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Abstract. We present a general approach to establish the Central Limit Theorem with error bounds for

sequential dynamical systems. The main tool we develop is the application to this setting of a projective
metric on complex cones, following the ideas introduced by Rugh and Dubois. To demonstrate the power of

the proposed setting, we apply it to both sequential expanding maps, where similar results are known, and
to sequential dispersing billiards, for which no such results are currently known.
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1. Introduction

This paper is concerned with obtaining a self-normed Central Limit Theorem with error terms for sequen-
tial dynamical systems. Such results are relevant for many open problems; let us just mention random Lorentz
gasses of the type initially presented in [28], in which a particle moves between cells formed by randomly
placed obstacles in an approximately Z2 lattice. In each cell, the particle finds a different arrangement of
scatterers. From the particle’s point of view, it undergoes a sequence of different billiard maps corresponding
to the cells it visits. Such a model was considered in several works [28, 29, 1] and most recently in [9], which
introduced the application of Birkhoff cones to dispersing billiards. More broadly, many results regarding the
Central Limit Theorem for sequential systems already exist, for example, [5, 37, 36, 23, 24, 30, 25, 35, 41, 16]
in which are investigated either random dynamical systems or sequential expanding maps, possibly non-
uniformly expanding.

In the present paper, we present a general setting to establish a self-normed Central Limit Theorem with
error terms for sequential dynamical systems, which allows us to treat both observables that are not bounded
and discontinuous hyperbolic dynamical systems, including dispersing billiards. The results are obtained via
the study of the properties of the corresponding transfer operators. As we are interested in presenting the
general strategy, we do not push for optimal results. Since some estimates rest on a Taylor expansion,
better results can be obtained by computing more terms. Note, however, that to obtain optimal results, it
is necessary to have an estimate of the higher momenta in terms of the second momenta, and it is not clear
how to achieve this in the present generality (see Remark 2.10 for a more detailed explanation of this issue).

In Section 2, we present two sets of abstract hypotheses: the first hypothesis assumes only that the real
transfer operator is contracting in a projective metric, together with a uniform bound on the complex twisted
transfer operator; the second hypothesis assumes that the complex transfer operator is also contracting. The
second possibility yields much sharper results. We explain in Section 5 under which conditions the latter
extra information on the transfer operator can be obtained via the theory of complex cones introduced by
Rugh [38] and further developed by Dubois [17, 18]. Since this theory is of independent interest and is
spread among several articles, for the reader’s convenience, we provide a short, self-contained account of the
theory in this section. Our presentation of complex cones is not as general as the one that can be found in
[38, 17, 18], but it is more than sufficient for all the applications to the Central Limit Theorem we can think
of.

To illustrate the broad applicability of our result, we apply it to two emblematic classes of examples; in-
deed more than half of the paper is devoted to these examples. The first application is to smooth expanding
maps (the simplest possibility and one for which the most results already exist); the second application is
to dispersing billiards (a technically difficult case motivated by the Lorentz gas and for which no sequential
results of this type currently exist). We remark that other cases, such as Anosov and Axiom A diffeo-
morphisms lie in some sense between the applications contained in this paper. The analysis of hyperbolic
systems in dimensions greater than two is not an obstruction to the present technique. Indeed, anisotropic
spaces for Anosov and Axiom A diffeomorphisms (including for those with singular SRB measures) in any
dimension have been constructed by a variety of authors [20, 4, 21] and the connection between anisotropic
spaces and projective cones is described in [8]. While the details of such applications would make the present
article excessively long, yet the technique presented here is applicable to such systems as well. Indeed, the
expanding maps example shows that it is not necessary that the map have a common invariant measure.
On the other hand, the billiards examples are studied using Banach spaces of distributions, which implicitly
shows that the existence of an absolutely continuous invariant measure is also not necessary.

The application to expanding maps in Section 6 is done to compare our present Theorems 2.6 and 2.7
with existing results. We show that our technique reproduces all existing results apart from the ones in [15],
which just appeared. In addition, in Proposition 6.1 and Corollary 6.4 we provide a new criterion to verify
the growth of the variance in the sequential case, while Theorem 7.14 provides a sharper criterion for the
random case. This is an issue often not addressed in the literature but fundamental in applications. The
strategy used in [15] is similar to ours when applied to the case in which one can use complex cones but
takes advantage of the fact that it deals only with bounded observables and expanding maps. In particular,
it uses a martingale decomposition trick, adapted from [34, Chapter 3], in order to estimate higher momenta
via the second momenta. It is unclear how to extend such a trick to the level of generality we are addressing
in the present work. Possibly, something can be done using ideas in [32, Theorem 1.2] applied to the stable
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foliation of the sequential maps, but as the present paper is already rather long, we refrain from exploring
this issue. The application to billiards in Section 7 is brand new and shows the generality and power of the
theory put forward in this paper. We expect this application to be relevant for the study of random Lorentz
gasses, a long-standing open problem.

2. Setting and Main Results

Before stating the abstract framework in which we are able to study the Central Limit Theorem for
sequential systems, we briefly describe two applications: smooth expanding maps and dispersing billiards.
This gives the reader an indication of the broad applicability of the present approach.

2.1. Sequential Smooth Expanding Maps: A Preview.
The case of expanding maps has been extensively studied, and our general theory does not provide any

new results, apart from the discussion of the growth of the variance. We discuss this case in Section 6 only
so the reader can compare the present results with the literature. However, even in this case, we are able to
present new results for the problem of studying the variance.

Let M be a smooth compact connected Riemannian manifold. Let (fk)k∈N ⊂ C2(M,M) be a uniform
family of expanding maps in the following sense: ∃A > 0, ϑ > 1 such that for all k ∈ N,

• ‖Df−1
k ‖∞ ≤ ϑ−1;

• ‖D2fk‖∞ ≤ A.

Let gk ∈ C1(M,R) with supk∈N ‖gk‖C1 ≤ C for some C > 0. Given an initial density ρ ∈ L1, we have that
gk ◦ fk−1 ◦ · ◦ f0 is a random variable. We designate its expectation by

E(gk ◦ fk−1 ◦ · · · ◦ f0) =

ˆ
M

gk ◦ fk−1 ◦ · · · ◦ f0(x)ρ(x)dx,

and call P the associated probability distribution. Define the centered observables,

ĝk = gk −
ˆ
M

gk ◦ fk−1 ◦ · · · ◦ f0 · ρ

Ŝn =

n−1∑
k=0

ĝk ◦ fk−1 ◦ · · · ◦ f0 ; σ2
n = E(Ŝ2

n) ,

(2.1)

and the cumulative distribution function

(2.2) Fn(x) = P

({
Ŝn
σn
≤ x

})
.

The above, apart from some minor quirks, is the same model discussed in [5, 37, 24]. In Section 6.1 we will
prove the following.

Theorem 2.1. Let ρ ∈ C1(M). Then for all c? ∈ (0, 1) and all n ∈ N such that σn ≥ max{1, c?n
1
3 ln(n+1)},

there exists C̄ > 0 such that ∣∣∣∣Fn(x)− 1√
2π

ˆ x

−∞
e−

y2

2 dy

∣∣∣∣ ≤ C̄σ−3
n (lnσn)2n.

The above Theorem can be applied only if σn grows fast enough. As mentioned, in the special case of
expanding maps, it is possible to strengthen the result, see [15]. However, it is always necessary to meet
some requirements on the growth of σn.

Unfortunately, contrary to the case of a single map, we are not aware of an existing result that provides
general checkable criteria to ensure some variance growth. By checkable, we mean that one can ensure the
wanted variance growth by computing only averages on a finite number of finite time trajectories.

In Proposition 6.1, we provide such a criterion for the case of smooth expanding maps. Our criterion
naturally generalizes the usual criterion for a single map. While the argument is rather general, some
technical problems do not allow, at the moment, to extend it to the general setting in which we obtain the
CLT.
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2.2. Sequential Dispersing Billiards: A Preview.
We consider a class of dispersing billiard tables formed by a fixed number ` of closed, convex sets, which
we call scatterers, on the torus T2. The boundaries of the scatterers are assumed to have strictly positive
curvature. The dynamics of the billiard map are defined by the motion of a point particle traveling at unit
speed between collisions and reflecting elastically at collisions with the scatterers. We consider the family of
billiard maps F(τ∗,K∗, E∗) corresponding to configurations of ` scatterers which satisfy

• The minimum and maximum free flight times between collisions are bounded by τ∗ and τ−1
∗ , respec-

tively.
• The minimum and maximum curvature of the boundary of the scatterers are bounded by K∗ and
K−1
∗ , respectively.

• The maximum of the C3 norm of the scatterers is bounded by E∗.

All billiard maps in F(τ∗,K∗, E∗) act on the same phase space M and preserve the same invariant measure
dµSRB = c0 cosϕdrdϕ, where c0 is the normalizing constant.

Given this family F(τ∗,K∗, E∗), we prove a sequential Central Limit Theorem along any NF -admissible
sequence of maps (Ti)i∈N ⊂ F(τ∗,K∗, E∗). See Definition 7.1 for the definition of NF -admissible sequence.1

For the Central Limit Theorem, we consider sequences of observables gk ∈ Cα(M) for some α ∈ (0, 1/3)
with |gk|Cα ≤ K for some K > 0 and all k ∈ N. Given a strictly positive density ρ ∈ C1,2 dν0 = ρdµSRB,
and denote by E the expectation with respect to ν0. We define the centered variables exactly as in (2.1)
(where the integrals are w.r.t. µSRB) and the cumulative distribution function as in (2.2). Our results can be
summarized as follows (see Theorem 7.12 for a precise statement, while the beginning of Section 7 contains
a precise definition of the sequential system and Section 7.4 a detailed description of the observables).

Theorem 2.2. Let F(τ∗,K∗, E∗) be as defined above and let (Ti)i∈N ⊂ F(τ∗,K∗, E∗) be an NF -admissible
sequence, and ln ρ ∈ C1,

´
ρ dµSRB = 1.

Then for all c? ∈ (0, 1) there exists C̄ > 0 such that, for all n ∈ N such that σn ≥ max{1, c?n1/3 ln(n+1)},∣∣∣∣Fn(x)− 1√
2π

ˆ x

−∞
e−

y2

2 dy

∣∣∣∣ ≤ C̄σ−3
n (lnσn)2n.

Note that in the non-sequential case, when Tk = T and gk = g, if g is not a coboundary, then σ2
n ∼ n.

Hence the error term is O(n−
1
2 (lnσn)2) which is optimal, apart from the logarithm.

In the sequential case we do not have general criteria to check that σn ≥ max{1, c?n1/3 ln(n+ 1)} (apart
from the case in which the billiards are extremely hyperbolic, that is the operators LT have a large spectral
gap3). However, sharper results can be obtained in the random case, see Section 7.9 where we improve on
the usual condition (cf. Remark 7.16 for details).

We prove Theorem 2.2 in Section 7 (that is, we prove its more precise formulation Theorem 7.12) as an
application of the abstract theory described in the next section. However, checking the conditions of the
abstract theory entails a non-trivial amount of work, which is carried out in Section 7.

2.3. Abstract Framework and Central Limit Theorems. Consider a sequence of dynamical systems
fk : Mk →Mk+1, k ∈ N,4 where Mk are compact Riemannian manifolds of uniform diameter, and the fk are
measurable functions with respect to the Borel σ-algebra. Let µk be a sequence of probability measures such
that (fk)∗µk � µk+1. For all g ∈ L∞(Mk, µk) and ϕ ∈ L1(Mk+1, µk+1) we define the Transfer Operator Lk
as

(2.3)

ˆ
Mk

gϕ ◦ fk dµk =

ˆ
Mk+1

ϕLkg dµk+1.

1Informally, given NF ∈ N, an NF -admissible sequence is a sequence of billiard maps drawn from the family F(τ∗,K∗, E∗)
which comprise blocks of length NF in which all maps in each block are close to one another, but maps in different blocks are

not necessarily close.
2The results holds more generally for ρ ∈ CR; see Section 7.1 for the precise definition of CR.
3We thank Dmitry Dolgopyat for pointing this out to us.
4We use the convention that 0 ∈ N.
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A direct computation shows that, µk+1-a.s., we have

Lkg(x) =
∑

y∈f−1
k (x)

g(y)/Jk(y),

where Jk(y) = dµk+1(fky)
dµk(y) . Note that, by defintion, Lk is a positive operator and a contraction as an

operator from L1(Mk, µk) to L1(Mk+1, µk+1). Next, assume that there exist convex cones Ck ⊂ L1(Mk, µk),
Ck ∩ −Ck = ∅, with the following properties

(C-1) for each h ∈ Ck we have
´
Mk

h dµk > 0.

(C-2) Lk(Ck) ⊂ Ck+1 and the diameter (with repect to the Hilbert metric, see [8, Appendix D]) of Lk(Ck)
in Ck+1 is uniformly bounded.

(C-3) there exists ek ∈ Ck such that for each h ∈ Vk := span(Ck) there exists ν ∈ R+:

νek + h ∈ Ck.

Without loss of generality, by (C-1), we can choose the ek such that

(2.4)

ˆ
Mk

ekdµk = 1.

Remark 2.3. Note that the above setting is not the most general possible: e.g. Lk could be a more general
transfer operator with some weight; condition (C-2) could be weakened to some diameter depending on k,
provided that it does grow under appropriate control; in the conditions (O-1), (O-2) below one could let K
grow, moderately, with k; and so on. We refrain from such endless generalizations, which the reader can
easily work out, if needed, to present the basic idea in its more straightforward form.

Due to condition (C-3) we can associate to each k a Banach space Bk obtained by the completion of Vk
with respect to the norm ‖ · ‖k associated to the cone Ck:

(2.5) ‖h‖k = inf{λ ∈ R+ : −λek � h � λek}

where h � g iff h − g ∈ Ck (see [8, Equation D.2.1] for more details). By [8, Lemma D.5] it follows that
Bk is a Banach lattice with the order structure �. In particular, if −g � h � g, then ‖g‖k ≥ ‖h‖k. Also
‖ek‖k = 1.

Next, note that if h � g, i.e. h−g ∈ Ck, by condtion (C-2), Lk(h−g) ∈ Ck+1, so Lkh � Lkg. That is, Lk
is a positive, order preserving operator. Accordingly, for all α ∈ Bk we have ‖Lkα‖k+1 ≤ ‖α‖k‖Lkek‖k+1.5

In other words, Lk ∈ L(Bk,Bk+1). Moreover, by (C-1) we have

(2.6)

∣∣∣∣ˆ
Mk

αdµk

∣∣∣∣ ≤ ˆ
Mk

ek‖α‖kdµk = ‖α‖k.

In addition, by [8, Lemma D.4] (with the choice ρ(g) =
´
g), there exists c > 0 such that, for each k ≥ j,

h ∈ Bj , with
´
Mj

hdµj = 0, we have

(2.7) ‖Lk · · · Ljh‖k+1 ≤ 3e−c(k−j+1)‖h‖j .

We further assume

(C-4) there exists C∗ > 0 such that, for each k ≥ j ∈ N, and h ∈ Bj , we have ‖Lk · · · Ljh‖k+1 ≤ C∗‖h‖j .
Next we introduce the observables for which we shall prove a sequential Central Limit Theorem. Let

{gk}k∈N, gk ∈ L1(Mk, µk) be a real function such that

(O-1) there exists K > 0, j0 ∈ N, j0 > 2, such that, for each h ∈ Bk, and j ≤ j0, we have

‖Lk(gjkh)‖k+1 ≤ Kj‖h‖k.

We define fk,j = fk−1 ◦ · · · ◦ fj , fj,j(x) = x and consider the sum

Sn =

n−1∑
k=0

gk ◦ fk,0.

5In fact, by conditions (C-2) and (C-3), Lkek ∈ Vk+1 so ‖Lkek‖k+1 <∞.
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We let xk = gk ◦ fk,0(x0), and assume that x0 is distributed according to a probability measure dν0 = ρdµ0,
ρ ∈ B0. We will use the notation E to denote the expectation with respect to the initial measure dν0 = ρdµ0.

Then the xk are random variables and

E (Sn) :=

n−1∑
k=0

ˆ
M0

ρ · gk ◦ fk,0dµ0 =

n−1∑
k=0

ˆ
Mk

gkLk−1 · · · L0ρ dµk.

By (2.6), (O-1) and (C-4) we have

sup
k∈N

∣∣∣∣ˆ
Mk

gkLk−1 · · · L0ρ dµk

∣∣∣∣ = sup
k∈N

∣∣∣∣∣
ˆ
Mk+1

LkgkLk−1 · · · L0ρdµk+1

∣∣∣∣∣ ≤ KC∗‖ρ‖0.
It is then natural to define

(2.8) ĝk = gk −
ˆ
Mk

gkLk−1 · · · L0ρdµk

so that

(2.9)

ˆ
Mk

ĝkLk−1 · · · L0ρdµk = 0,

and

(2.10) Ŝn =

n−1∑
k=0

ĝk ◦ fk,0.

By definition, E
(
Ŝn

)
= 0. It is then natural to define

(2.11) σ2
n = E(Ŝ2

n) =

n−1∑
k,j=0

ˆ
Mn

Ln−1 · · · Lk(ĝkLk−1 · · · Lj(ĝjLj−1 · · · L0ρ)) dµn.

Lemma 2.4. There exists C̃ > 0 such that, for all n ∈ N,

σ2
n ≤ C̃n.

Proof. Indeed, using that Lj−1 · · · L0ρ ∈ Bj , together with (2.6), (C-4) and (O-1), we may estimate

σ2
n =

n−1∑
k=0

ˆ
Mk+1

Lk(ĝ2
kLk−1 · · · L0ρ) dµk+1

+ 2

n−1∑
k=1

k−1∑
j=0

ˆ
Mk+1

Lk(ĝkLk−1 · · · Lj(ĝjLj−1 · · · L0ρ)) dµk+1

≤ nC∗K2‖ρ‖0 + 6C∗K
2‖ρ‖0

n−1∑
k=1

k−1∑
j=0

e−c(k−j−1) ≤ C̃n ,

(2.12)

where, in the last line, we have used (2.7) to estimate ‖Lk−1 · · · Lj(ĝjLj−1 · · · L0ρ)‖k, sicne we have that´
Mj+1

Lj(ĝjLj−1 · · · L0ρ) dµj+1 = 0 and Lj(ĝjLj−1 · · · L0ρ) ∈ Bj+1 by condition (O-1). �

To continue, we need to complexify the Banach spaces Bk and extend the action of Lk to such an extension
(to simplify notation, we still call Lk the extension).

Lemma 2.5. There exists a canonical complex exension Bk of Bk and the action of Lk extends to a bounded
operator in L(Bk,Bk+1). Moreover, for each k,m ∈ N, the norm of Lk+m · · · Lk : Bk → Bk+m+1 is bounded

by
√

2C∗.

The above fact is well known but, for the reader’s convenience, we provide the proof in Appendix A.
To keep the notation simple from now on we will use ‖ · ‖k also for the norm on the complex space, since

no confusion can arise.
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Note that if f, g ∈ Bk then, by (2.6),

(2.13)

∣∣∣∣ˆ
Mk

(f + ig)dµk

∣∣∣∣ ≤ ∣∣∣∣ˆ
Mk

fdµk

∣∣∣∣+

∣∣∣∣ˆ
Mk

gdµk

∣∣∣∣ ≤ ‖f‖k + ‖g‖k ≤
√

2‖f + ig‖k.

Next, for k, n ∈ N, k ≤ n, and λ ∈ R, we define the operators Lk,λ,n: for each h ∈ Bk,

(2.14) Lk,λ,nh = Lk(eiσ
−1
n λĝkh).

Note that, for h ∈ L1 and λ ∈ R we have eiσ
−1
n λgkh ∈ L1, so Lk,λ,n is also well defined, and a contraction,

as an operator in L1(Mk,C). In addition, we assume

(O-2) There exists λ0 > 0 and K > 0, such that for all j, k, n ∈ N, j ≤ k ≤ n, |λ| ≤ λ0σn, and h ∈ Bj we
have ‖Lk,λ,n · · · Lj,λ,nh‖k+1 ≤ K‖h‖j .

Finally, we state a stronger assumption (the composition of twisted transfer operators is of Perron-
Frobenius type), that will allow us to obtain stronger results:

(O-3) There exists λ0, c,K > 0 and elements hk,j,λ ∈ Bk, `k,j,λ ∈ B′j , k, j ∈ N, such that, for all |λ| ≤ λ0σn
and k, j, l, n ∈ N,

´
Mk

hk,j,λdµk = `k,j,λ(ej) = 1, ‖hk,j,λ‖k + ‖`k,j,λ‖′j ≤ K,6 |`k,j,λ(hj,l,λ)| ≥ K−1.

Morever, there exist αk,j,λ ∈ C, |αk,j,λ| ≤ K such that for all j, k, n ∈ N, j ≤ k ≤ n, and h ∈ Bj we
have

(2.15) ‖Lk−1,λ,n · · · Lj,λ,nh− αk,j,λhk,j,λ`k,j,λ(h)‖k ≤ K|αk,j,λ|e−c(k−j)‖h‖j .

Notation. In the following, we will use c#, C# for a generic constant depending only on the constants in
Conditions (C-1)–(C-4) and (O-1)–(O-3). Also, given a Banach space B, we will use the notation O(a),
a ∈ R+, to stand for an arbitrary element of h ∈ B such that ‖h‖ ≤ C#a. We will not specify explicitly the
Banach space (which could be R,C,Bk,Bk etc ...) since it will always be clear from the context.

Our main results are the following.

Theorem 2.6. If the conditions (C-1),(C-2),(C-3), (C-4) and (O-1), with j0 = 3, and (O-2) are satisfied
and lim infn→∞ σn = ∞, then for each $ > 3 there exists C$, λ1 > 0 such that, for each n ∈ N and
|λ| ≤ λ1σn, we have ∣∣∣E(eiλσ−1

n Ŝn
)
− e−λ

2

2

∣∣∣ ≤ C$ ( (lnσn)2λ4

σ2
n

+ λ2σ−$n + n
λ3

σ3
n

)
.

We will see that the above result yields helpful information only if for each C0 ∈ R+ there exists n0 ∈ N
such that σn ≥ C0n

1
3 for all n ≥ n0.

Theorem 2.7. If the conditions (C-1),(C-2),(C-3), (C-4) and (O-1), with j0 = 3, together with hypothesis
(O-3) are satisfied, then for each $ > 3 there exist constants C$, λ1 > 0 and an analytic functions An such
that, for each n ∈ N and |λ| ≤ λ1σn(lnσn)−1, we have

E
(
eiλσ

−1
n Ŝn

)
= e−

λ2

2 +An(λ)

|An(λ)| ≤ C$n
[
λ3σ−3

n (lnσn)2 + σ−$n |λ|
]

|A′n(λ)| ≤ C$n
[
λ2σ−3

n (lnσn)2 + σ−$n
]
.

The proof of Theorem 2.6 is the content of Section 3, while Theorem 2.7 is proven in Section 4.
To compare with other results, let us compute what the above results imply for the distribution function

(2.16) Fn(x) = P

({
Ŝn
σn
≤ x

})
= E

(
1{Ŝn/σn≤x}

)
.

Our first result using (O-2) is nontrivial only if σn � n
1
3 . This is the same restriction in [24]. But there, the

error is smaller

6Where, for each ` ∈ B′j , we have ‖`‖′j = sup‖h‖j≤1 |`(h)|.
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Corollary 2.8. If the conditions (C-1),(C-2),(C-3), (C-4) and (O-1), with j0 = 3, together with hypothesis
(O-2) are satisfied, then for all n ∈ N we have

(2.17)

∣∣∣∣Fn(x)− 1√
2π

ˆ x

−∞
e−

y2

2 dy

∣∣∣∣ ≤ C#σ
− 3

4
n n

1
4 ,

Proof. By [19, equation (3.13) of Chapter XVI.3], Theorem 2.6 implies∣∣∣∣Fn(x)− 1√
2π

ˆ x

−∞
e−

y2

2 dy

∣∣∣∣ ≤ C$
π

ˆ Tn

−Tn

[
(lnσn)2ζ3

σ2
n

+ n
ζ2

σ3
n

+ σ−$n ζ

]
dζ +

24

πTn

≤ C#C$

[
(lnσn)2T 4

n

σ2
n

+ n
T 3
n

σ3
n

+ σ−$n Tn

]
+

24

πTn
,

for each sequence {Tn}. Choosing Tn = σ
3
4
nn−

1
4 , and recalling that (2.12) implies σn ≤ C#

√
n, the result

follows. �

To obtain a stronger result, we must assume (O-3) and apply Theorem 2.7.

