(2). Similarly, we define Ho(z) = M \ U, H;(2).
This itinerary corresponds to a particle that at time ¢ changes its position in the lattice by wy,.
Following the notation of [AL], we call P, the probability distribution in the path space 20N
conditioned on the central obstacles being in the positions specified by w € 2. Hence, if the
particle starts from the cell zp = (0,0) with x distributed according to a probability distribution
with smooth density f € Ce 4 1(5), then we have'® z, = EZ;& wg, and, for each obstacle distribution
w € Q,

]P)U_,(Z(), Rlyee 7zn) = /M f(w)ﬂG’kO(zo)(x)]lel (21)(§0($)) e

~

Ly, o) (Ben g 00 Sol@)) dtss(@) (8.27)
- /M ﬁonn_l(Zn—l) T EOGkO (Zo)f d:uSRB

; ._ pN-1
where Eij (z) = £T2j+1

will prove below that if N is sufficiently large, then Theorem 8.10 applies to each operator Eon.

/JTZ]_ . 1g, (), and we have set T} o := T}. See [AL] for more details. We
’ J

"By (mod 4*) we mean cyclic addition on 1, 2, 3, 4 rather than 0, 1, 2, 3.
8Since zo = (0, 0), it is equivalent to specify 21, . .. z, or Wiy y + - - Wk since wy; can be recovered as wg; = 2j4+1—2;.

n—1
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This suffices to obtain an exponential loss of memory property (the analogue of the result obtained
for piecewise expanding maps in [AL, Theorem 6.1]), that is property Exp in [AL, Section 4.1].
This is the content of the following theorem.

Theorem 8.22. There exist C,, > 0 and ¥ € (0,1) such that for P-a.e. w € Q, if x is distributed
according to f € Cea,1(6) with [, f =1 and 2z = (0,0), for alln >m >0 and all w € WY,

‘Pw(wkn | Wiy - - - wk’n71) - P§me(wkn | Wy + - - wk‘nfl)‘ < C9™, (8.28)

Proof. Note that for m > 0, &, w sends the cell at z,, to (0,0). Thus according to equation 8.27,
for x distributed according to f € C. 4,1.() with zg = (0, 0), we have

Pe, w(wi,,,. . wy,) = /M 'COGkn(zn) e EOka(zm)f dpsrp -

As remarked earlier, the sets G;(z) do not satisfy assumption (H2) so that Proposition 8.6 does not
apply directly. Yet, it follows from (8.26) that for g € C 4,1.(9),

; _ pN-1 _ pN-1

[’ij (z))9 = ‘CTZJ.+1 ‘Csz,kj (lej (Zj)g) = [’Tzﬂ_l (]lH;;j (Zj+1)‘Csz,kjg) )
where, as before, k; = kj + 2 (mod 4*). Then, just as in the proof of Proposition 8.6, it may be
the case that Esz,kj g is not in Cc 4 1,(6). Yet, it is immediate from our estimates in Section 5 that
Esz,kj g € Co 4 31(0) for any billiard map T, x, € T (7:) for some constants ¢, A" depending only
on T (74). Since the sets H;(z) do satisfy (H1’) and (H2) with Py = 3 and C; depending only on the
angle between stable and unstable cones, which has a uniform minimum in the family 7 (7.), there
exists Y < 1 and N sufficiently large as in Proposition 8.6 so that'’ [[g_ll lpg, (sz)]Cc' Ar30(9) C

ZJ+ J k) I

CyexAxr(0), and both x and N are independent of z;;1 and k;. This implies in particular that

o

L6,(2)Ce,A,L(0) C Cyexaxr(0) for each i and all z € Z2.

Now as in the proof of Theorem 7.3, using the fact that pggs(+) is homogeneous and order pre-
l:kafl(meﬂ"'ﬂGko(Zo)f

]M ‘chm_1(Zm71)"'£GkO(Zo)f

serving on Ce 4,1, (8) and that pispp (Lo f) = psrs(f) = 1, where L, f =

Ce,a,1(0), we estimate as in (7.6) and (7.7),
/Mﬁo(;knl(znl) e Zka (o) (f = L f) dpisrs

(8.29)
< 09" min {/M [’Gknfl(znfl) T ‘Cka (Zm)f’ /M LGkn—1 (zn—1) """ 'Cka (zm)cmf} 7

for some ¥ < 1 depending on the diameter of Cycyar(d) in Ce a,r(6).

Here in fact our operators are of the form £"1y while in Proposition 8.6 they have the form £"1gc for some
set H. Yet, this is immaterial since the boundaries of H and H¢ in M are the same so that (H1’) and (H2), and in
particular Lemma 8.5, apply equally well to both sets.
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Finally, the left hand side of (8.28) reads

Ju Lo, o) Loyt Iy EGkM(znl)“'Eka(zm)f‘
S Lan, yen2) Lol Julcn, ,eu, ) Lo f

_ JuLen, o) Lo, emLmf = i Lo, () Lo, () f

Jur Lar,_y(n-2) " Ly em)Lmf
JuLci, (o) La, e JuLon, [a) Lan, )]

+

o

fM EGkn—Q(an_Q) e L‘,ka (Zm)‘C’_mf fM EGkn—Q(zkn_Q) e Eka (Zm)f
< cynm + C,ﬂnfmfl ,

i LGkn_l (anl)".Eka (zm)9

where we have applied (8.29) twice and used the fact that < 1 for any

fM EGkn72(zkn72)“'£ka (zm)9

g€ CC,A,L(d)‘ ]

In particular, Theorem 8.22, together with?’ [Al., Theorem 6.4], implies that lim,, . %zn =0
for P, almost all w, that is, the walker has, P.-almost-surely, no drift. See [Al, Section 6] for
details.?! This latter fact could be deduced also from the ergodicity result in | , Theorem 5.4],
however Theorem 8.22 is much stronger (indeed, by [AL, Theorem 6.4], it implies | , Theorem

5.4]) since it proves some form of memory loss that is certainly not implied by ergodicity alone. It
is therefore sensible to expect that more information on the random walk will follow from Theorem
8.22, although this will require further work.

We conclude with a corollary of Theorem 8.22 which implies the same exponential loss of
memory for particles distributed according to two different initial distributions. For f € C. 4.1(9),
let P, ¢() denote the probability in the path space 90N conditioned on the central obstacles being
in position w € ) and with z initially distributed according to fdusgs-

Corollary 8.23. There exist C > 0 and 9 € (0,1) such that for all f,g € Cca,1(0) with [,, f =
Jir9=1and P-a.e. we Q, if 2o = (0,0), then for alln >0 and all w € D)

|Pwyf(wkn ‘ wko e wknfl) - Pwv!](wk'n | ka e wknfl)‘ S Cﬁn

Proof. The proof is the same as that of Theorem 8.22 since (8.29) holds as well with £,, f replaced
by g. ]

20Remark that [AT,, Theorem 6.4] requires usrs(Gi(2)) to be the same for each i and z, independently of w. This is
precisely the case here since ((z) is defined as the projection of R; under the inverse flow ®*,, and Leb(R; x [0, 27))
in the phase space of the flow is independent of 4, while usrp is the projection onto M of Lebesgue measure, which
is invariant under the flow.

2IThe arguments in [AL, Section 6] are developed for expanding maps, but the relevant parts apply verbatim to
the present context.
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