Corollary 2.9. If the conditions (C-1),(C-2),(C-3), (C-4) and (O-1), with j0 = 3, together with hypothesis

(O-3) are satisfied, then for each c? ∈ (0, 1) and for all n ∈ N such that σn ≥ max{1, c?n
1
3 ln(n+ 1)}, there

exists C̄ > 0 such that

(2.18)

∣∣∣∣Fn(x)− 1√
2π

ˆ x

−∞
e−

y2

2 dy

∣∣∣∣ ≤ C̄σ−3
n (lnσn)2n.

Proof. We use again [19, equation (3.13) of Chapter XVI.3] to write∣∣∣∣Fn(x)− 1√
2π

ˆ x

−∞
e−

y2

2 dy

∣∣∣∣ ≤ 1

π

ˆ Tn

−Tn

∣∣∣∣∣e−
ζ2

2 − e−
ζ2

2 +An(ζ)

ζ

∣∣∣∣∣ dζ +
24

πTn
.

We make the choice Tn =
σ3
n

C?n(lnσn)2 , for some constant C? > 0 large enough, and $ = 4. By Theorem 2.7

it follows that

ζ2

4
≥ C$n

∣∣ζ3σ−3
n (lnσn)2

∣∣∣∣∣∣ ddζ e− ζ22 +An(ζ)

∣∣∣∣ ≤ C0,

for all |ζ| ≤ Tn. Also, setting Sn = σn

n
1
3 (lnσn)

2
3

, we have that |An(ζ)| is uniformly bounded for all |ζ| ≤ Sn.

Hence, for all |ζ| ≤ Sn we have, by Theorem 2.7,∣∣∣∣1− eAn(ζ)

ζ

∣∣∣∣ ≤ C#

∣∣∣∣∣
´ ζ

0
A′(z)dz

ζ

∣∣∣∣∣ ≤ C# sup
z∈[0,ζ]

|A′(z)|

≤ C#C$n
∣∣ζ2σ−3

n (lnσn)2 + σ−$n
∣∣ .

Accordingly, ∣∣∣∣Fn(x)− 1√
2π

ˆ x

−∞
e−

y2

2 dy

∣∣∣∣ ≤ 1

π

ˆ Sn

−Sn
e−

ζ2

2 C$n
[
ζ2σ−3

n (lnσn)2 + σ−4
n

]
dζ

+
2eC$c

−$
?

π

ˆ Tn

Sn

e−
ζ2

4 +
24

πTn

≤ C̄σ−3
n (lnσn)2n,

for some C̄ large enough. �

We conclude with a brief discussion on the relation with previous results.
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Remark 2.10. The above results are only slightly weaker than [24]. However, they apply to a much wider
range of systems. In particular, they are tailored for possible applications to the problem of a random Lorenz
gas where the observable may not the bounded (e.g., see the relevant observables in the recent [16]). For

bounded observables, one can take advantage of the fact that E
(
eiλσ

−1
n Ŝn

)
is an analytic function of λ. More

generally, our results can be improved by following the same strategy used here and simply computing more
terms in the various Taylor expansions. To obtain optimal results, it is however necessary to have bounds
on the higher moments in terms of the variance. The latter strategy is used in the recent paper [15], where
much stronger results are obtained but limited to bounded observables and expanding maps. Unfortunately,
it is not obvious how to extend the martingale approximation argument used to control the higher momenta
in [15] to the present general setting.

3. Proof of Theorem 2.6

In order to compute

(3.1) Υn(λ) = E
(
eiλσ

−1
n Ŝn

)
we show that it satisfies a differential inequality.

Proposition 3.1. For each $ > 0, there exist C$, λ1 > 0 such that for all n ∈ N and λ ∈ R, |λ| ≤ λ1σn,
we have

d

dλ
Υn(λ) = −λΥn(λ) + En(λ)

|En(λ)| ≤ C$
(

(lnσn)2|λ|3

σ2
n

+ |λ|σ−$n + n
λ2

σ3
n

)
.

Proposition 3.1 immediately implies Theorem 2.6.

Proof of Theorem 2.6 using Proposition 3.1.

Setting θn(λ) = e
λ2

2 Υn(λ), we compute

θ′n(λ) = e
λ2

2 En(λ).

Since Υn(0) = 1, we have θn(0) = 1, hence

Υn(λ) = e−
λ2

2 +

ˆ λ

0

e−
λ2−ξ2

2 En(ξ)dξ.

Moreover, using that e−(λ2−ξ2)/2 ≤ 1, we have∣∣∣∣∣
ˆ λ

0

e−
λ2−ξ2

2 En(ξ)dξ

∣∣∣∣∣ ≤ sup
|ξ|≤|λ|

|En(ξ)| |λ| ≤ C$
(

(lnσn)2λ4

σ2
n

+ λ2σ−$n + n
|λ|3

σ3
n

)
.

�

For the remainder of this section, we fix n ∈ N and prove Proposition 3.1. Since n is fixed, to simplify
notation a little, we will drop the last index n in the definition of Lk,λ,n from (2.14). That is,

(3.2) Lk,λh := Lk,λ,nh = Lk(eiσ
−1
n λĝkh) .

Proof of Proposition 3.1.
For µ0-almost every x we have

d

dλ
eiλσ

−1
n Ŝn(x) = iσ−1

n

n−1∑
k=0

ĝk ◦ fk,0(x)eiλσ
−1
n Ŝn(x).

By the Schwartz inequality, recalling (2.6) and Conditions (O-1) and (C-4), we have

E(|ĝk ◦ fk,0(x)|) ≤

[ˆ
Mk+1

Lk
[
(ĝk)2Lk−1 · · · L0ρ

]
dµk+1

] 1
2

≤ KC
1
2
∗ ‖ρ‖0 <∞.

(3.3)
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Accordingly,

(3.4)
d

dλ
Υn(λ) = iσ−1

n

n−1∑
k=0

E
(
ĝk ◦ fk,0eiλσ

−1
n Ŝn

)
.

For some constant CL > 0, to be chosen later large enough, we define

(3.5) Ln = CL lnσn.

Next, for each k ≤ n let

Ŝin,k =
∑

j∈{0,...,n−1}
|j−k|≤Ln

ĝj ◦ fj,0

Ŝen,k =
∑

j∈{0,...,n−1}
|j−k|>Ln

ĝj ◦ fj,0.

Also, we define

Θ0
k(ξ, λ) = E

(
eiλσ

−1
n Ŝen,k+iξσ−1

n Ŝin,k

)
Θ1
k(ξ, λ) = E

(
ĝk ◦ fk,0eiλσ

−1
n Ŝen,k+iξσ−1

n Ŝin,k

)
Θ2
k,j(ξ, λ) = E

(
ĝk ◦ fk,0ĝj ◦ fj,0eiλσ

−1
n Ŝen,k+iξσ−1

n Ŝin,k

)
Θ3
k,j,l(ξ, λ) = E

(
ĝk ◦ fk,0ĝj ◦ fj,0ĝl ◦ fl,0eiλσ

−1
n Ŝen,k+iξσ−1

n Ŝin,k

)
.

Lemma 3.2. For each ξ ∈ R, the functions Θi(ξ, ·) are Cj∗−i(R,C).

Proof. The computation is the same as for equation (3.3), using (2.6) and Conditions (O-1) and (C-4). �

By (3.4) and Lemma 3.2 we can Taylor expand with respect to ξ and write

d

dλ
Υn(λ) =iσ−1

n

n−1∑
k=0

Θ1
k(λ, λ)

=iσ−1
n

n−1∑
k=0

Θ1
k(0, λ)− σ−2

n λ

n−1∑
k=0

∑
j∈{0,...,n−1}
|j−k|≤Ln

Θ2
k,j(0, λ)

− iσ−3
n

ˆ λ

0

dξ

ˆ ξ

0

dz

n−1∑
k=0

∑
j∈{0,...,n−1}
|j−k|≤Ln

∑
l∈{0,...,n−1}
|l−k|≤Ln

Θ3
k,j,l(z, λ).

(3.6)

Remark 3.3. Note that nothing prevents us from expanding Θ1
k to higher orders. Doing so yields better

estimates, but at the price of a much lengthier computation. We refrain from doing so as our goal is to
present clearly the idea rather than to state the optimal results.

Next, we must compute the terms in the above equation. To this end, we use the twisted transfer operators
Lk,λ (recall (3.2)). Let us define, for all k, j ∈ Z,

(3.7) Lk,j,λ =


1 if k < 0

Lk,λ · · · Lmax{j,0},λ if k ≥ j
1 if k < j.

Note that, for h ∈ L1, ˆ
Mk+1

|Lk,λh| ≤
ˆ
Mk+1

Lk |h| =
ˆ
Mk

|h|.

Hence, by (2.13), (O-1) and (C-4), we have∣∣∣∣ˆ
Mk

Lk,λ · · · Lj,λĝjLj−1,λ · · · L0,λρ

∣∣∣∣ ≤ √2KC2
∗‖ρ‖0.
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Note that, for all Ln ≤ k ≤ n− Ln and k ≤ j ≤ k + Ln

Θ0
k(ξ, λ) =

ˆ
Mn

Ln,k+Ln+1,λLk+Ln,k−Ln+1,ξ Lk−Ln,0,λρ

Θ1
k(ξ, λ) =

ˆ
Mn

Ln,k+Ln+1,λLk+Ln,k,ξ ĝkLk−1,k−Ln+1,ξ Lk−Ln,0,λρ

Θ2
k,j(ξ, λ) =

ˆ
Mn

Ln,k+Ln+1,λLk+Ln,j,ξ ĝjLj−1,k,ξ ĝkLk−1,k−Ln+1,ξ Lk−Ln,0,λρ.

(3.8)

The above formulae correspond to the case j ≥ k, the definition in the other cases being obvious. To estimate
the above terms, the following lemmata will be instrumental.

Lemma 3.4. For each k,m1,m2 ∈ N and h ∈ Bk, we have

‖Lk+m1+m2,k+m2,0 ĝk+m2Lk+m2−1,k,0h‖k+m1+m2+1 ≤ C#e
−cmin{m1,m2}‖h‖k∣∣∣∣∣

ˆ
Mk+m1+m2

Lk+m1+m2,k+m2,0 ĝk+m2
Lk+m2−1,k,0h

∣∣∣∣∣ ≤ C#e
−cm2‖h‖k

‖Lk+m1,k,0 ĝkLk−1,0,0ρ‖k+m1+1 ≤ C#e
−cm1

Proof. Let us define

(3.9) φk,j := Lk−1,0 · · · Lj,0ej .

By (C-4), ‖φk,j‖k ≤ C∗ while (2.3) implies
´
Mk

φk,jdµk = 1. Equation (2.7) yields∥∥∥∥∥Lk−1,0 · · · Lj,0h− φk,j
ˆ
Mj

hdµj

∥∥∥∥∥
k

=

∥∥∥∥∥Lk−1,0 · · · Lj,0

[
h− ej

ˆ
Mj

hdµj

]∥∥∥∥∥
k

≤ C#e
−c(k−j)‖h‖j .

(3.10)

In particular, choosing h = Lj−1,0 · · · L0,0e0,

(3.11) ‖φk,0 − φk,j‖k ≤ C#e
−c(k−j).

Then, using (3.10) multiple times, conditions (O-1), (C-4) and equation (3.11) yields

Lk+m1+m2,k+m2,0 ĝk+m2
Lk+m2−1,k,0h = φk+m1+m2+1,k+m2+1

×
ˆ
Lk+m2,0ĝk+m2

Lk+m2−1,k,0h+O(e−cm1)‖Lk+m2,0ĝk+m2
φk+m2,k

ˆ
h‖k+m2

= φk+m1+m2+1,k+m2+1

ˆ
Lk+m2,0ĝk+m2Lk+m2−1,k,0h+O(e−cm1 + e−cm2)‖h‖k

= φk+m1+m2+1,0

ˆ
Lk+m2,0ĝk+m2

Lk+m2−1,k,0h+O(e−cm1 + e−cm2)‖h‖k

= φk+m1+m2,0

ˆ
Lk+m2,0ĝk+m2Lk+m2−1,0,0ρ

ˆ
Mk

h+O(e−cm1 + e−cm2)‖h‖k

= φk+m1+m2,0

ˆ
ĝk+m2

Lk+m2−1,0,0ρ

ˆ
Mk

h+O(e−cm1 + e−cm2)‖h‖k

= O(e−cmin{m1,m2})‖h‖k,

where, in the third equality, we have used again (3.10) to estimate∥∥∥∥Lk+m2−1,k,0h− Lk+m2−1,0,0ρ

ˆ
Mk

h

∥∥∥∥
k+m2

=

∥∥∥∥Lk+m2−1,k,0

(
h− Lk−1,0,0ρ

ˆ
Mk

h

)∥∥∥∥
k+m2

≤
∥∥∥∥φk+m2,k

ˆ (
h− Lk−1,0,0ρ

ˆ
Mk

h

)∥∥∥∥
k+m2

+ C#e
−cm2

∥∥∥∥h− Lk−1,0,0ρ

ˆ
Mk

h

∥∥∥∥
k

≤ C#e
−cm2‖h‖k.

This proves the first inequality. The other two are proven similarly. �
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Let

Γ0
k = Lk+Ln,k−Ln+1,0

Γ1
k = Lk+Ln,k,0 ĝkLk−1,k−Ln+1,0

Γ2
k,j = Lk+Ln,j,0 ĝjLj−1,k,0ĝkLk−1,k−Ln+1,0.

(3.12)

Lemma 3.5. For each $ > 0 there exists CL = CL($) > 0 such that for all n − Ln ≥ k ≥ Ln and
h ∈ Bk−Ln , we have

‖Γ1
kh‖k+Ln ≤ C#σ

−$‖h‖k−Ln
‖Γ2

k,jh− Σk,jΓ
0
kh‖k+Ln ≤ C#σ

−$
n ‖h‖k−Ln ,

where

(3.13) Σk,j =

ˆ
ĝkLk−1,j,0ĝjLj−1,0,0ρ.

Proof. Equations (2.7), (2.6) and conditions (C-4), (O-1) imply∥∥Γ1
kh
∥∥
k+Ln

≤

∥∥∥∥∥φk+Ln,k+1

ˆ
Mk+1

LkĝkLk−1,Lk−Ln+1,0hdµk

∥∥∥∥∥
k+1

+ C#e
−cLn‖h‖k−Ln

≤ C#

∣∣∣∣ˆ
Mk

ĝkLk−1,0,0ρdµ0

∣∣∣∣ ·
∣∣∣∣∣
ˆ
Mk−Ln

hdµk−Ln

∣∣∣∣∣+ C#Kσ
−$
n ‖h‖k−Ln

≤ C#σ
−$
n ‖h‖k−Ln

by (2.9) and provided we have chosen CL large enough. Next, we study Γ2
k,j for j ≥ k, the case j < k being

identical. If |k − j| ≥ Ln/2, then

Γ2
k,jh = Lk+Ln,j,0 ĝjLj−1,k,0ĝkLk−1,k−Ln+1,0h

= Lk+Ln,j,0 ĝjφj,k+1

ˆ
Mk+1

LkĝkLk−1,k−Ln+1,0h+O(e−c|k−j|‖h‖k−Ln)

= O(σ−$n ‖h‖k−Ln)

(3.14)

provided we choose CL large enough. On the other hand, if |k − j| ≤ Ln/2, then k + Ln − j ≥ Ln/2 and
j − k + Ln ≥ Ln/2, hence, recalling (3.10),

Γ2
k,jh =φk+Ln,j+1

ˆ
Lj ĝjLj−1,k,0ĝkLk−1,k−Ln+1,0h

+O(e−c|k+Ln−j|‖h‖k−Ln)

= φk+Ln,j+1

ˆ
Lj ĝjLj−1,k,0ĝkLk−1,0,0ρ

ˆ
h+O(σ−$n ‖h‖k−Ln)

= Σk,jΓ
0
kh+O(σ−$n ‖h‖k−Ln).

(3.15)

The Lemma follows noting that, for |k − j| ≥ Ln/2, |Σk,j | ≤ C#σ
−$. �

We can now estimate the terms in (3.6) one at a time.
If Ln ≤ k ≤ n− Ln, Lemma (3.5) implies ∣∣Θ1

k(0, λ)
∣∣ ≤ C#σ

−$
n

If k ≥ n− Ln, then by the second inequality of Lemma 3.4 and condition (O-2)∣∣Θ1
k(0, λ)

∣∣ ≤ C#σ
−$
n ‖Lk−Ln,0,λρ‖k−Ln ≤ C#σ

−$
n .

While, if k ≤ Ln, then by the equation (2.6), condition (O-2) and third inequality of Lemma 3.4∣∣Θ1
k(0, λ)

∣∣ ≤ C#‖Lk+Ln,k,0 ĝkLk−1,0,0ρ‖k+Ln+1 ≤ C#σ
−$
n .

It follows that for all k ∈ N,

(3.16) |Θ1
k(0, λ)| ≤ C#σ

−$
n .
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Next, let us compute Θ2
k,j(0, λ). As before we treat only the case j ≥ k since the case j < k is identical

and is left to the reader.
For n− Ln ≥ k ≥ Ln Lemma 3.5 implies

(3.17) Θ2
k,j(0, λ) = Σk,jΘ

0
k(0, λ) +O(σ−$n ).

Note that, by equations (2.11) and (3.10),

(3.18) σ2
n =

n−1∑
k=0

∑
|j−k|≤Ln

Σk,j +O(σ−$n ).

The other possibilities can be treated as we did for Θ1
k and yield a contribution of order σ−$n . Finally, we

compute7 ∣∣∣∣∣∣∣∣∣∣∣
n−1∑
k=0

∑
j,l∈{0,...,n−1}
|j−k|≤Ln
|l−k|≤Ln

Θ3
k,j,l(z, λ)

∣∣∣∣∣∣∣∣∣∣∣
≤
n−1∑
k=0

KE


 ∑
l∈{0,...,n−1}
|l−k|≤Ln

ĝl ◦ fl,0


2

≤ K
n−1∑
k=0

∑
j∈{0,...,n−1}
|j−k|≤Ln

∑
l∈{0,...,n−1}
|l−k|≤Ln

E (ĝj ◦ fj,0ĝl ◦ fl,0)

≤ K
∑

j∈{0,...,n−1}
|j−l|≤2Ln

(2Ln − |l − j|)E (ĝj ◦ fj,0ĝl ◦ fl,0)

≤ 2Kσ2
nLn −K

∑
j∈{0,...,n−1}
|s|≤2Ln

|s|E (ĝj ◦ fj,0ĝj−s ◦ fj−s,0)

≤ 2Kσ2
nLn + C#n

(3.19)

since the sum over s is bounded by (3.10).
To conclude, note that

(3.20) Υn(λ) = Θ0
k(λ, λ) = Θ0

k(0, λ) + ∂ξΘ
0
k(0, λ)λ+

ˆ λ

0

dη

ˆ η

0

dz∂2
ξΘ0

k(z, λ).

Arguing as before, we have

|∂ξΘ0
k(0, λ)| ≤ Cσ−$n

|∂2
ξΘ0

k(0, λ)| ≤ C#C
2
Lσ
−2
n (lnσn)2.

(3.21)

Hence, we can rewrite (3.17) as

(3.22) Θ2
k,j(0, λ) = Σk,jΥn +O

(
Σk,jσ

−2
n C2

Lλ
2(lnσn)2 + σ−$n

)
.

Collecting the above computations, we have

d

dλ
Υn(λ) = −σ−1

n

∑
k∈{0,··· ,n−1}
|k−j|≤Ln

[
Σk,jλΥ(λ) +O

(
Σk,jσ

−2
n λ3C2

L(lnσn)2 + σ−$n λ
)]

+O
(
nλ2σ−3

n + λ2σ−2
n CL lnσn

)
= −λΥn(λ) +O

(
C2
L(lnσn)2λ3

σ2
n

+ λσ−$n + n
λ2

σ3
n

)
,

7Note that
´
M0
|ĝl|2 ◦ fl,0ρ dµ0 =

´
Ml
|ĝl|2Ll,0ρ dµl =

´
Ml+1

Ll,0|ĝl|2Ll,0,0ρ dµl+1, so equation (2.6) and conditions (O-1),

(C-4) imply that ĝl ◦ fl,0 ∈ L2(M0, ν0).
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and this concludes the proof recalling that CL is a constant depending on $, see Lemma 3.5. �

4. Proof of Theorem 2.7

We define Υn as in equation (3.1).

Proposition 4.1. For each $ > 0, there exists λ1 > 0 such that, for each n ∈ N and λ ∈ R, |λ| ≤
λ1σn(lnσn)−1, we have

d

dλ
Υn(λ) = − (λ+ En(λ)) Υn(λ)

Υ(0) = 1

|En(λ)| ≤ C$
(
λ2σ−3

n (lnσn)2n+ nσ−$n
)
.

Proposition 4.1 immediately implies Theorem 2.7.

Proof of Theorem 2.7.

Let An(λ) =
´ λ

0
En(ξ)dξ then Proposition 4.1 implies Υn(λ) = e−

λ2

2 −An(λ). �

To conclude we must thus prove Proposition 4.1.

Proof of Proposition 4.1.
We start again our proof by

(4.1)
d

dλ
Υn(λ) = iσ−1

n

n−1∑
k=0

ˆ
Mn

Ln−1,k,λĝkLk−1,0,λρdµn,

where we have used the same notation as in (3.8). If 2Ln ≤ k ≤ n − 2Ln, then, recalling conditions (O-2)
and (O-3) we can write

Ln−1,k,λĝkLk−1,0,λρ = αn,k+Ln+1,λαk−Ln−1,0,λhn,k+Ln+1,λ

× `n,k+Ln+1,λ(Lk+Ln,k,λĝkLk−1,k−Ln,λhk−Ln−1,0,λ)`k−Ln−1,0,λ(ρ)

+O(σ−$αn,k+Ln+1,λαk−Ln−1,0,λ)

(4.2)

provided we have chosen CL large enough.

Lemma 4.2. There exists n1 ∈ N each n ≥ k > j > l, k − l ≥ n1, we have

αk,l,λ = αk,j,λαj−1,l,λ`k,j,λ (hj,l,λ) +O
(
αk,l,λαj−1,l,λe

−cmin{|k−j|,|j−l|}
)
.

Proof. By assumption (O-3) we have, on the one hand∣∣∣∣ˆ
Mk

Lk−1,l,λ(el)dµk − αk,l,λ
∣∣∣∣ ≤ K|αk,l,λ|e−c|k−l|.

On the other handˆ
Mk

Lk−1,l,λ(el)dµk =

ˆ
Mk

Lk−1,j,λ (Lj−1,l,λ(el)) dµk

= αk,j,λ`k,j,λ (Lj−1,l,λ(el)) +O
(
αk,j,λe

−c|k−j| ‖Lj−1,l,λ(el)‖j
)

= αk,j,λαj−1,l,λ`k,j,λ (hj,l,λ) +O
(
αk,j,λαj−1,l,λe

−cmin{|k−j|,|j−l|}
)
.

Hence, If Ke−cn1 ≤ 1/2, the lemma follows. �

Since

Ll,j,λh =Ll,j,0h+ iσ−1
n λ

l∑
m=j

Lj,m,0 ĝmLm−1,j,0h

− σ−2
n

l∑
m,s=j

ˆ λ

0

(λ− ξ)Ll,m,ξ ĝmLm−1,s,ξ ĝsLs−1,l,ξhdξ,

(4.3)
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we can compute

Lk+Ln,k,λĝkLk−1,k−Ln,λh = Lk+Ln,k,0ĝkLk−1,k−Ln,0h

+ iσ−1
n λ

k+Ln∑
j=k−Ln

Lk+Ln,j,0ĝjLj−1,k,0 ĝkLk−1,k−Ln,0h

− λ2

2σ2
n

k+Ln∑
m,s=k−Ln

Lk+Ln,m,0 ĝmLm−1,k,0ĝkLk−1,s,0ĝsLs−1,k−Ln,0h

+O(λ3σ−3
n L3

n‖h‖k−Ln).

(4.4)

Lemma 4.3. For λ ≤ λ0σn, we have8∥∥∥Lk+Ln,k,λĝkLk−1,k−Ln,λhk−Ln−1,0,λ − iσ−1
n λ

k+Ln∑
j=k−Ln

Σk,jLk+Ln,k−Ln,λhk−Ln−1,0,λ

∥∥∥ ≤
≤ C#

[
λ2σ−2

n L2
n + σ−$n

]
.

Proof. Equation (4.4)

Lk+Ln,k,λĝkLk−1,k−Ln,λhk−Ln−1,0,λ = Lk+Ln,k,λĝkLk−1,k−Ln,0hk−Ln−1,0,λ

+ iσ−1
n λ

k+Ln∑
j=k

Lk+Ln,j,0ĝjLj−1,k,0ĝkLk−1,k−Ln,0hk−Ln−1,0,λ

+ iσ−1
n λ

k−1∑
j=k−Ln

Lk+Ln,k,0ĝkLk−1,j,0ĝjLj−1,k−Ln,0hk−Ln−1,0,λ

+O(
[
λ2σ−2

n L2
n

]
‖hk−Ln−1,0,λ‖k−Ln).

By Lemma 3.5 and equation (4.3) it follows

Lk+Ln,k,λĝkLk−1,k−Ln,λhk−Ln−1,0,λ =iσ−1
n λ

k+Ln∑
j=k−Ln

Σk,jLk+Ln,k−Ln,0hk−Ln−1,0,λ

+O(
[
λ2σ−2

n L2
n + σ−$n

]
‖hk−Ln−1,0,λ‖k−Ln)

=iσ−1
n λ

k+Ln∑
j=k−Ln

Σk,jLk+Ln,k−Ln,λhk−Ln−1,0,λ

+O(
[
λ2σ−2

n L2
n + σ−$n

]
‖hk−Ln−1,0,λ‖k−Ln).

The Lemma follows recalling that, by condition (O-3), ‖hk−Ln−1,0,λ‖k−Ln ≤ K. �

To continue, we need some rough estimates.

Lemma 4.4. There exists λ1 ∈ (0, λ0) such that, for all |λ| ≤ λ1σnL
−1
n and j ≤ k ≤ n, k − j ≤ Ln, we

have, for each h ∈ Bj,

a) |αk,j,λ| ≥
1

2(1 +K)

b) |`k,j,λ(h)| ≥ c#

∣∣∣∣∣
ˆ
Mj

h

∣∣∣∣∣− C#

[
λσ−1

n |k − j|+ e−c|k−j|
]
‖h‖j

c) ‖hk,j,λ − φk,j‖k ≤ C#

[
λσ−1

n |k − j|+ e−c|k−j|
]
.

Proof. By condition (O-3) we have∣∣∣∣αk,j,λ − ˆ
Mk

Lk−1,j,λejdµk

∣∣∣∣ ≤ Ke−c|k−j||αk,j,λ|.
8Recall that Σk,j is defiend in (3.13), while λ0 refers to condition (O-3).
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While (4.3) and (2.4) and Condition (O-1) imply

ˆ
Mk

Lk−1,j,λej =

ˆ
Mk

Lk−1,j,0ej + iσ−1
n

k∑
m=j

ˆ λ

0

dξ

ˆ
Mk

Lk−1,m,ξ ĝmLm−1,j,ξej

=1 +O(σ−1
n λ|k − j|).

Which yields

(4.5) |αk,j,λ| ≥
1− C#σ

−1
n λ|k − j|

1 +Ke−c|k−j|
.

The above implies |αk,j,λ| ≥ (2 + 2K)−1, provided |k − j| ≤ Ln and λ1 is chosen small enough. Next, for
each h ∈ Bj , ˆ

Mk

Lk−1,j,λh = αk,j,λ`k,j,λ(h) +O(e−c|k−j|αk,l,λ‖h‖j).

Thus, for |k − j| ≤ Ln, by the first statement of the Lemma and equation (4.3)

|`k,j,λ(h)| ≥ c#
∣∣∣∣ˆ
Mk

Lk−1,j,λh

∣∣∣∣− C#e
−c|k−j|‖h‖j

≥ c#

∣∣∣∣∣
ˆ
Mj

h

∣∣∣∣∣− C#

[
λσ−1

n |k − j|+ e−c|k−j|
]
‖h‖j ,

(4.6)

proving item (b).
Finally, by Conditions (O-3), (O-2) and equation (4.3) we have

αk,j,λ (hk,j,λ − φk,j) = Lk−1,j,λej − Lk−1,j,0ej

ˆ
Lk−1,j,λej +O

(
αk,j,λe

−c|k−j|
)

=

k∑
l=j

Lk−1,l+1,0Ll,j,λej
ˆ
Lk−1,l+1,λel+1 − Lk−1,l,0Ll−1,j,λej

ˆ
Lk−1,l,λel

+O
(
αk,j,λe

−c|k−j|
)

= O
(
λσ−1

n |k − j|+ αk,j,λe
−c|k−j|

)
.

The Lemma follows remembering (4.5). �

Using Lemma 4.3 in equation (4.2) and recalling Lemma 4.2 we obtain, for 2Ln ≤ k ≤ n− 2Ln, choosing
CL large enough,

Ln−1,k,λĝkLk−1,0,λρ = iσ−1
n λ

k+Ln∑
j=k−Ln

Σk,jαn,k+Ln+1αk−Ln−1,0,λhn,k+Ln+1,λ

× `n,k+Ln+1 (Lk+Ln,k−Ln,λhk−Ln−1,0,λ)
[
1 +O(

[
λσ−1

n Ln + σ−$n
]
)
]

× `k−Ln−1,0,λ(ρ) +O(σ−$αn,0,λ)

=

iλσ−1
n

k+Ln∑
j=k−Ln

Σk,j +O
(
λ2σ−2

n L2
n + σ−$n

)Ln−1,0,λρ

+O(σ−$n αn,0,λ),

(4.7)

where, in the second line, we have used the fact that Lemma 4.4 implies, recalling Condition (O-3),

|`n,k+Ln,λ(Lk+Ln−1,k−Ln,λhk−Ln−1,0,λ)| ≥ |αk+Ln,k−Ln,λ`n,k+Ln,λ(hk+Ln,0,λ)|
× |`k−Ln−1,0,λ(hk−Ln−1,0,λ)| − C#(σ−$n )

≥c# − C#σ
−$
n ≥ c#.

To complete the estimate needed for Proposition 4.1, we need the following lemma.
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Lemma 4.5. If CL is choosen large enough, there exists c# > 0 such that for all n ∈ N and each λ ∈ R,
|λ| ≤ λ1σnL

−1
n , we have ∣∣∣∣ˆ

Mn

Ln−1,0,λρ

∣∣∣∣ ≥ c#|αn,0,λ| .
We postpone the proof of the lemma and use it to complete the proof of Proposition 4.1.
Applying Lemma 4.5 to (4.7), we obtain

ˆ
Mn

Ln−1,k,λĝkLk−1,0,λρ =

iλσ−1
n

k+Ln∑
j=k−Ln

Σk,j +O
(
λ2σ−2

n L2
n + σ−$n

)
×
ˆ
Mn

Ln−1,0,λρ ,

(4.8)

which is our main estimate in the case 2Ln ≤ k ≤ n− 2Ln.
It remains to consider the cases k ≤ 2Ln and k ≥ n− 2Ln. If k > n− 2Ln, then, using (4.3),ˆ

Mn

Ln−1,k,λĝkLk−1,0,λρdµn =

ˆ
Mn

Ln−1,k,0ĝkLk−1,k−Ln,0Lk−Ln−1,0,λρdµn

+ iσ−1
n λ

n∑
m=k−Ln

ˆ
Mn

Ln−1,m,0 ĝmLm−1,k,0ĝkLk−1,k−Ln,0Lk−Ln−1,0,λρdµn

+O(σ−2
n λ2L2

nαn,0,λ).

Arguing as in Lemma 4.3 yields

ˆ
Mn

Ln−1,k,λĝkLk−1,0,λρ =

n∑
j=k−Ln

(
iλσ−1

n Σk,j +O
(
λ2σ−2

n L2
n

))
×
ˆ
Mn

Ln−1,0,λρ+O(σ−$n αn,0,λ)

=

n∑
j=k−Ln

(
iλσ−1

n Σk,j +O
(
λ2σ−2

n L2
n + σ−$n

)) ˆ
Mn

Ln−1,0,λρ,

(4.9)

where we have applied Lemma 4.5 in the last line.
Analogously, if k ≤ 2Ln, then

ˆ
Mn

Ln−1,k,λĝkLk−1,0,λρ =

k+Ln∑
j=0

(
iλσ−1

n Σk,j +O
(
λ2σ−2

n L2
n + σ−$n

))
×
ˆ
Mn

Ln−1,0,λρ.

(4.10)

Substituting respectively (4.8), (4.9) or (4.10) in each case in equation (4.1), summing over k, and recalling
(3.18) we finally have

d

dλ
Υn(λ) = − (λ+ En(λ)) Υn(λ)

|En(λ)| ≤ C#

(
λ2σ−3

n L2
nn+ nσ−$n

)
,

concluding the proof of Proposition 4.1. �

Proof of Lemma 4.5. We may assume that n ≥ max{2Ln, n1}, where n1 is from Lemma 4.2 since otherwise
the lemma is trivial using (4.3).

For such n, we write, using (O-3)

Ln−1,0,λρ =Ln−1,Ln,λLLn−1,0,λρ

= Ln−1,Ln,λ

(
αLn,0,λ`Ln,0,λ(ρ)hLn,0,λ +O(αLn,0,λe

−cLn)
)
.
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Integrating and estimating as in (4.6) for each $ > 0 we can choose CL such that

αLn,0,λ`Ln,0,λ(ρ) =

ˆ
LLn,0,λρ+O(αLn,0,λe

−cLn) = 1 +O(αLn,0,λ(λσ−1
n Ln + σ−$n )).

Putting these estimates together, we haveˆ
Mn

Ln−1,0,λρ =

ˆ
Mn

Ln−1,Ln,λ

(
hLn,0,λ +O(αLn,0,λ(λσ−1

n Ln + σ−$n ))
)

= αn,Ln+1,λ

(
`n,Ln,λ(hLn,0,λ) +O(αLn,0,λ(λσ−1

n Ln + σ−$n ) + e−c|n−Ln|)
)

Next, applying first (O-2) and Lemma 4.4(a) and then Lemma 4.2 yields,∣∣∣∣ˆ
Mn

Ln−1,0,λρ

∣∣∣∣ ≥ K−1
∣∣αn,Ln+1,λαLn,0,λ

(
`n,Ln,λ(hLn,0,λ) +O

(
λσ−1

n Ln + σ−$n
))∣∣

= K−1|αn,0,λ|
`n,Ln,λ(hLn,0,λ) +O

(
λσ−1

n Ln + σ−$n
)

`n,Ln,λ(hLn,0,λ) +O
(
e−cmin{Ln,n−Ln}

)
≥ c#|αn,0,λ| ,

for $ large enough and λ sufficiently small, where in the last line we have used the lower bound on
|`n,Ln,λ(hLn,0,λ)| from (O-3). �

5. Cones

In this section, we describe the machinery of complex cones necessary to verify the contraction required
by (O-3), and which can also imply (O-2). For the reader’s convenience, we provide a self contained theory of
complex cones more than sufficient for our needs. Since we strive for simplicity, our results are not optimal;
see [38, 17] for a more complete, general, but, we believe, less readable exposition. We will present the theory
in a general context, with some tools to aid in the application of this method to the examples: expanding
maps in Section 6 and billiards in Section 7. We start by recalling few needed facts about real cones.

5.1. Real Cones.

Let V be a topological real vector space and S ∈ V ′ such that `(x) = 0 for all ` ∈ S implies x = 0. Define

(5.1) CR = {h ∈ V \ {0} : `(h) ≥ 0,∀` ∈ S}.

Note that

(5.2) CR ∩ −CR = ∅,

since if h ∈ CR ∩ −CR, then `(h) = 0 for all ` ∈ S; hence h = 0, contrary to definition (5.1).
Moreover, assume that there exists e ∈ CR such that

(5.3) for all h ∈ V there exists λ ∈ R+ such that λe− h ∈ CR.

Then one can easily check that

(5.4) ‖h‖ := inf{λ ∈ R+ : `(λe± h) ≥ 0, ∀` ∈ S}

is a norm.9 Note that ‖e‖ = 1. Let BR be the completion of V in such a norm.10 Since, for all ` ∈ S,
`(‖h‖e± h) ≥ 0, it follows that S ⊂ B′R.

Finally, let S∗ be the weak-∗ closure of the convex hull of {λ` : λ ∈ R+, ` ∈ S}. To simplify matters
further, we restrict to the special case in which there exists m ∈ S∗ and κ ∈ (0, 1) such that

(5.5) m(e) = 1

and, for all h ∈ CR,

(5.6) m(h) ≥ κ‖h‖.

9Alternatively, it is equivalent to define this norm by ‖h‖ = inf{λ ∈ R : −λe � h � λe}, where h � g iff g − h ∈ CR.
10Note that the expression (5.4) defines the norm also on BR.
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Having described the abstract setting, we can now proceed to explore its properties. We start defining a
larger cone CR ⊃ CR by

(5.7) CR = {h ∈ BR \ {0} : `(h) ≥ 0,∀` ∈ S}.
Next, we define the dual cone as

(5.8) C′R = {` ∈ B′R : `(h) ≥ 0 ∀h ∈ CR} ⊃ S
Note that we have

(5.9) CR = {h ∈ BR \ {0} : `(h) ≥ 0,∀` ∈ C′R}.
Hence, again, CR ∩−CR = ∅.11 The cone CR is associated with the Hilbert metric (see [8, Equation (D.1.2)]):
for all g, h ∈ CR,

α(h, g) = sup{λ ∈ R+ | g − λh ∈ CR}
β(h, g) = inf{µ ∈ R+ | µh− g ∈ CR}

dH,CR(h, g) = ln

[
β(h, g)

α(h, g)

]
.

From now on we will write simply dH , if the cone is clear from the context.

Since by (5.7) g − λh ∈ CR iff `(g − λh) ≥ 0 for all ` ∈ S, taking the limit λ ↑ α yields α = inf`∈S
`(g)
`(h) .

Alternatively, using (5.9) in the same way, we have α = inf`∈C′R
`(g)
`(h) = inf`∈S

`(g)
`(h) . Arguing similarly for β

yields

(5.10) dH(h, g) = sup
`,p∈S

ln
`(h)p(g)

`(g)p(h)
= sup
`,p∈C′R

ln
`(h)p(g)

`(g)p(h)
.

Let us recall the relevance of real cones for our context.

Theorem 5.1 ([31, Theorem 1.1]). Let B1,B2 be real Banach spaces with real cones C1, C2 as above. Let
L ∈ L(B1,B2), such that LC1 ⊂ C2 and

∆ = sup
x,y∈C1

dH,C2(Lx,Ly).

Then, for all h, g ∈ C1 we have

dH,C2(Lh,Lg) ≤ tanh(∆/4)dH,C1(h, g).

Lemma 5.2 ([31, Lemma 1.3]). Given h, g ∈ C for which ‖f‖ = ‖g‖,

‖h− g‖ ≤
(
edH(h,g) − 1

)
‖f‖.

In the next section, we describe how the above results can be extended to the case of operators acting on
complex Banach spaces, see, in particular, Theorem 5.15 and Lemma 5.11.

5.2. Complex Cones.

Let BC be the complexification of BR as detailed in Lemma 2.5.

Definition 5.3 (Complex cone and its dual). The associated complex cone is defined as CC := C∗ ·(CR+iCR),
where C∗ = C \ {0}. We may also write CC = C1 · (CR + iCR), where C1 = {z ∈ C : |z| = 1}. We define the
dual cone by

C′C = {` ∈ B′C : `(h) 6= 0 ∀h ∈ CC}.

For any element ` ∈ B′R, its action on h+ig ∈ BC, h, g ∈ BR, is naturally defined by `(h+ig) = `(h)+i`(g).
Then, for all h ∈ CC, letting z ∈ C such that |z| = 1 and zh = x+ iy with x, y ∈ CR,

|m(h)| = |m(x+ iy)| =
√
m(x)2 +m(y)2 ≥ κ

√
‖x‖2 + ‖y‖2

≥ κ√
2
‖x+ iy‖ =

κ√
2
‖h‖,

(5.11)

11Indeed, if h ∈ CR ∩ −CR, then `(h) = 0 for all ` ∈ S, and ‖h‖ = 0, by (5.4).
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where in the second line we have used (A.2). In addition, if ‖u‖ ≤ 1, then

e+
1

2
u � e− 1

2
‖u‖e � 1

2
e � 0

that is the interior of CR, and hence of CC, is not empty. That is CC is a regular cone in the language of [38,
Defintion 3.2-(3)]. Moreover, for each ` ∈ B′R such that ‖`‖ < κ we have m + ` ∈ C′R, so also C′R has non
empty interior.

The first statement of the following Lemma is contained in [38, Proposition 5.2], while the second is the
first part of the proof of [17, Lemma 4.1].12

Lemma 5.4. We have the following characterizations.

a) CC = {h ∈ BC \ {0} : ∀`,m ∈ C′R, <
(
`(h)m(h)

)
≥ 0}.

b) C′C = {` ∈ B′C : ∀x, y ∈ CR, <(`(x)`(y)) > 0}.
c) C′C ⊃ {±`± ip : `, p ∈ C̊′R} =: Ĉ′C, where C̊′R = {` ∈ C′R : `(x) > 0 ∀x ∈ CR}.

Proof. (a) To prove that CC ⊆ {h ∈ BC\{0} : ∀`,m ∈ C′R, <
(
`(h)m(h)

)
≥ 0}, check that <

(
`(zh)m(zh)

)
=

|z|2<
(
`(h)m(h)

)
, for all z ∈ C∗. Also, by defintion, for each h ∈ CC there exists z ∈ C such that zh = x+ iy

with x, y ∈ CR. Finally, for x, y ∈ CR, <
(
`(x+ iy)m(x+ iy)

)
= `(x)m(x) + `(y)m(y) ≥ 0.

To prove the opposite inclusion, let h ∈ {h ∈ BC : ∀`,m ∈ C′R, <
(
`(h)m(h)

)
≥ 0}. We claim that there

exists z ∈ C such that h̃ := zh = x+ iy with x ∈ BR and y ∈ CR. Indeed, let h = u+ iv, u, v ∈ BR and assume
that u, v 6∈ CR ∪ −CR. If u = λv, λ ∈ R, then we can choose `,m ∈ C′R such that `(u) > 0 and λm(u) < 0,

so <
(
`(h)m(h)

)
= λ`(u)m(u) < 0 contrary to assumptions. Hence u, v must be linearly independent in BR.

Note that there must exist ` ∈ C′R such that `(u) = 0 and `(v) 6= 0.13 Thus <
(
`(h)m(h)

)
= `(v)m(v), and

choosing m ∈ C′R such that `(v)m(v) < 0 leads to a contradiction. Hence, if v ∈ CR we are done, if v ∈ −CR
then we choose z = −1, if u ∈ CR we choose z = i and finally if u ∈ −CR we choose z = −i.

Then for each ` ∈ C′R such that `(h̃) 6= 0, we can write `(h̃)|`(h̃)|−1 = eiθ` , θ` ∈ [0, π]. Suppose that there
exists `1, `2 ∈ C′R such that π ≥ |θ`2 − θ`1 | > π/2, then

<(`2(h)`1(h)) = |z|−2|`2(h̃)`1(h̃)| cos(θ`2 − θ`1) < 0

contrary to the assumption. Thus there exists ϕ ∈ [0, π/2] such that for each ` ∈ C′R, `(h̃) 6= 0, θ` ∈
[ϕ− π/4, ϕ+ π/4]. Let e−iϕh̃ = u+ iv, then `(u+ iv) = |`(u+ iv)|ei(θ`−ϕ) which implies `(u) ≥ |`(v)|, that

is `(u± v) ≥ 0. This means that u± v ∈ CR. Accordingly, setting x+ iy = (1 + i)e−iϕh̃ = (1 + i)(u+ iv) =
u− v + i(u+ v) we have that x, y ∈ CR, hence h ∈ CC.

Next, we prove statement (b). Let ` ∈ {` ∈ B′C : ∀x, y ∈ CR, <(`(x)`(y)) > 0}. If there exist x, y ∈ CR
such that `(x+ iy) = 0, then `(x) = −i`(y) and <(`(x)`(y)) = <(−i|`(y)|2) = 0 contrary to the assumption.

Hence {` ∈ B′C : ∀x, y ∈ CR, <(`(x)`(y)) > 0} ⊂ C′C.

To prove the opposite inclusion, let ` ∈ C′C. Suppose that there exist x, y ∈ CR such that <(`(x)`(y)) ≤ 0

and write `(x) = reiθ 6= 0, `(y) = seiϕ 6= 0, with θ, ϕ ∈ [−π, π). Then 0 ≥ <(`(x)`(y)) = rs cos(θ − ϕ), so
3
2π ≥ |θ − ϕ| ≥ π/2. Define

z = −se−i(θ−ϕ)x+ ry = −s cos(θ − ϕ)x+ ry + is sin(θ − ϕ)x =: u+ iv

then `(z) = 0. Note that z 6= 0 since −s cos(θ−ϕ) ≥ 0 hence 0 6= u ∈ CR. If sin(θ−ϕ) ≥ 0, then also v ∈ CR.
Otherwise iz = u1 + iv1 with u1, v1 ∈ CR. Thus there exists w ∈ CC such that `(w) = 0, contradicting the
hypothesis.

Finally, we prove statement (c). Let ±`,±p ∈ C̊′R, then for each x, y ∈ CR we have

<((`+ ip)(x) · (`− ip)(y)) = `(x)`(y) + p(x)p(y) > 0,

12Note however that in [17, Lemma 4.1] it is assumed that x, y are linearly independent, which is not necessary.
13Indeed, by definition S ⊂ C′R and if ±u 6∈ CR, then there must exist `1, p ∈ S such that `1(u), p(−u) < 0. Hence,

` = `1 − `1(u)
p(u)

p ∈ C′R and `(u) = 0. Next, if for all ` ∈ C′R such that `(u) = 0 we have also `(v) = 0, then the same must happen

for all ` ∈ B′R (since C′R has a non empty interior) and this is impossible by the Hahn-Banch theorem.
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which implies `+ ip ∈ C′C by part (b) of the lemma. �

Lemma 5.5. For each ` ∈ C′C we have

‖`‖′ ≤
√

2|`(e)|.

Proof. If ` ∈ C′C, then, when acting on BR it can be written as `(x) = `1(x) + i`2(x). By Lemma 5.4(b) we
have, for each x ∈ BR,

0 ≤ <(`(‖x‖e− x)`(‖x‖e+ x)) = `1(‖x‖e− x)`1(‖x‖e+ x) + `2(‖x‖e− x)`2(‖x‖e+ x)

which implies

|`(x)| ≤ ‖x‖|`(e)|.

If x+ iy ∈ BC, then

|`(x+ iy)| ≤ |`(e)|(‖x‖+ ‖y‖) ≤
√

2|`(e)|‖x+ iy‖.
�

Definition 5.6. We call the complex cone linearly convex if for each g ∈ BC \ CC we can find ` ∈ Ĉ′C such
that `(g) = 0.14

Remark 5.7. Note that if CC is linearly convex, then

C∗ := {h ∈ BC : `(h) 6= 0 ∀ ` ∈ Ĉ′C} = CC.

Indeed, if h ∈ C∗, then h ∈ CC, otherwise, by linear convexity, there exists ` ∈ Ĉ′C such that `(h) = 0, contrary

to the assumption. On the other hand, if h ∈ CC, then for each ` ∈ Ĉ′C, by Lemma 5.4(c) and Definition 5.3,
we have that `(h) 6= 0; hence, h ∈ C∗.

The next Lemma corresponds to [18, Lemma 4.1].

Lemma 5.8. The cone CC is linearly convex.

Proof. Let x+ iy 6∈ CC, x, y ∈ BR, then by the first statement of Lemma 5.4, there exists ˜̀, p̃ ∈ C′R such that

˜̀(x)p̃(x) + ˜̀(y)p̃(y) = <(˜̀(x+ iy)p̃(x− iy)) < 0.

Note that, setting p = p̃+ εm and ` = ˜̀+ εm, with ε > 0, then `, p ∈ C̊′R and for ε sufficiently small we still
have

(5.12) `(x)p(x) + `(y)p(y) < 0.

Define

q = [αp`(x) + p(x)]`− i`(y)[αp`+ p]

αp = −p(x)`(x) + `(y)p(y)

`(x)2 + `(y)2
> 0.

One can check that q(x+ iy) = 0 and q ∈ Ĉ′C. �

In order to construct a metric on the cone, for each h, g ∈ CC define

(5.13) EC(h, g) =

{
`(h)

`(g)
: ` ∈ C′C

}
.

For future use, it is convenient to record the following facts.

Lemma 5.9. For each h, g ∈ CC we have

EC(h, g) =

{
`(h)

`(g)
: ` ∈ Ĉ′C

}
=: ÊC(h, g).

14Note that this definition is a bit different from the one in [18, Section 3]. But it has the advantage of simplifying the proof

of Lemma 5.8.
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Proof. Clelarly ÊC(h, g) ⊂ EC(h, g). On the other hand, note that if ζ ∈ EC(h, g), then there exists ` ∈ C′C
such that `(h − ζg) = 0. But this implies h − ζg 6∈ CC, otherwise, by definition, there would exist z such

that z(h − ζg) = x + iy with x, y ∈ CR and this would imply <(`(x)`(y)) = 0 contrary to Lemma 5.4(b).

Accordingly, by Lemma 5.8 there exists ` ∈ Ĉ′C such that `(h − ζg) = 0, hence ζ ∈ ÊC(h, g). That is

EC(h, g) = ÊC(h, g) and the lemma follows. �

Lemma 5.10. For each h, g ∈ CC, z 6∈ EC(h, g) iff zg − h ∈ CC.

Proof. If z 6∈ EC(h, g), then, by Lemma 5.9, we have that for all ` ∈ Ĉ′C z 6= `(h)
`(g) , that is `(h − zg) 6= 0.

Hence, by Remark 5.7, zg − h ∈ CC. On the other hand, if zg − h ∈ CC, then again by by Remark 5.7, we

have that, for each ` ∈ Ĉ′C, `(zg − h) 6= 0. Hence, z 6= `(h)
`(g) , that is z 6∈ EC(h, g). �

Next, we define the key object in the theory,

(5.14) δC(h, g) = ln
supz∈EC(h,g) |z|
infz∈EC(h,g) |z|

= sup
z,w∈EC(h,g)

ln
∣∣∣ z
w

∣∣∣ .
As a first result, we have a version of [17, Lemma 2.6] showing the relevance of δC .

Lemma 5.11. Let h, g ∈ CC, such that m(h) = m(g), |m(g)| = 1. Then

‖h− g‖ ≤
√

2

κ
δC(h, g).

Proof. There exists z ∈ C, |z| = 1 such that m(zh) = m(zg) = 1. Let h̃ = zh and g̃ = zg. Also, by definition

δC(h, g) = δC(h̃, g̃). Then, since m ∈ S∗,

a := inf
z∈EC(h̃,g̃)

|z| ≤

∣∣∣∣∣m(h̃)

m(g̃)

∣∣∣∣∣ = 1 ≤ sup
z∈EC(h̃,g̃)

|z| =: b

Note that if a = 0 or b = ∞, then the Lemma is trivially satisfied. For each 0 < α < a ≤ 1 ≤ b < β we
have αg̃− h̃, βg̃− h̃ ∈ CC. Indeed, if αg̃− h̃ 6∈ CC, then, since the cone is linearly convex (see Definition 5.6),

there would exist ` ∈ Ĉ′C such that `(αg̃ − h̃) = 0, but then α = `(h̃)
`(g̃) ≥ a contrary to the assumption; the

argument for βg̃ − h̃ ∈ CC is the same.
We can then write (β − α)(g̃ − h̃) = (β − 1)(αg̃ − h̃) + (1− α)(βg̃ − h̃), and, recalling (5.11), we have

‖g̃ − h̃‖ ≤ β − 1

β − α
‖αg̃ − h̃‖+

1− α
β − α

‖βg̃ − h̃‖

≤
√

2

κ

[
β − 1

β − α
|m(αg̃ − h̃)|+ 1− α

β − α
|m(βg̃ − h̃)|

]
≤ 2
√

2

κ

(β − 1)(1− α)

β − α
=

2
√

2

κ

(
√
β −
√
α)2 − (1−

√
αβ)2

β − α

≤ 2
√

2

κ

√
β −
√
α√

β +
√
α
≤ 2
√

2

κ
ln

√
β

α
=

√
2

κ
ln
β

α
.

where, in the last line, we have used that, for x ≥ 1, lnx ≥ x−1
x+1 . Taking the inf on β and the sup on α yields

‖g − h‖ = ‖g̃ − h̃‖ ≤
√

2

κ
δC(h̃, g̃) =

√
2

κ
δC(h, g).

�

For z ∈ C and all h ∈ CC we have δC(h, zh) = 0. It is then natural to define the equivalence relation h ∼ g
iff h = zg for some z ∈ C. Let C̃C be the quotient of {h ∈ CC : δC(h, e) < ∞}. The following is similar to
[18, Theorem 3.1].15

Theorem 5.12. The space (C̃C, δC) is a complete metric space.

15This result is not used in the present paper; we include it for completeness.
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Proof. Clearly, δC(g, h) = δC(h, g). For each h, g, f ∈ C̃C and ` ∈ Ĉ′R we have

inf
z∈EC(h,g)

|z| inf
z∈EC(g,f)

|z| ≤
∣∣∣∣`(h)

`(g)

∣∣∣∣ ∣∣∣∣ `(g)

`(f)

∣∣∣∣ =

∣∣∣∣ `(h)

`(f)

∣∣∣∣ ≤ sup
z∈EC(h,g)

|z| sup
z∈EC(g,f)

|z|,

hence, by (5.14) and taking the sup and inf on `, the triangle inequality follows.
Next, if δC(h, g) = 0, then by Lemma 5.11 we have h

m(h) = g
m(g) , that is h ∼ g.

As for the completeness, it follows from Lemma 5.11 that if {hn} ⊂ CC is a Cauchy sequence with respect
to δC , then ∥∥∥∥ 1

m(hn)
hn −

1

m(hm)
hm

∥∥∥∥ ≤ √2

κ
δC(hn, hm).

So 1
m(hn)hn is a Cauchy sequence in BC, hence it has a limit h∗, and by Lemma 5.4(a), h∗ ∈ CC. Note that,

for each g ∈ CC and q ∈ Ĉ′C with |q(e)| = 1, recalling equation (5.11),16

eδC(e,g) ≥
∣∣∣∣m(g)q(e)

m(e)q(g)

∣∣∣∣ ≥ c# ‖g‖|q(g)|
.

Hence, |q(h∗)| ≥ c#e−δC(e,h∗)‖h∗‖ ≥ c#, since δC(e, h∗) ≤ δC(e, hm)+1, for m large enough. For all `, p ∈ Ĉ′C
let ˜̀= `(e)−1` and p̃ = p(e)−1p, then, setting h̃n = hn/m(hn) and recalling Lemma 5.5,∣∣∣∣`(h∗)p(hn)

`(hn)p(h∗)

∣∣∣∣ =

∣∣∣∣∣ ˜̀(h∗)p̃(h̃n)
˜̀(h̃n)p̃(h∗)

∣∣∣∣∣ ≤ 1 + |p̃(h∗−h̃n)|
p̃(h∗)

1− |˜̀(h∗−h̃n)|
˜̀(h∗)

≤ 1 + C#‖h∗ − h̃n‖
1− C#‖h∗ − h̃n‖

which, taking the sup on `, p implies limn→∞ δC(hn, h∗) = 0. �

The previous result is nontrivial provided {h ∈ CC : δC(h, e) <∞} 6= ∅. This follows from the fact that e
is in the interior of CC, which is verified by the following lemma.

Lemma 5.13. For any h ∈ BC and for all z ∈ C with |z| < (
√

2‖h‖)−1 we have e + zh ∈ CC and

δC(e, e+ zh) ≤ ln
(

1+|z|
√

2‖h‖
1−|z|

√
2‖h‖

)
<∞.

Proof. We begin by claiming that if h ∈ BC, then h + ze ∈ CC for all z ∈ C with |z| >
√

2‖h‖. Indeed, by

Remark 5.7 and Lemma 5.8, if h + ze /∈ CC, then there exists ` ∈ Ĉ′C such that `(h + ze) = 0. But then
applying Lemma 5.5, one has

|z`(e)| = |`(h)| ≤
√

2‖h‖|`(e)|,
which is a contradiction.

With the claim proved, it follows that e+ zh ∈ CC for all |z| < (
√

2‖h‖)−1. Moreover, for any ` ∈ Ĉ′C,

`(e+ zh)

`(e)
= 1 + z

`(h)

`(e)
,

so that according to the definition (5.14) and using again Lemma 5.5,

δC(e+ zh, e) ≤ ln

(
1 + |z|

√
2‖h‖

1− |z|
√

2‖h‖

)
,

as required. �

The metric δC also provides a partial converse to Lemma 5.5, as follows.

Lemma 5.14. For any h ∈ CC and all ` ∈ C′C,

|`(h)| ≥ e−δC(h,e) κ√
2
‖h‖|`(e)| .

Proof. Let h ∈ CC and suppose D = δC(h, e). Then by definition (5.14), for any ` ∈ C′C,

eD ≥ |`(e)m(h)|
|`(h)m(e)|

≥ |`(e)|
|`(h)|

κ√
2
‖h‖ ,

where we have used (5.11). The lemma follows. �

16Note that, since m ∈ S∗,
∣∣∣m(h)
m(g)

∣∣∣ ∈ EC(h, g).
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The next is a basic result in [17]. We provide a detailed proof, although it is essentially as in [17], because
our definitions differ slightly from the ones in [17].

Theorem 5.15 ([18, Theorem 3.1 (iii)]). Let B1,B2 be complex Banach spaces with complex cones C1, C2, sat-
isfying hyotheses (5.1), (5.3) and (5.6). Let L ∈ L(B1,B2), such that LC1 ⊂ C2 and ∆ = supx,y∈C1 δC2(Lx,Ly).
Then, for all h, g ∈ C1 we have

δC2(Lh,Lg) ≤ tanh(∆/4)δC1(h, g).

Proof. Let g, h ∈ C1. If g = zh, z ∈ C, then we have seen that δC2(Lh,Lg) = δC1(h, g) = 0, hence the
theorem is trivially true. We can then assume g, h are linearly independent. Let µ, λ ∈ C be such that

|µ| = M := sup{|z| : z ∈ EC1(h, g)}
|λ| = m := inf{|z| : z ∈ EC1(h, g)}.

(5.15)

Since if M =∞ or m = 0, the statement is trivial, we can assume ∞ > M > m > 0. Indeed it must be that
M > m, otherwise M = m and EC1(h, g) ⊂ {z ∈ C : |z| = m}. But Lemma 5.4(a) implies that CC ∪ {0} is
closed, hence its complement is open, and so is EC1(h, g) by Lemma 5.10, contradicting the hypothesis that
it is contained in a circle. The openness of EC1(h, g) implies that λ, µ 6∈ EC1(h, g). Hence, by Lemma 5.10,

µg − h ∈ C1 , h− λg ∈ C1.

Accordingly, by assumption,

L(µg − h) ∈ C2 , L(h− λg) ∈ C2
and,

(5.16) δC2(L(µg − h), L(h− λg)) ≤ ∆.

Let z 6∈ EC2(L(h− λg), L(µg − h)). By Lemma 5.10 this is equivalent to

zL(µg − h)− L(h− λg) ∈ C2
or

zµ+ λ

z + 1
Lg − Lh ∈ C2.

Accordingly, if we define the Möbious transformation ψ(z) = zµ+λ
z+1 , then

ψ(EC2(L(h− λg), L(µg − h))) = EC2(Lh,Lg).

Recalling (5.16) and (5.14)

(5.17) e∆ ≥ sup
z,w∈ψ−1(EC2 (Lh,Lg))

∣∣∣ z
w

∣∣∣ = sup
α,β∈EC2 (Lh,Lg)

∣∣∣∣µ− αµ− β

∣∣∣∣ ∣∣∣∣λ− βλ− α

∣∣∣∣ .
Note that, by Lemma 5.10 and the cone invariance, if z 6∈ EC1(h, g), then zLg − Lh ∈ C2, hence z 6∈
EC2(Lh,Lg). It follows that EC2(Lh,Lg) ⊂ EC1(h, g), hence in equation (5.17) we have m < |α|, |β| < M .

Next, we choose λ, µ to maximize the right-hand side of the above expression. Note that φ(z) = z−β
z−α

is a Möbius transformation, hence it maps the circle |z| = r into the circle of center c(r) = βα−r2

|α|2−r2 and

radius R(r) = r|β−α|
| |α|2−r2 | .

17 As observed above, the entire circles of radius m and M lie in the complement of

EC1(h, g). Thus,

sup
|λ|=m

∣∣∣∣λ− βλ− α

∣∣∣∣ = |c(m)|+R(m) =
|βα−m2|+m|α− β|

|α|2 −m2

≥ |β||α| −m
2 +m|β| −m|α|
|α|2 −m2

=
|β| −m
|α| −m

.

17Indeed, the reader can easily check that |φ−1(x+ iy)| = r implies

x2 + y2 − 2
<(βα− r2)x+ =(βα− r2)y

|α|2 − r2
+
|β|2 − r2

|α|2 − r2
= 0.
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Reversing the roles of α and β yields the analogous estimate on C(M),

sup
|µ|=M

∣∣∣∣µ− αµ− β

∣∣∣∣ =
|M2 − αβ|+M |β − α|

M2 − |β|2
≥ M − |α|
M − |β|

.

Substituting in (5.17) yields

e∆ ≥ sup
α,β∈E(Lh,Lg)

(M − |α|)(|βα ||α| −m)

(M − |βα ||α|)(|α| −m)
.

Remark that the above supremum occurs when |α| < |β|, which we will assume going forward. With

this condition, the ratio (M−|α|)(|β|−m)
(M−|β|)(|α|−m) ≥ 1. We can then study the function φ(t) =

(M−t)(| βα |t−m)

(M−| βα |t)(t−m)
for

m < t < M |α|
|β| . This function is positive, has vertical asymptotes at the endpoints of its domain18 and has

a minimum at t0 =
√

mM |α|
|β| ∈ (m,M |α|

|β| ). Hence,

e∆ ≥ sup
α,β∈EC2 (Lh,Lg)

φ(t0) = sup
α,β∈EC2 (Lh,Lg)

(√
M |β|
m|α| − 1

)2

(√
M
m −

√
|β|
|α|

)2 .

Since the above right-hand side is increasing with respect to |β|
|α| for 0 < |β|

|α| <
M
m , and, by definition,

supα,β∈EC2 (Lh,Lg)
|β|
|α| = eδC2(Lg,Lh) =: eθ2 , we have, setting eθ1 := M

m = eδC1 (h,g), and recalling that by

construction, θ1 > θ2,

e
∆
2 ≥ e

θ2+θ1
2 − 1

e
θ1
2 − e

θ2
2

=
e
θ2+θ1

4 − e−
θ2+θ1

4

e
θ1−θ2

4 − e−
θ1−θ2

4

=
sinh

(
θ2+θ1

4

)
sinh

(
θ1−θ2

4

)
=

sinh
(
θ1
4

)
cosh

(
θ2
4

)
+ cosh

(
θ1
4

)
sinh

(
θ2
4

)
sinh

(
θ1
4

)
cosh

(
θ2
4

)
− cosh

(
θ1
4

)
sinh

(
θ2
4

) =
tanh

(
θ1
4

)
+ tanh

(
θ2
4

)
tanh

(
θ1
4

)
− tanh

(
θ2
4

) .
The above implies

tanh

(
θ2

4

)
≤ e

∆
2 − 1

1 + e
∆
2

tanh

(
θ1

4

)
= tanh

(
∆

4

)
tanh

(
θ1

4

)
≤ tanh

(
θ1 tanh

(
∆
4

)
4

)
since, for γ ∈ (0, 1) and x ≥ 0, tanh(γx) ≥ γ tanh(x). Because the hyperbolic tangent is increasing, we
finally have θ2 ≤ tanh

(
∆
4

)
θ1, and the theorem follows. �

Next, we provide a simplified but less optimal version of [18, Theorem 4.5], which suffices for our needs.
For i ∈ {1, 2}, let Bi,R, Bi,C, Si, ei and mi be as in the introduction of the appendix. We assume (5.4)

and (5.6) hold for both i = 1 and i = 2. We start by relating the real diameter with the complex one.

Lemma 5.16. Let A ∈ L(B1,R,B2,R) such that A(C1,R) ⊂ C2,R with

diamdH (A(C1,R)) = ∆R <∞

then19

∆C := diamδC2,C
(A(C1,C)) ≤ 8∆R + 2 ln[3

√
2κ−2].

Proof. By (5.10) we have, for all h ∈ C1,R and ` ∈ C′2,R

e∆R ≥ `(Ah)m2(e2)

m2(Ah)`(e2)
≥ e−∆R

which, recalling (5.6) and the normalization mi(ei) = 1, implies

(5.18) `(e2)‖Ah‖e∆R ≥ `(Ah) ≥ `(e2)κ‖Ah‖e−∆R .

18Note that t = |α| is indeed in this domain since, recalling also (5.15), m < |α| by definition and M |α|/|β| > |α| since

M > |β|.
19A more sophisticated argument would yield a better constant, independent on κ, see [18], but this estimate is more than

sufficient for our needs and in the spirit to present the argument in its simplest form.
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Accordingly, for all h = z(x+ iy), z ∈ C \ {0}, x, y ∈ C1,R, and `, p ∈ C′2,R
<(`(Ah)p(Ah)) = |z|2 [`(Ax)p(Ax) + `(Ay)p(Ay)] ≥ 0.

It follows from Lemma 5.4(a) that A(C1,C) ⊂ C2,C, and, for all ˜̀, p̃ ∈ Ĉ′2,C and all z ∈ C and x, y ∈ C1,R,

setting ` = |˜̀(e2)|−1 ˜̀= `1 + i`2 and p = |p̃(e2)|−1p̃ = p1 + ip2

(5.19)

∣∣∣∣∣z ˜̀(A(x+ iy))p̃(e2)
˜̀(e2)zp̃(A(x+ iy))

∣∣∣∣∣
2

≤ [`1(Ax)− `2(Ay)]
2

+ [`2(Ax) + `1(Ay)]
2

[p1(Ax)− p2(Ay)]
2

+ [p2(Ax) + p1(Ay)]
2 .

We use (5.18) to bound the numerator,

[`1(Ax)− `2(Ay)]
2

+ [`2(Ax) + `1(Ay)]
2 ≤ 2

(
`1(Ax)2 + `2(Ay)2

)
+ 2
(
`2(Ax)2 + `1(Ay)2

)
≤ 2e2∆R

(
‖Ax‖2 + ‖Ay‖2

)
,

where we have used the normalization `1(e2)2 + `2(e2)2 = 1.
To derive a lower bound on the denominator in (5.19), we argue by cases. Fix b ≥ 2 and c > 0,

c < e−2∆Rκ√
e−4∆Rκ2+b2

< 1/
√

5.

Case 1: p1(e2)2, p2(e2)2 ≥ c2. Note that, by definition, there exists σi ∈ {−1,+1} such that σipi ∈ C′2,R. If

σ1σ2 = 1, then, recalling (5.18),

[p1(Ax)− p2(Ay)]
2

+ [p2(Ax) + p1(Ay)]
2 ≥ [p2(Ax) + p1(Ay)]

2

≥ p2(Ax)2 + p1(Ay)2 ≥ κ2c2(‖Ax‖2 + ‖Ay‖2)e−2∆R .

while, If σ1σ2 = −1, then similarly,

[p1(Ax)− p2(Ay)]
2

+ [p2(Ax) + p1(Ay)]
2 ≥ [p1(Ax)− p2(Ay)]

2

≥ p1(Ax)2 + p2(Ay)2 ≥ κ2c2(‖Ax‖2 + ‖Ay‖2)e−2∆R .

Case 2: Either p1(e2)2 < c2 or p2(e2)2 < c2. We shall assume p1(e2)2 < c2, the argument for the other
alternative being analogous. In this case then, p2(e2)2 > 1− c2 due to the normalization of p.

We further refine into subcases.
Subcase A: ‖Ay‖b−1 ≤ ‖Ax‖ ≤ b‖Ay‖. Then by choice of c and using (5.18),

[p1(Ax)− p2(Ay)]
2 ≥

[√
1− c2κe−∆R‖Ay‖ − ce∆Rb‖Ay‖

]2
= ‖Ay‖2

(√
1− c2κe−∆R − bce∆R

)2

.

Adding the analogous estimate for the second term yields the lower bound,

[p1(Ax)− p2(Ay)]
2

+ [p2(Ax) + p1(Ay)]
2 ≥

(
‖Ax‖2 + ‖Ay‖2

) (√
1− c2κe−∆R − bce∆R

)2

.

Subcase B: Either ‖Ay‖ < b−1‖Ax‖ or ‖Ax‖ < b−1‖Ay‖. Again, it is sufficient to argue only one of the
alternatives. Suppose that ‖Ay‖ < b−1‖Ax‖. Then,

[p1(Ax)− p2(Ay)]
2

+ [p2(Ax) + p1(Ay)]
2 ≥ [p2(Ax) + p1(Ay)]

2

≥ ‖Ax‖2
(√

1− c2κe−∆R − b−1ce∆R
)2

≥ b2

b2 + 1

(
‖Ax‖2 + ‖Ay‖2

) (√
1− c2κe−∆R − b−1ce∆R

)2

.

We proceed to optimize our choice of b and c to obtain a common lower bound from Cases 1 and 2. Let us
choose b =

√
2. Then set

c =
κe−2∆R

√
κ2e−4∆R + 4b2

=⇒
√
c−2 − 1 = 2bκ−1e2∆R .

This implies that the lower bound in Subcase A is at least,

(5.20)
(
‖Ax‖2 + ‖Ay‖2

) κ2c2

4

(
c−2 − 1

)
e−2∆R .
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Moreover, the lower bound in Subcase B is at least as large since with b =
√

2,

b√
b2 + 1

(√
c−2 − 1− κ−1b−1e2∆R

)
≥
√
c−2 − 1

(
1− 1

2b2

)
b√

b2 + 1
>

1

2

√
c−2 − 1.

It remains to compare the lower bounds from Subcase A and Case 1. Due to (5.20), the lower bound from
Case 1 is smaller if

c2 < c2
1

4
(c−2 − 1) =⇒ c <

1√
5
,

which is true given our choice of c whenever b ≥ 1.
Finally, putting together this common lower bound with our upper bound for the numerator in (5.19),

yields,

(5.21)

∣∣∣∣∣z ˜̀(A(x+ iy))p̃(e2)
˜̀(e2)zp̃(A(x+ iy))

∣∣∣∣∣ ≤ √2κ−1c−1e2∆R ≤ 3
√

2κ−2e4∆R .

Since

(5.22) sup
h∈C1,C

δC2,C(A(h), e2) ≤ diamδC2,C
(A(C1,C)) ≤ 2 sup

h∈C1,C
δC2,C(Ah, e2),

we have the lemma. �

We finally provide the key result that is needed in the applications to verify the hypothesis on the finiteness
of the complex diameter in Theorem 5.15.

Theorem 5.17. Let, for i ∈ {1, 2}, Bi,R, Bi,C, Si, ei and mi be as in the introduction to this section
(in particular, the ei and mi satisfy equations (5.3) and (5.6), respectively). Let L ∈ L(B1,R,B2,R) and
LC ∈ L(B1,C,B2,C). Assume that L(C1,R) ⊂ C2,R and diamH(L(C1,R)) := ∆R < ∞. If there exists ε ∈
(0, κ2

12
√

2
e−2∆R), such that for all ` ∈ S2 and all h ∈ C1,R,

(5.23) |`(LCh)− `(Lh)| ≤ ε`(Lh).

Then LC(C1,C) ⊂ C2,C, and we have

diamδC2,C
(LC(C1,C)) ≤ 8∆R + 2 ln[3

√
2κ−2] +

√
2

3 κ
2e−2∆R .

Proof. For all x, y ∈ C1,R and ` ∈ S2 we have using (5.23),

|`(LC(x+ iy))− `(L(x+ iy))| ≤ |`(LCx)− `(Lx)|+ |`(LCy)− `(Ly)|

≤ε[`(Lx) + `(Ly)] ≤ ε
√

2|`(L(x+ iy))|.
(5.24)

It follows that for all h ∈ C1,C and `, p ∈ C̊′2,R, provided ε ≤ 1√
2
,

<(`(LCh)p(LCh)) = <

(
`(Lh)p(Lh) + `((LC − L)h)p((LC − L)h)

+ `((LC − L)h)p(Lh) + `(Lh)p((LC − L)h)

)
≥ <

(
`(Lh)p(Lh)

)
− 3
√

2ε|`(Lh)||p(Lh)|

≥ <
(
`(Lh)p(Lh)

)
− 6
√

2ε`(e2)p(e2)‖Lh‖‖Lh‖

where, in the first inequality we have used (5.24) and in the second inequality we have used Lemma 5.4(c)
and Lemma 5.5. Since we can assume h = x+ iy with x, y ∈ C1,R, recalling (5.18) we have

<
(
`(Lh)p(Lh)

)
= `(L(x))p(Lx) + `(Ly)p(Ly)

≥ `(e2)p(e2)κ2e−2∆R
(
‖Lx‖2 + ‖Ly‖2

)
≥ 2−1`(e2)p(e2)κ2e−2∆R‖Lh‖2 ,

where we have used (A.2). Hence, <(`(LC(h))p(LC(h))) > 0, provided ε < κ2

12
√

2
e−2∆R .
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Note that if ` ∈ C′2,R, then `+αm ∈ C̊′2,R for each α > 0. Thus the above implies <(`(LC(h))p(LC(h))) ≥ 0

for all `, p ∈ C′2,R. Applying Lemma 5.4(a), we have LC(C1,C) ⊂ C2,C.

Finally, for all `, p ∈ C′2,R and h ∈ C1,C, it follows by (5.24) that,∣∣∣∣`(LCh)p(Lh)

`(Lh)p(LCh)

∣∣∣∣ ≤ |`(Lh)p(Lh)|+ |`([LC − L]h)p(Lh)|
|`(Lh)p(Lh)| − |`(Lh)p([LC − L]h)|

≤ 1 +
√

2ε

1−
√

2ε
≤ 1 + 4ε,

since we assumed ε < 1
12
√

2
.

The above implies

δC2,C(LCh, e2) = sup
`,p

ln
|`(LCh)p(e2)|
|`(e2)p(LCh)|

≤ sup
`,p

ln
|`(Lh)p(e2)|
|`(e2)p(Lh)|

+ sup
`,p

ln
|`(LCh)p(Lh)|
|`(Lh)p(LCh)|

≤ δC2,C(Lh, e2) + 4ε ≤ 4∆R + ln[3
√

2κ−2] + 4ε

≤ 4∆R + ln[3
√

2κ−2] + 1
3
√

2
κ2e−2∆R ,

(5.25)

where, in the next to last inequality, we have applied (5.21). We conclude using (5.22). �

We conclude with a comment on (5.23) that may facilitate checking it.
For each h ∈ C1,R let a(h) = <(LCh), b(h) = =(LCh). By defintion a, b are real linear operators on B2,R

and LCh = a(h) + ib(h).

Lemma 5.18. If, for each h ∈ C1,R,

εLh± 2 [Lh− a(h)] ∈ C2,R
εLh± 2b(h) ∈ C2,R

then condition (5.23) is satisfied.

Proof. By hypothesis, for each ` ∈ C′2,R we have

ε`(Lh) ≥ 2 |`(Lh− a(h))|
ε`(Lh) ≥ 2 |`(b(h))| .

Accordingly,

ε`(Lh) ≥ (|`(Lh− a(h))|+ |`(−ib(h))|) ≥ |`(Lh− LC(h))|.
�

5.3. Cone Contraction Implies Loss of Memory.

In this section, we show that cone contraction implies loss of memory. This provides a tool to easily verify,
in some cases, condition (O-3).

Consider complex Banach spaces Bk, cones Ck = CC,k ⊂ Bk, vectors ek ∈ Bk as described in Sections 2
and 5.2. Suppose there exist functionals mk ∈ B′k satisfying (5.6) with

a) inf
k≥0

κk = κ̄ > 0.

In addition, there are operators Lk : Bk → Bk+1 satisfying the following:

b) there exists K > 0 such that, for all k, j ∈ N, we have

|mk (Lk · · ·Ljej)| ≤ K;

c) the operators Lk satisfy Lk(Ck) ⊂ Ck+1, and the diameter in the complex projective metric of Lk(Ck)
in Ck+1 is uniformly bounded by ∆ <∞.
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Define Lk,j := Lk · · ·Lj and

αk,j = mk(Lk−1,jej)

hk,j =
Lk−1,jej

mk(Lk−1,jej)

`k,j(h) =
mk (Lk−1,jh)

mk(Lk−1,jej)
.

(5.26)

The next lemma will be helpful to check condition (O-2).

Lemma 5.19 (Uniform Boundedness). For each h ∈ Bj, we have

|αk,j | ≤ K, ‖hk,j‖k ≤
√

2

κ̄
, ‖`k,j‖′j ≤

√
2

‖Lk,jh‖k ≤
2K

κ̄
‖h‖j .

Proof. By assumption |αk,j | ≤ K. Since, by assumption, mk satisfies (5.11), by Definition 5.3, m ∈ C′C so
that, for all h ∈ CC,

(5.27) |mk(Lk−1,jh)| ≥ κ̄√
2
‖Lk−1,jh‖k > 0.

Hence, ‖hk,j‖k ≤
√

2
κ̄ . In addition, `k,j(h) 6= 0 for all h ∈ CC. Accordingly, `k,j ∈ C′C and so by Lemma 5.5

‖`k,j‖′ ≤
√

2. Hence, recalling (5.11)

‖Lk−1,jh‖k ≤
√

2

κ̄
|mk (Lk−1,jh)| =

√
2

κ̄
|`k,j (h)mk (Lk−1,jej)| ≤

2K

κ̄
‖h‖j .

�

The following lemma will be helpful to check condition (O-3).

Lemma 5.20 (Loss of Memory). Let θ = tanh(∆/4), then for each k, j ∈ N, h ∈ Bj,

‖Lk−1,jh−αk,j`k,j(h)hk,j‖j ≤
2(1 +

√
2)

κ̄θ2
∆θk−j |αk,j | ‖h‖j .

Proof. Applying Lemma 5.11 and Theorem 5.15, we have for all h, g ∈ Cj ,∥∥∥∥ Lk,jh
mk+1(Lk,jh)

− Lk,jg
mk+1(Lk,jg)

∥∥∥∥
k+1

≤
√

2

κ̄
δC,k(Lk,jh,Lk,jg)

≤
√

2

κ̄
(tanh(∆/4))k−j−1δC,j+1(Ljh,Ljg)

=

√
2

κ̄
θk−j−1δC,j+1(Ljh,Ljg) ≤

√
2

κ̄
θk−j−1∆.

By definition `k,j(ej) = 1 and mk(hk,j) = 1. Moreover, by Lemma 5.19 and Lemma 5.5, |αk,j | ≤ K,

‖hk,j‖k ≤
√

2/κ̄ and ‖`k,j‖′j ≤
√

2. Hence, recalling (5.26), for all h ∈ Cj we have

‖Lk−1,jh−αk,j`k,j(h)hk,j‖k = ‖Lk−1,jh−mk(Lk−1,jh)hk,j‖k

≤
√

2

θ2κ̄
θk−j∆ |mk(Lk−1,jh)|

≤ 2

θ2κ̄
θk−j∆|αk,j |‖h‖j .

(5.28)

For h ∈ Bj , define h̄ := h+
√

2‖h‖jej . As in Lemma 5.13, h̄, ‖h‖jej ∈ CC,j ∪ {0}. Recalling `k,j(‖h‖jej) =
‖h‖j , as well as mk(Lk−1,j h̄) = mk(αk,j`k,j(h̄)hk,j), we apply (5.28) to obtain,

‖Lk−1,jh−αk,j`k,j(h)hk,j‖k = ‖Lk−1,j h̄−αk,j`k,j(h̄)hk,j‖k

≤ ‖h̄‖j
2

κ̄θ2
∆θk−j |α|k,j ≤ ‖h‖j

2(1 +
√

2)

κ̄θ2
∆θk−j |αk,j |.

�



30 MARK F. DEMERS AND CARLANGELO LIVERANI

5.4. A Useful Lower Bound. In this section, we show under the assumptions of Theorem 5.17, that the
lower bound |`k,j(hj,l)| ≥ K−1 holds uniformly in j, k, l, with `k,j ,hj,l defined as in (5.26). In addition to
properties (a)-(c) of Section 5.3, we assume that there exist real operators Lk : Bk → Bk+1 satisfying

d) Lk(Ck,R) ⊂ Ck+1,R and diamH(Lk(Ck,R)) ≤ ∆R <∞ for all k ≥ 1;

e) for all ` ∈ Sk+1 and all h ∈ Ck,R, |`(Lkh)− `(Lkh)| ≤ ε`(Lkh) for some ε ∈
(
0, κ̄2

12
√

2
e−2∆R

)
.

Thus we are in the setting of Theorem 5.17.
In this setting, we prove the lemma,

Lemma 5.21. Under the assumption (a)–(e), there exists K > 0 such that `k,j(hj,l) ≥ K−1 for all 0 ≤ l ≤
j ≤ k.

Proof. By definition,

`k,j(h) =
m(Lk−1,jh)

α`,j
.

Since Lk,jCj,C ⊂ Ck,C and invoking (5.11) and property (a) of Section 5.3, we have `k,j(h) 6= 0 for all h ∈ Cj,C.
Thus `k,j ∈ C′j,C and since hj,l ∈ Cj,C, we may apply Lemma 5.14 to obtain,

|`k,j(hj,l)| ≥ e−δCj,C (hj,l,ej) κ̄√
2
‖hj,l‖j ,

where we have used `k,j(ej) = 1. Recalling (5.26) and using Lemma 5.5, and equation (5.5), we have

1 = mj(hj,l) ≤ ‖mj‖′j‖hj,l‖j ≤
√

2‖hj,l‖j .

It remains to show that δCj,C(hj,l, ej) ≤ C, where C < ∞ is independent of j and l. This follows from
the cone contraction provided for each Li. In particular, remark that Lj−1,lCl,C ⊂ Lj−1Cj−1,C, so that
hj,l ∈ Lj−1Cj−1,C. Thus it suffices to show that δj,C(h, ej) ≤ C for each h ∈ Lj−1Cj−1,C for some C
independent of j.

To see this, apply Theorem 5.17, and in particular (5.25), with LC = Lj−1 and L = Lj−1 to obtain for
each h ∈ Cj−1,C,

δCj,C(Lj−1h, ej) ≤ δCj,C(Lj−1h, ej) + 4ε ,

with ε = κ̄2

12
√

2
e−2∆R , applying properties (d) and (e). Finally, applying Lemma 5.16 and in particular (5.21)

with A = Lj−1 yields,

δCj,C(Lj−1h, ej) ≤ 4∆R + ln
(
3
√

2κ̄−2
)

+ 4ε ,

completing the proof of the claim. �

6. Application: Smooth Expanding Maps

6.1. Sequential Expanding Maps.
We consider the setting illustrated in Section 2.1 and prove Theorem 2.1. To this end, we first check the

conditions of Theorem 2.7. Theorem 2.1 will then follow trivially as explained in Section 6.5.

6.1.1. Verifying Conditions (C-1)-(C-4).
Let M be a smooth, connected d-dimensional Riemannian manifold. Without loss of generality, we can
rescale the distance d so that the diameter of M is one and the Riemannian volume so that the volume of
M is also one. We set Mk = M and µk = Lebesgue. First of all, for a > 0, we consider the cones Ck = Ca
for all k ∈ N,

Ca =
{
h ∈ C1(M,R) : ‖∇h(x)‖ ≤ ah(x) ∀x ∈M

}
\ {0}.

Note that (C-1) is trivially satisfied. Then setting e(x) = 1 ∈ Ca, if h ∈ C1, then (a−1‖∇h‖∞+‖h‖∞)e+h ∈
Ca; that is, (C-3) holds true. Indeed, it follows immediately from (2.5) that for h ∈ C1(M,C),

‖g‖ := ‖g‖k = sup
x∈M
{a−1‖∇g(x)‖+ |g(x)|},

thus Bk = C1(M,R) and Bk = C1(M,C).
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Next, suppose g ∈ Ca and x0 ∈M is such that20 g(x0) =
´
M
g.

If γ ∈ C1([0, 1],M) is a geodesic (parametrized by arclength) that connects x and x0, then∣∣∣∣ ddtg(γ(t))

∣∣∣∣ ≤ ‖∇g(γ(t))‖ ≤ ag(γ(t)),

hence

(6.1) ea
ˆ
M

g ≥ g(x) ≥ e−a
ˆ
M

g , for all x ∈M.

Defining the transfer operators Lk as in (2.3) with respect to the volume measure yields,

Lkh(x) =
∑

y∈f−1
k (x)

h(y)

|det(Dyfk)|
.

Hence, for some D̄ ≤ C# supk∈N ‖D2fk‖∞ = C#A,

(6.2) ‖∇Lkh‖ ≤ ϑ−1Lk‖∇h‖+ D̄Lkh ≤ (ϑ−1a+ D̄)Lkh

which implies LkCa ⊂ Cνa, ν ∈ (ϑ−1, 1), for all k ∈ N, provided a ≥ D̄(ν − ϑ−1)−1.
From this point forward, we fix ν ∈ (ϑ−1, 1) and a > 1 such that a > D̄(ν − ϑ)−1.
Now for each h ∈ C1, and using (6.1) since both ‖h‖ and h+ ‖h‖ are in Ca,

|Lk · · · Ljh| ≤ |Lk · · · Lj(h+ ‖h‖)|+ ‖h‖|Lk · · · Lj1|

≤ ea
ˆ
Lk · · · Lj(h+ 2‖h‖) = 3ea‖h‖,

(6.3)

which, iterating (6.2), proves (C-4).
One can easily compute the Hilber metric dH and prove that for all g ∈ Cνa, ν ∈ (0, 1),

(6.4) dH(h, 1) ≤ 2a+ ln
1 + ν

1− ν
=: ∆/2.

So (C-2) holds true.

6.2. Conditions (O-1), (O-2) (Applicability of Theorem 2.6).
Assume that we have a sequence of observables gk satisfying supk(‖gk‖∞+‖∇gk‖∞) = K <∞. This implies
in particular that supk ‖gk‖ ≤ (1 + a−1)K, hence (O-1) holds with j0 =∞.

Let ρ ∈ C1, ρ ≥ 0 with
´
ρ dµ0 = 1. Define ĝk as in (2.8). For n ∈ N, define Ŝn as in (2.10) and the

variance σ2
n as in (2.11). Remark that σn ≤ C#

√
n by Lemma 2.4.

With n fixed and k ≤ n, define the weighted operators for λ ∈ R as in (2.14),

Lk,λh := Lk,λ,nh = Lk(eiσ
−1
n λgkh) .

Taking the derivative as in (6.2) we have

‖∇Lk,λh‖ ≤ ϑ−1Lk,0‖∇h‖+ (D̄ + |λ|σ−1
n ‖gk‖∞)Lk,0|h|.

Which can be iterated, yielding

‖∇Lk,λ · · · Lj,λh‖ ≤ ϑ−k+j+1Lk · · · Lj‖∇h‖+

k−j∑
l=0

ϑ−l(D̄ + |λ|σ−1
n ‖gk−l‖∞)Lk−l · · · Lj |h|

≤ ‖h‖
3ea(D̄ + |λ|σ−1

n supj ‖gj‖∞)

1− ϑ−1
.

where we have used (6.3) in the last step. Applying (6.3) again proves (O-2).
Accordingly, Theorem 2.6 applies. Note that Theorem 2.6 provides nontrivial information only if σn ≥

C#n
α for some α > 1

3 .

20Here and throughout this section, the integral is taken with respect to the volume measure on M , which has been

normalized to be a probability measure.



32 MARK F. DEMERS AND CARLANGELO LIVERANI

6.3. Complex Cones for Expanding Maps.
To obtain the sharper results of Theorem 2.7, we have to verify condition (O-3). In order to do that, we use
the complex cone theory introduced by Rugh and further developed by Dubois [38, 17, 18], as summarized
in Section 5.

First we need to verify that we are in the setting of Section 5. As noted earlier, with e = 1, the
norm associated the cone is ‖h‖ = supx{|h(x)| + a−1‖∇h(x)‖} which is equivalent to the C1 norm, so
BR = C1(M,R).

For each x ∈M and v ∈ Rd, ‖v‖ ≤ 1, we define

`x,v(h) = ah(x)− 〈v,∇h(x)〉.

Clearly `x,v ∈ B′R. In addition, it is easy to check that

Ca = {h ∈ BR : `(h) ≥ 0 ∀` ∈ S}
S = {`x,v : x ∈M, ‖v‖ ≤ 1}

This shows that (5.1) and (5.7) are satisfied. The complex cone CC is defined precisely as in Definition 5.3.
Next, set m(h) =

´
h, then, recalling (6.1), we have, for all h ∈ Ca,

(6.5) m(h) ≥ e−a‖h‖∞ ≥
1

2
e−a‖h‖ := κ‖h‖ ,

which verifies (5.6), and by extension (5.11).
To conclude checking the hypotheses of Theorem 5.15 we must to prove that the diameter of the image

of the complex cone is finite. Since (6.4) states that the diameter of the real cone is finite, we can apply
Theorem 5.17, provided we check (5.23). To check (5.23) let `x,v ∈ S, h ∈ Ca,

|`x,v ((Lk,λ − Lk)h)| ≤
∣∣(Lk,λ − Lk)〈(Df)−1v,∇h〉

∣∣+ |(Lk,λ − Lk)Dvh|
+
∣∣Lk,λ(iλσ−1

n 〈(Df)−1v,∇gk〉h)
∣∣+ a |(Lk,λ − Lk)h| ,

(6.6)

where Dv = − sign(detDfk)
〈Df−1

k v,∇ detDfk〉
(detDfk)2 .

Since Lk1 ∈ Ca, (6.1) implies the following bound on the first term above,

ϑ−1 |(Lk,λ − Lk)‖∇h‖| ≤ ϑ−1|λ|σ−1
n |gk|∞|Lk1|∞‖∇h‖∞ ≤ ϑ−1aea|λ|σ−1

n |gk|∞|h|∞

≤ ϑ−1ae2a|λ|σ−1
n |gk|∞

ˆ
h ≤ ϑ−1ae2a|λ|σ−1

n |gk|∞
ˆ
Lkh

≤ ϑ−1ae3a|λ|σ−1
n |gk|∞Lkh(x) ,

where we have used h,Lkh ∈ Ca. Similarly, we bound the second, third and fourth terms of (6.6) using the
positivity of h,

|λ|σ−1
n (D̄ + a)|gk|∞Lkh(x) + ϑ−1|λ|σ−1

n ‖∇gk‖∞Lkh(x) .

Putting these estimates together in (6.6) implies,

|`x,v ((Lk,λ − Lk)h)| ≤ |λ|σ−1
n ‖gk‖C1

[
ϑ−1ae3a + D̄ + a

]
Lkh(x).

On the other hand, Lkh ∈ Cνa, hence

`x,v(Lkh) = aLkh− 〈v,∇Lkh〉 ≥ a(1− ν)Lkh(x).

Accordingly,

|`x,v ((Lk,λ − Lk)h)| ≤ |λ|σ−1
n a−1(1− ν)−1‖gk‖C1

[
ϑ−1ae3a + D̄ + a

]
`x,v(Lkh).

which satisfies (5.23) provided λ is small enough. Hence Theorem 5.17 proves the finite diameter of the
complex cone, and Theorem 5.15 applies.
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6.4. Verification of Condition (O-3).
We can finally check condition (O-3). By the above discussion it follows that, for λ0 small enough, and
|λ| ≤ λ0σn, we have that Theorem 5.15 applies to each Lk,λ,n with complex diameter ∆C < ∞ uniform in
λ, k and n. Moreover, since CR,k = Ca and mk = m = µ, the Riemannian volume, for each k, we are in the
setting of Section 5.3 with κ̄ = κ = 1

2e
−a, K the constant from (O-2) and Lk = Lk,λ,n. We can then apply

Lemma 5.20 to obtain (O-3) with αk,j,λ = αk,j , hk,j,λ = hk,j and `k,j,λ = `k,j , as defined in Section 5.3.
By definition `k,j,λ(1) = 1 and m(hk,j,λ) = 1. Note that this normalization is compatible with that

required in (O-3) since m(hk,j,λ) =
´
hk,j,λ. Moreover, |αk,j,λ| ≤ 1 and ‖hk,j,λ‖ ≤

√
2/κ, ‖`k,j,λ‖′ ≤

√
2 by

Lemma 5.19. Note that all these bounds are independent of n.
Then since condition (b) of Section 5.3 holds with K = 1, Lemma 5.20 implies that the property (2.15)

of (O-3) holds with K = 2(1+
√

2)
κθ2 ∆C, θ = tanh(∆C/4) and c = − log θ.

Since we have already verified the hypotheses of Theorem 5.17, conditions (d) and (e) of Section 5.4 are
satisfied. Thus the final claim that there exists K > 0 such that |`k,j,λ(hj,l,λ)| ≥ K−1 for all 0 ≤ l ≤ j ≤
k ≤ n, follows immediately from Lemma 5.21.

6.5. Central Limit Theorem and Variance for Sequential Expanding Maps.
We have verified hypotheses (C-1)-(C-4) and (O-1)-(O-3). Thus Theorem 2.7 and Corollary 2.9 apply to

the setting of sequential expanding maps. Hence, Theorem 2.1 follows.
As mentioned in Section 2.1, Theorem 2.1 is conditional on the growth of σn. To find conditions implying

that the variance grows sufficiently fast, in the abstract sequential case setting, is nonobvious. Here, we
provide a partial answer for the case at hand.

To simplify matters, we assume that the maps and observables appearing in the sequence all belong to a
finite set21

F := {f̄j}Nj=1 λ = inf
j

inf
x
‖(Dxf̄j)

−1‖−1 > 1

G = {ḡj}Nj=1 ⊂ C1(M,R).

For any given sequences ωf , ωg ∈ {1, . . . , N}N∪{0}, we set fk = f̄ωfk
, gk = ḡωgk .

The maps F satisfy specification: for each ε, L > 0, there exists DF (ε, L) such that for each set of intervals
Jk = {ak, . . . , ak + L}, such that ak+1 − ak − L ≥ DF (ε, L), and points xk ∈ M , there exists z ∈ M such
that

|fak+i ◦ · · · ◦ f0(z)− fak+i ◦ · · · ◦ fak(xk)| ≤ ε,
for all k ∈ N and i ∈ {0, . . . , L− 1}.

The main result in this section is the following criterion. See Lemma 6.6 for a quantitative version.

Proposition 6.1. Let ln ρ ∈ C1(M). If there exists a ∈ (0, 1) and L ∈ N such that for each sequence
ω = {(ω1

i , ω
2
i )}Li=0 there exists a point xω such that 22

L∑
i=1

ĝω2
i
(f̄ω1

i−1
◦ · · · ◦ f̄ω1

0
(xω)) ≥ aL

where ε ≤ a

4 supj ‖Dḡj‖C0

and L ≥ 8

a
DF (ε, L) max

j
‖ĝj‖∞.

then there exists B > 0 such that σ2
n = E(S2

n) ≥ Bn.

The rest of the section is devoted to the proof of the above Proposition. But first, it is appropriate to
discuss its relevance and generality.

Remark 6.2. For simplicity, in Proposition 6.1, we assume that ln ρ ∈ C1. This is done so that ρ belongs
to a real cone Ca, as defined in Section 6.1. The interested reader can generalize to the case ρ ∈ C1, ρ ≥ 0,
since then there exists a k0 ∈ N such that Lk · · · L0ρ ∈ Ca for all k ≥ k0.

21The finiteness allows us to obtain a condition that can be checked on a finite number of finite time trajectories; otherwise

some type of compactness seems to be needed.
22For the definition of ĝωi see equation (2.1).
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Remark 6.3. Note that in the case of a single dynamical system and a single observable (that is f̄k = f ,
and gk = g, a zero average observable), the usual condition for the linear growth of the variance is that there

exists a periodic orbit {p, f(p), . . . , fq−1(p)}, fq(p) = p, such that23
∑q−1
k=0 g(fk(p)) ≥ b, for some b > 0.24

This implies the condition in Proposition 6.1. To see it choose µk to be the invariant measure of f , so ĝ = g.
Then, setting L = Kq, K ∈ N,

L∑
i=1

g(f i−1(p)) = K

q∑
i=1

g(f i−1(p)) ≥ Kb = L
b

q
=: aL.

Accordingly, the conditions of Proposition 6.1 are satisfied with the choice xω = p. This shows that Propo-
sition 6.1 is a natural generalization to the sequential case of the usual condition. It remains to see if the
condition is explicitly checkable; this is verified in Corollary 6.4, although it is unclear if our condition can
be reduced to checking that the observables are not coboundaries w.r.t. some dynamics.

Note that, by equation (6.11), ‖ĝk‖∞ ≤ 2‖gk‖∞. Moreover, the Lk have a uniform spectral gap. Hence,
there exists a computable A > 0, ν ∈ (0, 1) such that, for all S ∈ N and k ∈ N,

∣∣∣∣ˆ
M

gkLk−1 · · · L0ρ− γS,k
∣∣∣∣ ≤ AνS

γS,k :=
1´
M

1

ˆ
M

gkLk−1 · · · Lmax{k−S,0}1.

(6.7)

Corollary 6.4. There exist computable constants κ, b, L0 > 0 such that, if for some L ≥ L0 and each
sequence ω = {ω1

i , ω
2
i }Li=0, there exists a point xω such that

(6.8)

L∑
i=1

g̃ω2
i
(f̄ω1

i−1
◦ · · · ◦ f̄ω1

0
(xω)) ≥ 2κ lnL,

where g̃k = gk − γS,k and S = b lnL, then the hypothesis of Proposition 6.1 are verified. Thus, there exists
B > 0 such that σ2

n ≥ Bn.

Proof. Let a = κ lnL
L . We use (6.7): if b > −1/ ln ν, then AνS ≤ a for all L larger than some computable

L0, and
L∑
i=1

ĝω2
i
(f̄ω1

i−1
◦ · · · ◦ f̄ω1

0
(xω)) ≥ aL.

Set Γ = supj max{‖Dgj‖∞, 2‖gj‖∞} and choose ε = a
4Γ . Then Proposition 6.1 applies if

(6.9) L ≥ DF (ε, L)Γ

a
.

By Lemma 6.6, there exists a computable c? > 0 such that we can choose DF (ε, L) = c? ln a−1. Consequently,
equation (6.9) is satisfied if, for L ≥ L0,

1 ≥ c? ln a−1Γ

aL
= c?Γ

1

κ lnL
ln

[
L

κ lnL

]
=
c?Γ

κ

lnL− ln lnL− lnκ

lnL

which is satisfied if κ = c?Γ. �

Note that condition (6.8) is checkable by trial and error. This is similar to the problem of finding a
periodic orbit with non-zero average in the nonsequential case (see Remark 6.3).

To prove Proposition 6.1, we will use a martingale decomposition, similar to [15], but we must first
introduce some notation. Let

(6.10) hk = Lk−1 · · · L0ρ

23Possibly substituting −g for g.
24Which implies that g is not a coboundary.
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and L̂k(g) = h−1
k+1Lk(hkg). Note that L̂k · · · L̂i(g) = h−1

k+1Lk · · · Li(hig), moreover L̂k1 = 1. Also, recalling
(2.8),

(6.11) ĝk = gk −
ˆ
M

gkLk−1 · · · L0ρ

We would like to find φk, Yk ∈ C1 such that

ĝk = φk+1 ◦ fk − φk + Yk

φ0 = 0

L̂kYk = 0.

(6.12)

This decomposition would imply,

L̂kĝk = φk+1 − L̂kφk .

With this motivation, let us define φ0 = 0 and for each k ≥ 1,

(6.13) φk =

k−1∑
j=0

L̂k−1 · · · L̂j ĝj ,

and set Yk = ĝk − φk+1 ◦ fk + φk. Then indeed,

−L̂kYk = L̂k [φk+1 ◦ fk − φk − ĝk] =

k∑
j=0

[
L̂k · · · L̂j ĝj

]
−
k−1∑
j=0

L̂k · · · L̂j ĝj − L̂kĝk = 0.

Note that, by usual arguments, there exists C? > 0 such that

‖φk‖C1 ≤ C? , ‖Yk‖C1 ≤ C?
C−1
? ≤ hk ≤ C?.

(6.14)

Let Sn =
∑n−1
k=0 ĝk ◦ fk−1 ◦ · · · ◦ f0. We want to compute25

E(S2
n) = E

[φn+1 ◦ fn ◦ · · · ◦ f0 +

n−1∑
k=0

Yk ◦ fk−1 ◦ · · · ◦ f0

]2


Note that, recalling (6.10) and also (6.12), for all k < n,

E (φn+1 ◦ fn ◦ · · · ◦ f0 · Yk ◦ fk−1 ◦ · · · ◦ f0) =

ˆ
φn+1 ◦ fn ◦ · · · ◦ fk · Yk · Lk−1 · · · L0ρ dx

=

ˆ
φn+1 ◦ fn ◦ · · · ◦ fk · Ykhk dx

=

ˆ
φn+1 ◦ fn ◦ · · · ◦ fk+1 · hk+1 · L̂k(Yk) dx = 0

25As usual, by E(ϕ) we mean
´
M ϕ(x) ρ dx.
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Accordingly, recalling (6.14) and (6.12),

E(S2
n) = E

[φn+1 ◦ fn ◦ · · · ◦ f0 +

n−1∑
k=0

Yk ◦ fk−1 ◦ · · · ◦ f0

]2


= E

[n−1∑
k=0

Yk ◦ fk−1 ◦ · · · ◦ f0

]2
+O(1)

=

n−1∑
k=0

E
(
hkY

2
k

)
+ 2

∑
k>i

E (hiYk ◦ fk−1 ◦ · · · ◦ fiYi) +O(1)

=

n−1∑
k=0

E
(
hkY

2
k

)
+ 2

∑
k>i

E
(
hkYkL̂k−1 · · · L̂iYi

)
+O(1)

=

n−1∑
k=0

E
(
hkY

2
k

)
+O(1).

(6.15)

Next, we want to connect the growth of Sn along a single orbit with the growth of its L2 norm.

Lemma 6.5. There exists B > 0 such that if, for some p ∈ M , |Sn(p)| ≥ 3Anα, α > d+1
d+2 , then we have

E(S2
n) ≥ Ad+2Bn(d+2)α−d−1.

Proof. Equation (6.12) allows us to write

|Sn(p)| =

∣∣∣∣∣φn+1 ◦ fn ◦ · · · ◦ f0(p) +

n−1∑
k=0

Yk ◦ fk−1 ◦ · · · ◦ f0(p)

∣∣∣∣∣
≤
n−1∑
k=0

|Yk| ◦ fk−1 ◦ · · · ◦ f0(p) +O(1).

Note that, for each q ∈ M , |Yk(x)| ≥ |Yk(q)| − C?|x − q|. If follows that, for all x ∈ {y ∈ M : |y − q| ≤
|Yk(q)|/(2C?)}, one has |Yk(x)| ≥ 1

2 |Yk(q)|. Thus, recalling (6.14),

E(hkY
2
k ) = C−1

? E(Y 2
k ) ≥ cd|Yk|d+2 ◦ fk−1 ◦ · · · ◦ f0(p),

for some constant cd. Let Jn = {k ∈ {0, . . . , n− 1} : |Yk| ◦ fk−1 ◦ · · · ◦ f0(p) ≥ An−1+α}, then using (6.15),

3Anα ≤ |Sn(p)| ≤ n(d+1)(1−α)

Ad+1

∑
k∈Jn

|Yk|d+2 ◦ fk−1 ◦ · · · ◦ f0(p) +Anα +O(1)

≤ n(d+1)(1−α)

Ad+1cd

n−1∑
k=0

E(hkY
2
k ) +Anα +O(1) ≤ n(d+1)(1−α)

Ad+1cd
E(S2

n) +Anα +O(n(d+1)(1−α) + 1).

For n large enough we have Anα +O(n(d+1)(1−α) + 1) ≤ 2Anα, consequently

E(S2
n) ≥ Ad+1cd

n(d+1)(1−α)
Anα,

from which the lemma follows. �

Proof of Proposition 6.1. Let D := DF (ε, L). For any ωf , ωg ∈ {1, . . . N}N∩{0}, let fk = f̄ωfk
and

gk = ḡωgk and rk = k(L + D). We can assume, without loss of generality, that n ≥ L
D + 1. By hypothesis



CENTRAL LIMIT THEOREM FOR SEQUENTIAL DYNAMICAL SYSTEMS 37

there exists p ∈M such that

Sn(p) ≥
b n
L+D c∑
k=0

L−1∑
i=0

ĝrk+i+1(frk+i ◦ · · · ◦ f0(p))−
[
nD

L+D
+ 1

]
sup
j
‖ḡj‖C0

≥
b n
L+D c∑
k=0

L−1∑
i=0

ĝrk+i+1(frk+i ◦ · · · ◦ frk(xk))− εLn

L+D
sup
j
‖Dḡj‖C0 − 2nD

L+D
sup
j
‖ḡj‖C0

≥ aLn

L+D
− aLn

4(L+D)
− anL

4(L+D)
≥ a

2
n.

We can then apply Lemma 6.5 with α = 1, which proves the proposition for B small enough. �

It remains to discuss the Lemma used to obtain Corollary 6.4.

Lemma 6.6. There exists ε0 ∈ (0, 1) such that, for all ε ≤ ε0, we can choose DF (ε, L) = inf{n ∈ N :
ελn ≥ diam(M)}.

Proof. Set ε0 so that all the maps f̄j are locally invertible on balls of size ε0. For ε ≤ ε0, consider the set

Ak = {y ∈M : |fak+i ◦ · · · ◦ fak(y)− fak+i ◦ · · · ◦ fak(xk)| ≤ ε, 0 ≤ i ≤ L− 1}.
Then fak+L−1 ◦ · · · ◦ fak(Ak) is a ball of radius ε. Accordingly,

fak+DF (ε,L) ◦ · · · ◦ fak(Ak) = M.

Thus fak+DF (ε,L) ◦ · · · ◦ fak(Ak) ⊃ Ak+1. Taking the intersection of the preimages of the Ak, we have a
nested sequence of closed sets and we can choose as z any point in the intersection. �

7. Application: Sequential Billiard Maps

In this section, we show that Theorems 2.6 and 2.7 apply to sequential billiards as described in [9]. Our
strategy will be to define real and complex cones on which the relevant operators act as strict contractions,
and so apply the theorems of Section 5 to verify conditions (O-1)-(O-3). We begin by recalling the setting
of [9].

Fixing constants K ∈ N and `i > 0, i = 1, . . .K, we consider billiard configurations in T2 = R2/Z2

formed by placing K scatterers Bi having C3 boundaries and with arclengths given by `i and curvatures
K > 0. We denote such a billiard table by Q = T2 \ ∪iBi. The billiard map T is defined by the motion
of a point particle undergoing elastic collisions at the boundaries and traveling with unit speed in straight
lines between collisions. We adopt the standard collision coordinates, x = (r, ϕ), where r is the arclength
coordinate on ∂Q and ϕ is the angle made by the post-collision velocity with the normal to the boundary.
Thus the phase space for T is given by M = ∪Ki=1Ii × [−π2 ,

π
2 ], where for each i, Ii = [0, `i]/ ∼ is an interval

of length `i with endpoints identified. Since we have fixed K and `i, M is the same for each such table Q.
Let Kmin(Q) ≤ Kmax(Q) denote the minimum and maximum curvatures of scatterers in the table Q, and

let τmin(Q) ≤ τmax(Q) denote the minimum and maximum distances between consecutive collisions.
These scatterer configurations are subject to the following three constraints: Fix τ∗,K∗, E∗ > 0. Then for

each configuration Q, we assume: τ∗ ≤ τmin(Q) ≤ τmax(Q) ≤ τ−1
∗ , K∗ ≤ Kmin(Q) ≤ Kmax(Q) ≤ K−1

∗ , the
C3 norm of ∂Q is at most E∗. Let Q(τ∗,K∗, E∗) denote the set of billiard tables with K scatterers satisfying
these conditions and let F(τ∗,K∗, E∗) denote the corresponding set of billiard maps. As noted above, each
T ∈ F(τ∗,K∗, E∗) acts on the same phase space M.

Fixing these constants ensures that maps in F(τ∗,K∗, E∗) enjoy the uniform properties listed as (H1)-
(H5) in [9]: a common set of invariant cones in the tangent space, uniform distortion bounds, uniform
growth lemma, etc.

We choose as our reference measure on M, µSRB := 1
2|∂Q| cosϕdrdϕ, which is preserved by each T ∈

F(τ∗,K∗, E∗). The associated transfer operator LT acting on measurable functions is defined by,

LTh = h ◦ T−1 .

In order to generate sufficient hyperbolicity to strictly contract the cones Cc,A,L(δ) defined in Section 7.1
below, we require a notion of distance in Q(τ∗,K∗, E∗). For a table Q ∈ Q(τ∗,K∗, E∗), the boundary ∂Bi
of each scatterer can be parametrized according to arclength by a function ui,θ, where θ ∈ [0, `i) represents
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the tagged point in ∂Bi where the parametrization begins. Given two tables Q, Q̃ ∈ Q(τ∗,K∗, E∗) with
respective parametrizations ui,θ, ũi,θ, let ΠK denote the set of permutations π on {1, . . . ,K} satisfying
˜̀
π(i) = `i. Define the distance,

d(Q, Q̃) = min
π∈ΠK

min
θ∈[0,`i)

K∑
i=1

|ui,θ − ũπ(i),θ|C2(Ii,R2).

For Q0 ∈ Q(τ∗,K∗, E∗) and ε ≤ 1
2 min{τ∗,K∗}, define

Q(Q0, E∗; ε) = {Q ∈ Q(τ∗/2,K∗/2, E∗) : d(Q,Q0) < ε}.
Let F(Q0, E∗; ε) denote the corresponding set of billiard maps.

Definition 7.1. Fix Qk ∈ Q(τ∗,K∗, E∗), ε > 0 from [9, Lemma 6.6(b)] and NF ∈ N from [9, Theorem 2.3].
We define each of our maps fk (in the notation of Section 2) by fk = TNF ◦· · ·◦T1, where Tj ∈ F(Qk, E∗; ε).

With this definition of fk, the sequence fk,0 = fk−1 ◦ · · · ◦ f0 is necessarily an NF -admissible sequence in
the terminology of [9, Definition 2.4].

Note that each fk is comprised of a collection of NF billiard maps all of which are close with respect to
the distance d, but the maps comprising fk+1 are not necessarily close to the maps comprising fk.26

In the notation of Section 2 then, we have Mk = M, µk = µSRB, while fk = TNF ◦ · · · ◦ T1, and
Lk = LTNF · · · LT1 , where Tj ∈ F(Qk, E∗; ε) as in Definition 7.1.

7.1. Definition and Contraction of the Real Cone CR = Cc,A,L(δ).
Next, we must define precisely the cone of functions constructed in [9] which is strictly contracted by Lk.

According to [9, Section 3.1], there exist stable and unstable cones Cs and Cu in the tangent space of
M (not to be confused with the projective cones of functions defined below), that are strictly contracted
by DT−1 and DT , respectively, for all T ∈ F(τ∗,K∗, E∗). For fixed k0 ∈ N, define the usual homogeneity
strips,

H±k = {(r, ϕ) ∈M : (k + 1)−2 ≤ | ± π
2 − ϕ| ≤ k

−2}, for all k ≥ k0.

For convenience, label H0 =M\∪|k|≥k0
Hk. We say a C1 curve W ⊂M is stable or cone-stable if its tangent

vector at each point lies in Cu. We call it homogeneous if it lies in a single homogeneity strip.
Let Ws denote the set of homogeneous cone-stable curves whose curvature is bounded by B0 > 0. We

choose B0 so that T−1Ws ⊂ Ws for all T ∈ F(τ∗,K∗, E∗).
Since we will subdivide curves when they cross ∂Hk, we will refer to the extended singularity sets for T

(respectively T−1) as SH1 = S0 ∪ T−1(S0 ∪|k|≥k0
∂Hk) (respectively SH−1 = S0 ∪ T (S0 ∪|k|≥k0

∂Hk)), where
S0 = {(r, ϕ) ∈M : ϕ = ±π/2}.

For α ∈ (0, 1], a ≥ 1 and W ∈ Ws, we define the following cone of test functions, following [9, Section 4.1].
Let d(·, ·) define distance on W induced by arclength.

Da,α(W ) :=

{
ψ ∈ C0(W ) : ψ > 0,

ψ(x)

ψ(y)
≤ ead(x,y)α

}
To define the cone for Lk, we shall need a notion of distance between stable curves. To this end, we view

each W ∈ Ws as the graph of a C2 function of the r coordinate,

(7.1) W = {GW (r) = (r, ϕW (r)) : r ∈ IW }.
For W 1,W 2 ∈ Ws, if W 1 and W 2 lie in the same homogeneity strip with |IW 1 ∩IW 2 | > 0, define the distance
between them by

dWs(W 1,W 2) = |ϕW 1 − ϕW 2 |C1(IW1∩IW2 ) + |IW 1 4 IW 2 |.
Otherwise, define dWs(W 1,W 2) =∞. Although dWs is not a metric, it is sufficient for our needs.

When dWs(W 1,W 2) <∞, we will also need to measure a distance between test functions. For β < α as
defined below and ψi ∈ Da,β(W i), define,

d∗(ψ1, ψ2) =
∣∣∣ψ1 ◦GW 1‖G′W 1‖ − ψ2 ◦GW 2‖G′W 2‖

∣∣∣
Cβ(IW1∩IW2 )

,

26The notion of NF -admissible sequence can also be simplified by choosing fk = T
NF
k , where Tk ∈ F(τ∗,K∗, E∗), i.e. simply

requiring NF iterates of the same map before changing to a different (but not necessarily close) map.
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where ‖G′W ‖ =
√

1 + (dϕW /dr)2.
For a given length scale δ, define

Ws
−(δ) = {W ∈ Ws : |W | ≤ 2δ} and Ws(δ) = {W ∈ Ws : |W | ∈ [δ, 2δ]} .

Next, let A∗ denote the set of functions on M whose restriction to each W ∈ Ws is integrable with respect
to the arclength measure dmW . Define,

|||h|||∼+ = sup
W∈Ws−(δ)

ψ∈Da,β(W )

|
´
W
hψ dmW |´

W
ψ dmW

, for h ∈ A∗.

Set A0 = {h ∈ A∗ : |||h|||∼+ < ∞}, and note that ||| · |||∼+ defines a seminorm on A0. Thus identifying two

functions g and h in A0 if |||g−h|||∼+ = 0, we define A to be the resulting normed vector space of equivalence
classes. Note that if g ∼ h, then g = h almost everywhere with respect to both the Lebesgue measure and
µSRB.

Next, for h ∈ A, define the following two quantities,

(7.2) |||h|||+ = sup
W∈Ws(δ)
ψ∈Da,β(W )

∣∣´
W
hψ dmW

∣∣´
W
ψ dmW

, |||h|||− = inf
W∈Ws(δ)
ψ∈Da,β(W )

´
W
hψ dmW´

W
ψ dmW

.

Denote the average value of ψ on W by
ffl
W
ψ dmW = 1

|W |
´
W
ψ dmW . Since all of our integrals on W ∈ Ws

will be taken with respect to the arc-length dmW , to keep our notation concise, we will drop the measure
from our integral notation in the following.

For exponents, α, β, γ, q ∈ (0, 1) and constants a, c, A, L > 1, δ > 0, we define the cone

Cc,A,L(δ) =

{
h ∈ A \ {0} :

|||h|||+ ≤ L|||h|||−;(7.3)

sup
W∈Ws

−(δ)

sup
ψ∈Da,β(W )

|W |−q
|
´
W
hψ|ffl

W
ψ
≤ Aδ1−q|||h|||−;(7.4)

∀W 1,W 2 ∈ Ws
−(δ) : dWs(W 1,W 2) ≤ δ, ∀ψi ∈ Da,α(W i) : d∗(ψ1, ψ2) = 0,∣∣∣∣

´
W 1 hψ1ffl
W 1 ψ1

−
´
W 2 hψ2ffl
W 2 ψ2

∣∣∣∣ ≤ dWs(W 1,W 2)γ δ1−γcA|||h|||−

}
.(7.5)

Let δ0 be small enough so that [9, eq. (3.8)] holds true. Next, we assume the parameters of the cone satisfy
the constraints detailed in [9, Section 5.3]. In particular

q ∈ (0, 1/2), 0 < β < α ≤ 1/3, γ ≤ min{α− β, q}

3δ < δ0, ea2(δ0)β ≤ 2, 4AC̄0δ ≤ δ0/4, c > 16Cqs
(7.6)

where C̄0 > 1 is defined in [9, Lemm 3.3] and Cs :=
√

1 + (K−1
∗ + τ−1

∗ )2 is the maximum slope of cone-stable

curves in Ws. The fundamental property of the above cone is the following.

Theorem 7.2. [9, Theorem 6.12] Fix constants c, L and A satisfying the conditions of [9, Section 5.3].
Then there exists δ∗ > 0 such that for all δ ∈ (0, δ∗) there exists NF = NF (δ) and ε > 0 such that
LTNF · · · LT1(Cc,A,L(δ)) ⊂ Cc,A,L(δ) with uniformly finite diameter in Cc,A,L(δ) for all choices of Qk ∈
Q(τ∗,K∗, E∗) with Tj ∈ F(Qk, E∗; ε), j = 1, . . . , NF .

Since all the parameters are fixed from here forward, to simplify notation and to match notation with
Section 5, we will refer to Cc,A,L(δ) simply as CR in what follows.

7.2. Conditions (C-1)-(C-4).
Having defined the cone we can now check the conditions on the dynamics.

Proposition 7.3. Fix τ∗,K∗, E∗ > 0, and let F(τ∗,K∗, E∗) be as defined above. Then conditions (C-1)-(C-4)
of Section 2 hold with Mk =M, µk = µSRB, Ck = Cc,A,L(δ) and fk = TNF ◦ · · · ◦ T1, Tj ∈ F(Qk, E∗; ε).
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Proof. Remark that since Ck = Cc,A,L(δ) is the same for all k, then ‖ · ‖k = ‖ · ‖ is independent of k.
Condition (C-1) follows from [9, Remark 7.2], while Condition (C-2) follows from [9, Theorems 6.12 and

6.13].
Condition (C-3) instead follows from the beginning of the proof of [9, Lemma 8.15] where e is chosen to

be the constant function 1.
To prove condition (C-4) note that by choice of our reference measure, we have Lk1 = 1. Hence,

−‖h‖e = −‖h‖Lke � Lkh � ‖h‖Lke � ‖h‖e
which implies ‖Lkh‖ ≤ ‖h‖, which proves (C-4) with C∗ = 1. �

Before introducing the observables for which we will prove the CLT and verifying conditions (O-1)-(O-3),
we need to present a description of the cone adapted to the theory developed in Section 5.

7.3. Alternative Description of the Cone CR.
So that our notation for the cone CR coincides with the formulation in Section 5, we present the following

equivalent description of CR in terms of the positivity of a set of linear functionals. With the parameters
a, α, β, γ, q, c, A, L, δ fixed as above, define a corresponding set of linear functionals S on A as follows:

(7.7) `W 1,W 2,ψ1,ψ2,L(h) = L

´
W 1 hψ1´
W 1 ψ1

−
´
W 2 hψ2´
W 2 ψ2

, W i ∈ Ws(δ), ψi ∈ Da,β(W i).

`W 1,W 2,ψ1,ψ2,q,±(h) = Aδ1−q
´
W 0 hψ0´
W 0 ψ0

± |W 1|1−q
´
W 1 hψ1´
W 1 ψ1

,(7.8)

W 0 ∈ Ws(δ),W 1 ∈ Ws
−(δ), ψi ∈ Da,β(W i).

`W 0,W 1,W 2,ψ0,ψ1,ψ2,γ,±(h) = dWs(W 1,W 2)γδ1−γcAδ1−q
´
W 0 hψ0´
W 0 ψ0

(7.9)

±
[ |W 1|

´
W 1 hψ2´

W 1 ψ1
−
|W 2|

´
W 2 hψ3´

W 1 ψ2

]
,

W 0 ∈ Ws(δ), ψ0 ∈ Da,β(W 0),W 1,W 2 ∈ Ws
−(δ), ψi ∈ Da,α(W i),

dWs(W 1,W 2) ≤ δ, d∗(ψ1, ψ2) = 0.

Let S denote the collection of all such linear functionals as W i and ψi range over the stated sets of stable
curves and test functions.

Lemma 7.4. Let S be as defined above. Then,

CR = {h ∈ A \ {0} : `(h) ≥ 0,∀` ∈ S}.

Proof. The equivalences between the three classes of linear functionals defined in (7.7)-(7.9) and the three
cone conditions (7.3)-(7.5) is immediate.

Consider, for example, (7.3). If |||h|||+ ≤ L|||h|||−, then by definition of ||| · |||+ and ||| · |||− it follows that

`W 1,W 2,ψ1,ψ2,L(h) ≥ 0 for all W 1,W 2 ∈ Ws(δ) and ψi ∈ Da,β(W i). On the other hand if `W 1,W 2,ψ1,ψ2,L(h) ≥
0 for all such W i and ψi, then it follows that

L inf
W1∈Ws(δ)

ψ1∈Da,β(W 1)

´
W 1 hψ1´
W 1 ψ1

≥ sup
W2∈Ws(δ)

ψ2∈Da,β(W 2)

´
W 2 hψ2´
W 2 ψ2

,

which is precisely (7.3).
The other conditions are similarly parallel, with (7.4) corresponding to the set of functionals in (7.8) and

(7.5) corresponding to the set of functionals in (7.9). �

We now define the norm ‖h‖ precisely as in (5.4), letting e = 1. Then BR is the completion of A in this
norm, It follows that S ⊂ B′R.

Finally, following (5.7) we define the larger cone CR ⊃ CR by

CR = {h ∈ BR \ {0} : `(h) ≥ 0,∀` ∈ S}.
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7.4. Introduction of Observables and Some Basic Properties.
Although we work with sequential maps of the form fk = TNF ◦ · · · ◦ T1, Tj ∈ F(Qk, E∗; ε) according to

Proposition 7.3, we would like to prove the Central Limit Theorem for observables sampled at each billiard
collision rather than at each NF collisions. To this end, we will work with observables of the form

(7.10) gk =

NF−1∑
j=0

g̃k,j ◦ Tj ◦ · · · ◦ T1,

where each g̃k,j ∈ Cα(M),27 with α ∈ (0, 1/3) from the definition of CR, and with |g̃k,j |Cα ≤ K̃ for some

K̃ > 0 and all k ∈ N, j ≤ NF − 1.
For this class of observables, we will prove (O-1) in several steps. The first step is the following Lemma,

whose proof is postponed to Section 7.10.

Lemma 7.5. There exists C0 > 0 such that for all g ∈ Cα(M) and h ∈ CR, ‖gh‖ ≤ C0|g|Cα |||h|||−. In

particular, setting C? = c+ 8Cqs + 4(c+ 2qδγ10a) + 8δγ + 12Cs(2/c)
1
q−1, if

λ > Ξ∗|g|Cα |||h|||− , with

Ξ∗ = max

{
(3 + 2L)L(1 + 2a)

L− 1
,

(5 + 2L)A(1 + 2a)

A− 21−q ,
C? + 2cA(1 + 2a)L

cA− 2Cs

}
,

(7.11)

then λ± gh ∈ CR and so ‖gh‖ ≤ λ.

Remark 7.6. Note that if λ > 0, h ∈ CR and λ− h ∈ CR, then necessarily,´
W

(λ− h)ψ´
W
ψ

> 0 =⇒ λ >

´
W
hψ´

W
ψ
,

for each W ∈ Ws(δ) and ψ ∈ Da,β(W ). Taking the supremum over W and ψ, we conclude that ‖h‖ ≥ |||h|||+.
On the other hand, according to Lemma 7.5 with g ≡ 1, ‖h‖ ≤ C0|||h|||−. Thus for h ∈ CR, the two

quantities are equivalent, i.e.

|||h|||− ≤ |||h|||+ ≤ ‖h‖ ≤ C0|||h|||− .

Corollary 7.7. If h ∈ BR and g ∈ Cα(M), then gh ∈ BR and ‖gh‖ ≤ 3C0|g|Cα‖h‖, where C0 > 0 from
Lemma 7.5 is independent of g and h.

Proof. For h ∈ BR, h 6= 0, by (5.4), h + ‖h‖, ‖h‖ ∈ CR ∪ {0} (recalling that in the present setting e = 1).
Then writing gh = g(h+ ‖h‖)− g‖h‖ implies

‖gh‖ ≤ ‖g(h+ ‖h‖)‖+ ‖g‖h‖ ‖ ≤ C0|g|Cα‖h+ ‖h‖ ‖+ C0|g|Cα‖h‖

where we have used the fact that ‖1‖ = 1 and applied Lemma 7.5 twice. �

Remark 7.8. Theorem 7.2 provides a bound on the norm only for sequences of operators of length NF . To
obtain finer information (for example, a CLT for observables sampled at each billiard collision rather than
sampled once every NF collisions) requires us to estimate uniformly the norms of the operators LT for each
T ∈ F(τ∗,K∗, E∗). Note that this does not follow from [9]. In fact, the estimates in [9] cannot even be used
to prove that LT ∈ L(BR,BR).

The issue pointed out in Remark 7.8 is solved by the next Proposition proven in Section 7.11.

Proposition 7.9. There exists CL > 0 such that for all T ∈ F(τ∗,K∗, E∗) and all h ∈ BR, ‖LTh‖ ≤ CL‖h‖.

7.5. Verification of Hypothesis (O-1).
To verify (O-1), we begin with j = 1. We must bound the norm of Lk(gkh) for h ∈ BR. Since Lk =
LTNF · · · LT1 , we have

Lk(gkh) =

NF−1∑
j=0

Lk(g̃k,j ◦ Tj ◦ · · · ◦ T1 · h) =

NF−1∑
j=0

LTNF · · · LTj+1
(g̃k,jLTj · · · LT1

h).

27We use the norm |g|Cα = ‖g‖∞ + supx,y
|g(x)−g(y)|
d(x,y)α

, so that Cα is a Banach algebra.
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Using the triangle inequality and applying Proposition 7.9 NF − j times to the jth term yields,

‖Lk(gkh)‖ ≤
NF−1∑
j=0

CNF−jL ‖g̃k,jLTj · · · LT1h‖

≤
NF−1∑
j=0

CNFL 3C0|g̃k,j |Cα‖h‖ ≤ 3NFC
NF
L C0K̃‖h‖ ,

(7.12)

where we have applied Corollary 7.7 followed by Proposition 7.9 again in the second line. This proves (O-1)

for j = 1 with K = 3NFC
NF
L C0K̃.

For j = 2, we proceed similarly. Now,

g2
k =

NF−1∑
i,j=0

g̃k,j ◦ Tj ◦ · · · ◦ T1 · g̃k,i ◦ Ti ◦ · · ·T1

=

NF−1∑
j=0

g̃2
k,j ◦ Tj ◦ · · · ◦ T1 + 2

NF−1∑
j=1

j−1∑
i=0

g̃k,j ◦ Tj ◦ · · · ◦ T1 · g̃k,i ◦ Ti ◦ · · ·T1 .

Multiplying by h and applying Lk = LTNF · · · LT1
yields,

Lk(gkh) =

NF−1∑
j=0

LTNF · · · LTj+1
(g̃2
k,jLTj · · · LT1

h)

+ 2

NF−1∑
j=1

j−1∑
i=0

LTNF · · · LTj+1(g̃k,jLTj · · · LTi+1(g̃k,iLTi · · · LT1h)) .

And applying Lemma 7.5 and Proposition 7.9 and Corollary 7.7 as in (7.12) yields,

‖Lk(g2
kh)‖ ≤ NFCNFL 3C0K̃

2‖h‖+NF (NF − 1)CNFL 9C2
0K̃

2‖h‖ ≤ 9C2
0N

2
FK̃

2CNFL ‖h‖,

where we have used the fact that |g̃2
k,j |Cα ≤ |g̃k,j |2Cα . This proves (O-1) for j = 2 since the constant is ≤ K2.

For j = 3 the process is similar, using the fact that

g3
k =

NF−1∑
i,j,`=0

g̃k,` ◦ T` ◦ · · · ◦ T1 · g̃k,j ◦ Tj ◦ · · · ◦ T1 · g̃k,i ◦ Ti ◦ · · ·T1 .

Then estimating precisely as in the case j = 2, we obtain,

‖Lk(g3
kh)‖ ≤ N3

F27C3
0K̃

3CNFL ‖h‖ ,

which is the required estimate for j = 3. The same strategy works for any j ∈ N, completing the verification
of (O-1) with j0 =∞.

7.6. Contraction of the Complex Cone CC.
With BR and CR defined as in Section 7.3, we proceed to define their complexifications BC and CC precisely

as in Section 5, specifically Definition 5.3.
In light of Remark 7.6, we define

(7.13) m(h) :=

ˆ
M

h dµSRB for h ∈ CR.

By [9, Remark 7.2], there exists C̄ ≥ 1 such that

(7.14) C̄−1|||h|||− ≤m(h) ≤ C̄|||h|||+,

and since ||| · |||− is equivalent to ‖ · ‖ by Remark 7.6, m extends to a linear functional on CR and thus to BR
and BC. Indeed, disintegrating µSRB as in the proof of [9, Lemma 7.1] it follows that m ∈ S∗, where, as in
Section 5 (see definition (5.6)), S∗ denotes the weak-* closure of the convex hull of {λ` : λ ∈ R+, ` ∈ S}.
Now m(1) = 1 and combining (7.14) with Remark 7.6 implies that m satisfies (5.6) and therefore (5.11)
with κ = C−1

0 C̄−1.
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For fixed n ∈ N, and j ≤ k ≤ n, λ > 0, define the complex operators Lk,λ and their concatenations as in
(3.7),28

Lk,λ = Lk(eiλσ
−1
n gkh), Lk,j,λ = Lk · · · Lj(eiλσ

−1
n

∑k
m=j gm◦fm,jh) .

The main result of this section is the following.

Theorem 7.10. Let F(τ∗,K∗, E∗) and fk = TNF ◦ · · · ◦ T1 be as in Proposition 7.3. Let CR be as defined in
(7.3)-(7.5) and Lemma 7.4, and let CC be its complexification as in Definition 5.3 with associated projective
metric δC as in (5.14).

There exists λ0 > 0 such that for all k, n ∈ N, k ≤ n, and all λ ∈ R such that |λ|σ−1
n < λ0, Lk,λ(CC) ⊂ CC

and diamδC (Lk,λ(CC)) =: ∆C <∞.

Proof. We will apply Theorem 5.17 to the operators Lk,λ. First, by Proposition 7.3, the real transfer
operators Lk satisfy Lk ∈ L(BR) and diamH(L(CR)) := ∆R < ∞. Moreover, Lemma 7.5 with g ≡ 1 implies
that e = 1 satisfies (5.3), while (7.14) and Remark 7.6 imply that m(·) = µSRB(·) satisfies (5.6).

Next, for h ∈ BR,

(7.15) Lk,λh = Lk(eiλσ
−1
n gkh) = Lk(cos(λσ−1

n gk)h) + iLk(sin(λσ−1
n gk)h) .

Then temporarily labelling t = λσ−1
n for brevity, we can write,

cos(t(g̃k,1 ◦ T1 + g̃k,0)) = cos(tg̃k,1) ◦ T1 cos(tg̃k,0) + sin(tg̃k,1) ◦ T1 sin(tg̃k,0) ,

so that inductively, using Corollary 7.7 and estimating as in (7.12), it follows that Lk,λ defines a bounded
operator on BC by Lemma 2.5.

It remains to verify condition (5.23) of Theorem 5.17. We will do this via Lemma 5.18, which implies
(5.23). Recalling (7.15), Lemma 5.18 with a(h) = Lk(cos(λσ−1

n gk)h) and b(h) = Lk(sin(λσ−1
n gk)h) follows

immediately from the following lemma.

Lemma 7.11. Let gk be as in (7.10). For all ε > 0 there exists t0 > 0 such that for all h ∈ CR, all fk and
all t ∈ (−t0, t0),

Lk[εh± 2h(1− cos(tgk))] ∈ CR ,
Lk[εh± 2h sin(tgk)] ∈ CR .

Proof of Lemma 7.11. Let ψt = 2(1− cos(tgk)) and let h ∈ CR. First we claim that

(7.16) Lk(ψth) ∈ BR and ‖Lk(ψth)‖ ≤ C|t|‖h‖ ,

for some C > 0 independent of t, k and h.
To prove the claim, expand cos(tgk) using (7.10) to obtain,

(7.17) cos(tgk) =

NF−1∏
j=0

cos(tg̃k,j ◦ Tj ◦ · · · ◦ T1) + Pk(t) ,

where Pk(t) is a polynomial of degree NF in terms involving cos(tg̃k,j) and sin(tg̃k,j). Indeed, every term in
Pk(t) has at least one factor of the form sin(tg̃k,j ◦ Tj ◦ · · · ◦ T1).

First we estimate the leading term of Lk(ψth),

Lk
((

1−
NF−1∏
j=0

cos(tg̃k,j ◦ Tj ◦ · · · ◦ T1)
)
h
)

= Lk
((

1− cos(tg̃k,0)
)
h
)

+

NF−1∑
`=1

Lk
( `−1∏
j=0

cos(tg̃k,j ◦ Tj ◦ · · · ◦ T1)−
∏̀
j=0

cos(tg̃k,j ◦ Tj ◦ · · · ◦ T1)
)
h
)
.

(7.18)

By Lemma 7.5 and Proposition (7.9),

‖Lk
((

1− cos(tg̃k,0)
)
h
)
‖ ≤ CNFL C0|1− cos(tg̃k,0)|Cα‖h‖ ≤ C ′|t|‖h‖ .

28Recall that Lk = LTNF · · · LT1 .
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Next, for each `, using that LTj1 = 1,

Lk
( `−1∏
j=0

cos(tg̃k,j ◦ Tj ◦ · · · ◦ T1)−
∏̀
j=0

cos(tg̃k,j ◦ Tj ◦ · · · ◦ T1)
)
h
)

= Lk
((

1− cos(tg̃k,` ◦ T` ◦ · · · ◦ T1

) `−1∏
j=0

cos(tg̃k,j ◦ Tj ◦ · · · ◦ T1)h
)

= LTNF · · · LT`+1

((
1− cos(tg̃k,`)

)
LT`
(

cos(tg̃k,`−1)

× LT`−1

(
cos(tg̃k,`−2) · · · LT1

(
cos(tg̃k,0)h

))))
.

(7.19)

Again using Lemma 7.5 and Proposition (7.9), the norm of this expression is bounded by

CNF−`−1
L C0|1− cos(tg̃k,`)|Cα

∥∥LT` (cos(tg̃k,`−1)LT`−1

(
· · · LT1

(
cos(tg̃k,0)h

)))∥∥
≤ CNFL C`+1

0 K̃`|1− cos(tg̃k,`)|Cα‖h‖ ≤ C ′′|t|‖h‖ .

Combining these estimates in (7.18) and using the triangle inequality proves the required bound for the
leading term of Lk(ψth) from (7.17). According to (7.17), the remaining terms of Lk(ψth) are given by
Lk(Pk(t)h). These terms can be estimated in a similar manner as the product of cosines. Since each term of
Lk(Pk(t)h) contains one factor of the form sin(tg̃k,j) and | sin(tg̃k,j)|Cα = O(|t|), the claim (7.16) is proved.

Since Lk(ψth) ∈ BR, there exists Et ∈ R+ with Et ≤ C|t||||h|||− such that Et ± Lk(ψth) ∈ CR. Then,

Lk(εh± hψt) = Lk(εh− Et) + Et ± Lk(hψt) = ε(Lkh− ε−1Et) + Et ± Lk(hψt) ,

where we have used that Lk1 = 1. The second term is an element of CR by choice of Et.
For the first term, we use a stronger fact: that diamH(Lk(CR)) ≤ ∆R < ∞. In fact, by [9, Prop. 6.13]

for h ∈ CR, we have α(1,Lkh) ≥ (1−χ)A
A+1 |||Lkh|||−, where A is the cone parameter from (7.4) and χ < 1 is the

contraction in cone parameters.
It follows that

Lkh−
Et
ε
∈ CR if

Et
ε
< α(1,Lkh), which is implied by

Et
ε
<

(1− χ)A

A+ 1
|||Lkh|||− .

By choice of Et and [9, Lemma 5.4], Et ≤ C|t||||h|||− ≤ 2C|t||||Lkh|||−, so the above condition is satisfied if

|t| < ε
(1− χ)A

2C(A+ 1)
.

Taking this as our value of t0 proves the first statement of the lemma.
Similarly, setting ψ̃t = 2 sin(tgk), we can expand 2 sin(tgk) = P̃k(t) where P̃k(t) is a polynomial in

sin(tg̃k,j ◦Tj ◦ · · · ◦T1) and cos(tg̃k,j ◦Tj ◦ · · · ◦T1) and each term of P̃k(t) has a factor of the form sin(tg̃k,j ◦
Tj ◦ · · · ◦ T1). Then estimating as in (7.19), and using the fact that | sin(tg̃k,j)|Cα = O(|t|), we conclude,

Lk(ψ̃th) ∈ BR and ‖Lk(ψ̃th)‖ ≤ C̃|t|‖h‖ ,

for some C̃ > 0 independent of t, k and h. From this point, the same proof with ψ̃t replacing ψt yields the
second statement of the lemma. �

Fixing ε < κ2

48
√

2
e−2∆R , let t0 > 0 be from Lemma 7.11. Set λ0 = t0. Then for all λ ∈ R such that

|λ|σ−1
n < λ0, setting t = λσ−1

n , we have |t| < t0 so that Lemma 7.11 implies that Lemma 5.18 and therefore
(5.23) holds for Lk,λ. This completes the proof of the theorem. �

7.7. Verification of (O-2) and (O-3).
Throughout this section, we assume |λ| < λ0σn, where λ0 is from Theorem 7.10. From our choices of ek = 1,
mk(h) =

´
M
h dµSRB, property (a) of Section 5.3 holds with κ̄ = κ = C−1

0 C̄−1 from Section 7.6. Moreover,
property (b) of Section 5.3 is trivially satisfied with K = 1, and property (c) follows from Theorem 7.10 with
Lk = Lk,λ,n.

Hence setting αk,j,λ = αk,j , hk,j,λ = hk,j and `k,j,λ = `k,j , Lemma 5.19 implies

‖hk,j,λ‖ ≤
√

2

κ
, ‖`k,j,λ‖′ ≤

√
2
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while |αk,j,λ| ≤ 1, by the invariance of the SRB measure. This implies,

‖Lk,j,λh‖ ≤
2

κ
‖h‖,

which verifies (O-2) with K = 2/κ.
Condition (O-3) is verified exactly as in Section 6.4 since Theorem 7.10 implies that Theorem 5.15 applies

to the operators Lk,λ,n.

7.8. Central Limit Theorem for Sequential Dispersing Billiards. We collect our previous results
on the contraction of the relevant operators in order to state the culminating Central Limit Theorem for
sequential dispersing billiards. This is essentially a restatement of Theorem 2.2, but now all the relevant
objects have been properly defined.

Theorem 7.12. Fix τ∗,K∗, E∗ > 0 and let F(τ∗,K∗, E∗) be the associated family of billiard maps. Let
ρ ∈ CR,

´
ρdµSRB = 1. For a sequence of observables (g̃k,j) as defined in (7.10), choose an NF -admissible

sequence (Ti)i∈N as defined in Definition 7.1, and define the centered observables ĝk as in (2.8). Then,
recalling the distribution function Fn(x) from (2.16), for all c? ∈ (0, 1) there exists C̄ > 0 such that, for all
n ∈ N such that σn ≥ max{1, c?n1/3 ln(n+ 1)}, we have∣∣∣∣Fn(x)− 1√

2π

ˆ x

−∞
e−

y2

2 dy

∣∣∣∣ ≤ C̄σ−3
n (lnσn)2n.

Proof. We have verified hypotheses (C-1)-(C-4) in Section 7.2 and conditions (O-1)-(O-3) in Section 7.7,
accordingly the theorem is an imediate application of Theorem 2.7 and Corollary 2.9. �

The remaining issue is to verify the condition for the growth of the variance.
We start with the following general estimate, recalling hk = Lk−1 · · · L0ρ,

σ2
n :=

ˆ
[Ŝn](x)2ρ(x)dµ

=

n−1∑
k=0

ˆ
ĝ2
khk + 2

n−1∑
k=0

n−1∑
j=k+1

ˆ
ĝjLj−1 · · · Lk(ĝkhk)

=

n−1∑
k=0

ˆ
ĝ2
khk + 2

n−1∑
k=0

∞∑
j=1

ˆ
ĝj+kLj+k−1 · · · Lk(ĝkhk) +O

n−1∑
k=0

∞∑
j=n

νj−k


=

n−1∑
k=0

ˆ ĝ2
khk + 2

∞∑
j=1

ˆ
ĝj+kLj+k−1 · · · Lk(ĝkhk)

+O(1),

(7.20)

where we have used hypotheses (O-1) together with (2.7), with ν = e−c. Note that (2.7) applies due to the
centering given by (2.9). In the case of billiards, choosing ρ = 1 yields hk = 1. Also, for simplicity, we set
dµ = dµSRB and choose gk such that

´
gk = 0, thus gk = ĝk.

Lemma 7.13. If there exists C0 > 0 such C0

´
ĝ2
k ≥ ‖gk‖2Cα , then, for ν small enough, we have σ2

n ≥
1
2

∑n−1
k=0

´
ĝ2
k

Proof. We use condition (O-1) and (2.7) (recall that we have set e−c = ν) to compute
ˆ
ĝ2
k + 2

∞∑
j=1

ˆ
ĝj+kLj+k−1 · · · Lkĝk =

ˆ
ĝ2
k + 2

∞∑
j=1

ˆ
Lj+kĝj+kLj+k−1 · · · Lkĝk

≥
ˆ
ĝ2
k − 2K

∞∑
j=1

‖Lj+k−1 · · · Lkĝk‖j+k ≥
ˆ
ĝ2
k −

6Kν

1− ν
‖gk‖2Cα

≥
[
1− 6KC0

1− ν
ν

]ˆ
ĝ2
k.

The formula (7.20) implies the Lemma. �
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The above Lemma, although effective, is not very satisfactory as it is not easy to check and applies only
if ν is small. It would be nice to have the equivalent of Proposition 6.1; unfortunately, it is not clear how to
proceed. It seems natural to introduce a stable foliation, as in [32], but there are some technical problems
that require extra ideas.

In the literature, there are some relevant results only in the random case [12, 13, 14], described in the
next section. For completeness, we show that the random case can be treated also in our setting.

7.9. Variance Growth in the Random Case.
Let Ω = AN be a probability space with a measure Pe. Assume that Pe is shift invariant and ergodic with
respect to the shift and that Pe({ω1 = a}) > 0 for each a ∈ A.

Let {fa}a∈A be a set of maps of a compact Riemannian manifold M satisfying conditions (C-1)-(C-4)
of Section 2.3 with constants independent of a ∈ A. To simplify the exposition for this calculation of the
variance, we take the manifold M and cone C to be fixed, while the maps are random. Also, we assume that
the maps fa preserve a common invariant measure µ ∈ B. We define La to be the transfer operator of fa
with respect to µ. This implies in particular that La1 = 1.

Let {ga}a∈A ⊂ L2(M,R) ∩ B′ be a set of observables satisfying (O-1) with constants uniform for a ∈ A.
Note that in Section 7.5 it is proven that this is true if the fa are billiard maps in the family F(τ∗,K∗, E∗).
Suppose that, for each a ∈ A, ˆ

M

gadµ = 0.

Let g(ω, x) = gω0(x) for each (ω, x) ∈ Ω×M and consider the dynamics F : Ω×M → Ω×M defined by

(7.21) F (ω, x) = (τω, fω0
(x)).

For each ω ∈ Ω, we have the sequential observables

{g ◦ F k} = {gωk ◦ fωk−1
◦ · · · ◦ fω0

},

hence, for a given ω ∈ Ω, we can write

Ŝn(ω, x) =

n−1∑
k=0

gωk ◦ fωk−1
◦ · · · ◦ fω0(x) =

n−1∑
k=0

g ◦ F k(ω, x)

σ2
n(ω) =

ˆ
M

Ŝn(ω, x)2dµ.

The reader can check [12, 13, 14] and references therein for a discussion of a similar model (but limited
to expanding maps) and [2] (for the case of toral automorphisms) using a related approach. The following
result is a generalization of [2]; similar ideas can be applied to the case of expanding maps.

Theorem 7.14. Pe-a.s. the variance σn either grows linearly or there exists ψ̂ ∈ L2(M) such that ga =

ψ̂ − ψ̂ ◦ fa for all a ∈ A, and hence σn is uniformly bounded.

Proof. Let β : Ω→ R be defined by

β(ω) =

ˆ
M

g2
ω0
dµ+ 2

∞∑
j=1

ˆ
M

g(τjω)0
L(τj−1ω)0

· · · Lω0
gω0

dµ,

where τ is the shift. Then by (7.20) (taking ρ = 1 there), applied to the sequence determined by ω ∈ Ω,

(7.22) σ2
n(ω) =

n∑
k=0

β(τkω) +O(1).

Lemma 7.15. Either σ2
n grows linearly Pe-a.s. or EPe(σ

2
n) = O(1).

Proof. Integrating (7.22) yields EPe(σ
2
n) = nEPe(β) + O(1). It follows, by Birkhoff’s ergodic theorem, that

Pe almost surely

lim
n→∞

1

n
σ2
n = EPe(β).

Thus, σ2
n can grow sublinearly only if EPe(β) = 0, but then EPe(σ

2
n) = O(1). �
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Thus, a sublinear growth can happen only if EPe(σ
2
n) = O(1). If so, consider the annealed measure

P := Pe × µ and the related expectation E.
The sequence Ŝn is then uniformly bounded in L2(Ω × M,P), hence it is weakly-compact. Let ψ ∈

L2(Ω×M,P) be an accumulation point. Then, for each ϕ ∈ L2(Ω×M,P), we have

E(ϕψ) = lim
j→∞

E
(
ϕ

nj−1∑
k=0

gωk ◦ fωk−1
◦ · · · ◦ fω0

)

= lim
j→∞

(
Lω0ϕ

nj−1∑
k=1

gωk ◦ fωk−1
◦ · · · ◦ fω1

)
+ E(ϕgω0)

= E (Lω0ϕ · ψ ◦ τ) + E(ϕgω0) = E(ϕψ ◦ F ) + E(ϕgω0).

It follows that gω0(x) = ψ(ω, x)− ψ ◦ F (ω, x).

Next, let us define ψ̂(x) = EPe(ψ), ḡ = EPe(g) and note that

ḡ(x) = ψ̂ − EPe(ψ̂ ◦ fω0).

Furthermore, define

g ◦ F k = gωk ◦ fωk−1
◦ · · · ◦ fω0(x) = ψ̂ ◦ F k − ψ̂ ◦ F k+1 + Zk.

Note that

EPe(Zk | ω0, . . . , ωk) = Zk

EPe(Zk | ω0, . . . , ωk−1) = 0,

Hence, Mn =
∑n−1
k=0 Zk is a reverse martingale. It follows that

E(Ŝ2
n) = E

(
[ψ̂ ◦ Fn − ψ̂ +Mn]2

)
≥ E(M2

n)− 2E([ψ̂ ◦ Fn − ψ̂]2)
1
2E(M2

n)
1
2

Since ψ ∈ L2 it follows that there exists a constant C > 0 such that, for all n ∈ N,

C ≥ E(M2
n) =

n−1∑
k=0

E(Z2
k) = nE(Z2

0 ).

Thus, it must be that

0 = E(Z2
0 ) = E([g + ψ̂ ◦ F − ψ̂]2).

That is, ga + ψ̂ − ψ̂ ◦ fa = 0 for each a ∈ A. �

Remark 7.16. Note that if the fa are smooth Anosov maps and the observables ga are smooth, then by

Livšic’s theory, see [6], we have that ψ̂ ∈ C0. Hence, the ga must be continuous coboundaries, a condition
that is checkable. On the contrary, it is not obvious how to check that the ga are not L2 coboundaries, so
although the present section applies to billiards, the result is still not totally satisfactory. Nevertheless, our
result is much sharper than the usual one, e.g. see [26, Equation (2.10)] where one has an L2 coboundary
only with respect to the map (7.21). A similar result is proven in [2], but limited to Anosov automorphisms.

7.10. Proof of Lemma 7.5.
To estimate ‖gh‖, we will find λ > 0 such that λ ± gh ∈ CR. To this end, it will be convenient to estimate

the quantity
´
W
hgψ dmW´

W
ψ dmW

from above and below, where W ∈ Ws(δ) and ψ ∈ Da,β(W ). For brevity, we will

omit dmW when writing the integral.
For g ∈ Cα(M) and ψ ∈ Da,β(W ), we choose B > 0 so that gψ +B ∈ Da,β(W ). Letting Hβ(gψ) denote

the Hölder constant of gψ with exponent β, let B > a−1Hβ(gψ) + |gψ|∞. It follows that

g(x)ψ(x) +B

g(y)ψ(y) +B
≤ |g(x)ψ(x)− g(y)ψ(y)|

g(y)ψ(y) +B
+ 1 ≤ ead(x,y)β

for all x, y ∈M , so that in particular, gψ +B ∈ Da,β(W ). Note that ψ ∈ Da,β(W ) implies, for x, y ∈W ,

(7.23)

∣∣∣∣ψ(x)

ψ(y)
− 1

∣∣∣∣ ≤ ead(x,y)β − 1 ≤ ad(x, y)βea(2δ)β ≤ 2ad(x, y)β ,
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so that Hβ(ψ) ≤ 2a|ψ|C0 , where we have used ea(2δ)β ≤ 2 by [9, eq. (4.9)]. Since a > 1, we may choose

(7.24) B ≤ |g|Cβ |ψ|Cβ ≤ |g|Cα(1 + 2a)|ψ|C0 .

Now, since |ψ|C0 ≤ 2ψ,´
W
hg ψ´
W
ψ

=

´
W
h(gψ +B)´
W
ψ

−B
´
W
h´

W
ψ

≤
´
W
h(gψ +B)´
W
gψ +B

´
W
gψ +B´
W
ψ

≤ 3(1 + 2a)|g|Cα |||h|||+ ≤ 3(1 + 2a)L|g|Cα |||h|||− ,

(7.25)

where we have dropped the second term since |||h|||− > 0 for h ∈ CR. Similarly, we estimate the lower bound,
dropping the first term, which is positive,´

W
hg ψ´
W
ψ

=

´
W
h(gψ +B)´
W
ψ

−
´
W
hB´

W
ψ

≥ −2(1 + 2a)|g|Cα |||h|||+ ≥ −2(1 + 2a)L|g|Cα |||h|||− .
(7.26)

Next we prove that if λ satisfies (7.11), then λ + gh ∈ CR. In order for λ + gh to satisfy the first cone
condition (7.3), we need

sup
W,ψ

´
W

(λ+ gh)ψ´
W
ψ

≤ L inf
W,ψ

´
W

(λ+ gh)ψ´
W
ψ

.

This is equivalent to

λ+ sup
W,ψ

´
W
ghψ´

W
ψ
≤ L

(
λ+ inf

W,ψ

´
W
ghψ´

W
ψ

)
,

which according to (7.25) and (7.26) is satisfied if

λ+ 3(1 + 2a)L|g|Cα |||h|||− ≤ L(λ− 2(1 + 2a)L|g|Cα |||h|||−) .

Thus it suffices to choose λ so that

(7.27) λ ≥ 3 + 2L

L− 1
L(1 + 2a)|g|Cα |||h|||− .

In order to verify the second cone condition (7.4), λ > 0 should satisfy,

|W |−q
|
´
W

(λ+ gh)ψ|ffl
W
ψ

≤ Aδ1−q|||λ+ gh|||− ,

for all W ∈ Ws
−(δ), ψ ∈ Da,β(W ).

The left hand side is bounded above by

|W |1−qλ+ |W |−q
|
´
W
h(gψ +B)|ffl
W
gψ +B

´
W
gψ +B´
W
ψ

+ |W |−q
|
´
W
hB|ffl

W
ψ

≤ 21−qδ1−qλ+ 5(1 + 2a)|g|CαAδ1−q|||h|||− ,
(7.28)

while the right hand side is bounded below using (7.26),

Aδ1−q|||λ+ gh|||− ≥ Aδ
1−q(λ− 2(1 + 2a)L|g|Cα |||h|||−) .

Putting these estimates together, it suffices to choose λ > 0 so that

21−qδ1−qλ+ 5(1 + 2a)|g|CαAδ1−q|||h|||− ≤ Aδ
1−q(λ− 2(1 + 2a)L|g|Cα |||h|||−)

This holds when

(7.29) λ ≥ (5 + 2L)A

A− 21−q (1 + 2a)|g|Cα |||h|||− .

Finally, we find λ to satisfy the third cone condition (7.5),

(7.30)

∣∣∣∣
´
W 1(λ+ gh)ψ1ffl

W 1 ψ1
−

´
W 2(λ+ gh)ψ2ffl

W 2 ψ2

∣∣∣∣ ≤ dWs(W 1,W 2)γδ1−γcA|||λ+ gh|||− ,

for W 1,W 2 ∈ Ws
−(δ) with dWs(W 1,W 2) ≤ δ and ψi ∈ Da,α(W i) satisfying d∗(ψ1, ψ2) = 0.
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Without loss of generality, we may assume |W 2| ≥ |W 1| and
ffl
W 1 ψ1 = 1. Also, we assume

(7.31) |W 2|q ≥ δq−γdWs(W 1,W 2)γ c2 ,

otherwise, applying the second cone condition to λ+ gh with λ satisfying (7.29) yields,∣∣∣∣
´
W 1(λ+ gh)ψ1ffl

W 1 ψ1
−

´
W 2(λ+ gh)ψ2ffl

W 2 ψ2

∣∣∣∣ ≤ (|W 1|q + |W 2|q)Aδ1−q|||λ+ gh|||−

≤ 2Aδ1−γdWs(W 1,W 2)γ c2 |||λ+ gh|||− ,
(7.32)

which is precisely the needed estimate with no additional condition on λ.
We proceed to estimate both sides of (7.30) under the assumption (7.31). As before, the right-hand side

of (7.30) is bounded below by,

(7.33) dWs(W 1,W 2)γδ1−γcA(λ− 2(1 + 2a)L|g|Cα |||h|||−) .

To bound the left-hand side of (7.30) from above, we first split up the differences, using that
ffl
W 1 ψ1 = 1,

λ||W 1| −W 2||+
∣∣∣∣
´
W 1 hgψ1ffl
W 1 ψ1

−
´
W 2 hgψ2ffl
W 2 ψ2

∣∣∣∣
≤ λ||W 1| −W 2||+

∣∣´
W 2 hgψ2

∣∣ffl
W 2 ψ2

∣∣∣∣ 
W 2

ψ2 − 1

∣∣∣∣+

∣∣∣∣ˆ
W 1

hgψ1 −
ˆ
W 2

hgψ2

∣∣∣∣ .
(7.34)

The first term above is bounded by [9, eq. (5.8)],

(7.35)
∣∣|W 1| − |W 2|

∣∣ ≤ 2CsdWs(W 1,W 2) ,

where Cs =
√

1 + (K−1
∗ + τ−1

∗ )2 denotes the maximum absolute value of the slope of stable curves inWs
−(δ),

while the difference in the second term above is bounded by [9, eq. (5.10)],

(7.36)

∣∣∣∣ 
W 2

ψ2 − 1

∣∣∣∣ = |W 2|−1

∣∣∣∣ˆ
W 2

ψ2 − |W 2|
∣∣∣∣ ≤ 6CsdWs(W 1,W 2)

|W 2|
.

Moreover, by (7.28), ∣∣´
W 2 hgψ2

∣∣ffl
W 2 ψ2

≤ 5(1 + 2a)|W 2|q|g|CαAδ1−q|||h|||− .

Combining these estimates in (7.34) yields the following upper bound for the left side of (7.30)∣∣∣∣
´
W 1(λ+ gh)ψ1ffl

W 1 ψ1
−

´
W 2(λ+ gh)ψ2ffl

W 2 ψ2

∣∣∣∣ ≤ λ2CsdWs(W 1,W 2)

+
δ1−qdWs(W 1,W 2)

|W 2|1−q
5(1 + 2a)6CsA|g|Cα |||h|||− +

∣∣∣∣ˆ
W 1

hgψ1 −
ˆ
W 2

hgψ2

∣∣∣∣
≤ λ2CsdWs(W 1,W 2) + 4Cqs (1 + 2a)Aδ1−γdWs(W 1,W 2)γ |g|Cα |||h|||−

+

∣∣∣∣ˆ
W 1

hgψ1 −
ˆ
W 2

hgψ2

∣∣∣∣ ,
(7.37)

where we have used (7.31) together with dWs(W 1,W 2) ≤ δ, γ ≤ q < 1/2 and the constraint c ≥ 16Cqs from
[9, eq. (5.7)].

To estimate the last term in (7.37), we recall the notation of matched and unmatched pieces. Recall that
each curve W i is expressed as the graph of a function over an arclength interval Ii,

W i = {Gi(r) = (r, ϕi(r) : r ∈ Ii}

Since dWs(W 1,W 1) ≤ δ, we have |I1∩ I2| > 0. Let U i = {Gi(r) : r ∈ I1∩ I2} denote the matched pieces and
let V i denote the at most two unmatched pieces. Remark that |V i| ≤ CsdWs(W 1,W 2). Choose B > 0 such
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that gψ2 + B ∈ D a
2 ,α

(U2). Following (7.24) we may choose B ≤ 2(1 + 2a)|g|Cα |ψ2|C0 . Define the following

functions on U1,

g̃ = g ◦G2 ◦G−1
1 ·
‖G′2‖
‖G′1‖

◦G−1
1 ; ψ̃2 = ψ ◦G2 ◦G−1

1

B̃ = B · ‖G
′
2‖

‖G′1‖
◦G−1

1 .

Then by definition, d∗(g̃ψ̃2 + B̃, gψ2 +B) = 0. Moreover, in the proof of [9, Lemma 5.5(c)], it is shown that
for r, s ∈ I1 ∩ I2, x = Gk(r), y = Gk(s),

(7.38)
‖G′k(r)‖
‖G′k(s)‖

≤ eB∗d(x,y) and
‖G′2(r)‖
‖G′1(r)‖

≤ edWs (U1,U2) ≤ eδ ≤ 2 ,

for some constant B∗ depending only on the maximum curvature of curves in Ws
−(δ). This implies in

particular that B̃ ≤ 2B. and that g̃ψ̃2 + B̃ ∈ Da,α(U2) by [9, eq. (5.31)], as long as 2B∗(2δ)
1−α ≤ a

2 , which
is compatible with the restriction on δ from [9, eq. (5.32)].

With these preparations, we are ready to estimate the difference of integrals in (7.37) by splitting into
matched and unmatched pieces,∣∣∣ˆ

W 1

hgψ1 −
ˆ
W 2

hgψ2

∣∣∣ ≤ 2∑
i=1

∣∣∣∣ˆ
V i
hgψi

∣∣∣∣+

∣∣∣∣ˆ
U1

hgψ1 −
ˆ
U2

hgψ2

∣∣∣∣
≤

2∑
i=1

∣∣∣∣ˆ
V i
hgψi

∣∣∣∣+

∣∣∣∣ˆ
U1

h(gψ1 − g̃ψ̃2)

∣∣∣∣+

∣∣∣∣ˆ
U1

hg̃ψ̃2 −
ˆ
U2

hgψ2

∣∣∣∣ .
(7.39)

The following sublemma allows us to estimate the principal differences in (7.39).

Sublemma 7.17. The following estimates hold true

a)

∣∣∣∣ˆ
U1

h(gψ1 − g̃ψ̃2)

∣∣∣∣ ≤ 12(3 + 2a)dWs(W 1,W 2)α−βδA|g|Cα |||h|||−.

b)

∣∣∣∣ˆ
U1

hg̃ψ̃2 −
ˆ
U2

hgψ2

∣∣∣∣ ≤ 20(1 + 2a)(c+ 3δ)AdWs(W 1,W 2)γδ1−γ |g|Cα |||h|||−.

Postponing the proof of the sublemma, we use it to complete the estimate for the third cone condition.
Using the sublemma, together with (7.28) to bound the integrals on unmatched pieces, and recalling that
|V i| ≤ CsdWs(W 1,W 2), we bound (7.39) by∣∣∣∣ˆ

W 1

hgψ1 −
ˆ
W 2

hgψ2

∣∣∣∣ ≤ 40(1 + 2a)dWs(W 1,W 2)qCqsAδ
1−q|g|Cα |||h|||−

+ 12(3 + 2a)dWs(W 1,W 2)α−βδA|g|Cα |||h|||−
+ 20(1 + 2a)(c+ 3δ)AdWs(W 1,W 2)γδ1−γ |g|Cα |||h|||−
≤ 4(1 + 2a)(10Cqs + 9δγ + 5c+ 15δ)dWs(W 1,W 2)γδ1−γA|g|Cα |||h|||− ,

where we have used that dWs(W 1,W 2) ≤ δ and γ ≤ min{q, α − β}. This estimate combined with (7.37)
yields our final upper bound for the left hand side of (7.30),∣∣∣∣

´
W 1(λ+ gh)ψ1ffl

W 1 ψ1
−

´
W 2(λ+ gh)ψ2ffl

W 2 ψ2

∣∣∣∣ ≤2λCsdWs(W 1,W 2)γδ1−γ

+ C?dWs(W 1,W 2)γδ1−γ |g|Cα |||h|||− ,

where C? = 4A(1 + 2a)(14Cqs + 9δγ + 5c + 15δ). Combining this with the lower bound (7.33), we see that
(7.30) will be satisfied if

λ2Cs + C?|g|Cα |||h|||− ≤ cA(λ− 2(1 + 2a)L|g|Cα |||h|||−) .

Since cA > 2Cs by [9, eq. (5.36)], this in turn is satisfied if

(7.40) λ ≥ C? + 2cA(1 + 2a)L

cA− 2Cs
|g|Cα |||h|||− .
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Now taking together (7.27), (7.29) and (7.40), we conclude that λ+ gh ∈ CR if λ satisfies (7.11).
We claim that the same value of λ implies that λ − gh ∈ CR. To see this, write λ − gh = λ + (−g)h,

and notice that −g ∈ Cα with | − g|Cα = |g|Cα . Applying the previous argument to −gh, we see that
λ+ (−g)h ∈ CR when λ satisfies (7.11). This completes the proof of the lemma.

It remains to prove the sublemma used during the argument.

Proof of Sublemma 7.17. We prove the two statements one at a time:
a) We would like to apply the second cone condition (7.4) to the integral; however, gψ1 − g̃ψ̃2 may not be
in Da,β(U1). To remedy this, first note that for x = G1(r) ∈ U1, using the fact that d∗(ψ1, ψ2) = 0,

|g(x)ψ1(x)− g̃ψ̃2(x)| = 1
‖G′1‖
|gψ1(G1(r)) · ‖G′1(r)‖ − gψ2(G2(r)) · ‖G′2‖|

≤ |ψ1(G1(r))||g(G1(r))− g(G2(r))|
≤ 2Hα(g)dWs(W 1,W 2)α ,

where we have used the bound |ψ1| ≤ ea(2δ)α
ffl
W 1 ψ1 ≤ 2.

So on the one hand,

|(gψ1 − g̃ψ̃2)(x)− (gψ1 − g̃ψ̃2)(y)| ≤ 4Hα(g)dWs(W 1,W 2)α , for x, y ∈ U1 .

On the other hand, for x = G1(r) ∈ U1, let x̃ = G2(r) ∈ U2 denote the corresponding point in U2. Then,

d(x̃, ỹ) =

ˆ r2

r1

√
1 + (dϕ2/dr)2 dr ≤ sup

I1∩I2

√
1 + (dϕ2/dr)2

1 + (dϕ1/dr)2

ˆ r2

r1

√
1 + (dϕ1/dr)2 dr

≤ 2d(x, y) ,

where we have used the estimate before [9, eq. (5.9)] to estimate the ratio of Jacobians. Then recalling
(7.24),

|(gψ1 − g̃ψ̃2)(x)− (gψ1 − g̃ψ̃2)(y)| ≤ |gψ1(x)− gψ1(y)|+ |g(x̃)ψ1(x)− g(ỹ)ψ1(y)|
≤ |g|Cα |ψ1|Cα(d(x, y)α + d(x̃, ỹ)α)

≤ 6(1 + 2a)|g|Cαd(x, y)α .

Putting these estimates together, we see that

|(gψ1 − g̃ψ̃2)(x)− (gψ1 − g̃ψ̃2)(y)|
d(x, y)β

≤ |g|Cα
d(x, y)β

min{4dWs(W 1,W 2)α, 6(1 + 2a)d(x, y)α} ,

and the expression is maximized when the two quantities are equal, i.e. when dWs(W 1,W 2) = (3(1 +
2a)/2)1/αd(x, y). Thus,

Hβ
U1(gψ1 − g̃) ≤ 6(1 + 2a)|g|CαdWs(W 1,W 2)α−β .

So we choose a constant ∆ ≥ a−1Hβ
U1(gψ1 − g̃ψ̃2) + |gψ1 − g̃ψ̃2|C0(U1), so that gψ1 − g̃ψ̃2 + ∆ ∈ Da,β(U1),

and ∆ ≤ |gψ1 − g̃ψ̃2|Cβ(U1) ≤ (8 + 6a)|g|CαdWs(W 1,W 2)α−β .
Now applying (7.4) completes the proof of statement (a) of the sublemma,∣∣∣∣ˆ

U1

h(gψ1 − g̃ψ̃2)

∣∣∣∣ ≤ ∣∣∣∣ˆ
U1

h(gψ1 − g̃ψ̃2 + ∆)

∣∣∣∣+

∣∣∣∣ˆ
U1

h∆

∣∣∣∣
≤ |U1|q

 
U1

(gψ1 − g̃ψ̃2 + 2∆)Aδ1−q|||h|||−

≤ 2(18 + 12a)dWs(W 1,W 2)α−βδA|g|Cα |||h|||− .

b) With B and B̃ as chosen before the statement of the sublemma, write,∣∣∣∣ˆ
U1

hg̃ψ̃2 −
ˆ
U2

hgψ2

∣∣∣∣ ≤
∣∣∣∣∣
´
U1 h(g̃ψ̃2 + B̃)ffl
U1 g̃ψ̃2 + B̃

−
´
U2 h(gψ2 +B)ffl
U2 gψ2 +B

∣∣∣∣∣
 
U2

(gψ2 +B)

+

∣∣∣∣ˆ
U1

h(g̃ψ̃2 + B̃)

∣∣∣∣ ∣∣∣∣1− |U1|
|U2|

∣∣∣∣+

∣∣∣∣ˆ
U1

hB̃ −
ˆ
U2

hB

∣∣∣∣ .
(7.41)
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The first term of (7.41) can be estimated using (7.5) since d∗(g̃ψ̃2 + B̃, gψ2 +B) = 0 and both are valid test
functions by choice of B. For the second term of (7.41), we use [9, eq. (5.24)] to estimate

(7.42)

∣∣∣∣1− |U2|
|U1|

∣∣∣∣ ≤ dWs(U1, U2) ≤ dWs(W 1,W 2) .

Using this together with (7.4) yields the bound,∣∣∣∣∣
´
U1 h(g̃ψ̃2 + B̃)ffl
U1 g̃ψ̃2 + B̃

−
´
U2 h(gψ2 +B)ffl
U2 gψ2 +B

∣∣∣∣∣
 
U2

(gψ2 +B) +

∣∣∣∣ˆ
U1

h(g̃ψ̃2 + B̃)

∣∣∣∣ ∣∣∣∣1− |U1|
|U2|

∣∣∣∣
≤ cAdWs(W 1,W 2)γδ1−γ |||h|||−12(1 + 2a)|g|Cα + 36(1 + 2a)Aδ|g|Cα |||h|||−dWs(W 1,W 2) .

Moreover, it is clear that the final term in (7.41) can be estimated in an analogous way, with B and B̃

replacing the test functions gψ2 +B and g̃ψ̃2 + B̃. Thus,∣∣∣∣ˆ
U1

hB̃ −
ˆ
U2

hB

∣∣∣∣ ≤ BcAdWs(W 1,W 2)γδ1−γ |||h|||− + 3BdWs(W 1,W 2)δA|||h|||−

≤ 8(1 + 2a)AdWs(W 1,W 2)γδ1−γ |g|Cα |||h|||−(3δ + c) .

Putting this estimate together with the previous one completes the proof of statement (b), using that
dWs(W 1,W 2) ≤ δ. �

7.11. Proof of Proposition 7.9 (Bounding the Norm of LT ).

As mentioned in Remark 7.8, the goal of this section is to obtain a bound on ‖LT ‖, that is, for the action
of a single operator rather than a sequence of NF operators. The proof is similar to the proof of Lemma 7.5
in Section 7.11. Unfortunately, the details are different enough that we need to carry it out explicitely.

We will first bound Lh for h ∈ CR and then show how this extends to all h ∈ BR as in the proof of
Corollary 7.7.

Let h ∈ CR and T ∈ F(τ∗,K∗, E∗) with L = LT . We must estimate the norm of Lh. To this end, we first
obtain bounds on |||Lh|||+ and |||Lh|||−. Let W ∈ Ws(δ) and ψ ∈ Da,β(W ). Then,

(7.43)

ˆ
W

Lhψ =
∑

i∈L1(W )

ˆ
Wi

hψ ◦ T JWi
T +

∑
i∈S1(W )

ˆ
Wi

hψ ◦ T JWi
T ,

where we have changed variables and denote by L1(W ) the connected homogenous components of T−1W =
{Wi}i longer than δ, and by S1(W ) those homogeneous components shorter than δ.

Following (7.24), in order to transform the ψ ◦ TJWi
T into valid test functions, we choose Bi such that

a−1Hβ(ψ ◦ TJWi
T )+|ψ ◦ TJWi

T |C0(Wi) < Bi ≤ |JWi
Tψ ◦ T |Cβ(Wi)

≤ (1 + 2aC1 + Cd)|JWiT |C0(Wi)|ψ ◦ T |C0(Wi) ,
(7.44)

where Cd > 0 is a distortion constant for JW iT , uniform for T ∈ F(τ∗,K∗, E∗) as in [9, eq. (3.5)], and we
have used (7.23) to bound the distortion of ψ ◦ T together with d(Tx, Ty) ≤ C1d(x, y), where C1 ≥ 1 is the
minimum hyperbolicity constant29 from [9, eq. (3.1)]. Then as in Section 7.10, JWi

Tψ ◦ T +Bi ∈ Da,β(W ).
For ease of notation, let us name the combined distortion constants,

Ca := 1 + 2aC1 + Cd .

29That is, setting Λ = 1 + 2K∗τ∗, C1 ≥ 1 satisfies ‖DT−n(x)v‖ ≥ C−1
1 Λn‖v‖ for all T ∈ F(τ∗,K∗, E∗) and v in the stable

cone.
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Now we estimate the contribution from long pieces in (7.43) using (7.2) and (7.3), as well as the upper
bound on Bi from (7.44),

∑
i∈L1(W )

ˆ
Wi

h (ψ ◦ T JWi
T +Bi)−Bi

∑
i∈L1(W )

ˆ
Wi

h

≤ |||h|||+
∑

i∈L1(W )

ˆ
Wi

(ψ ◦ T JWiT + 2Bi)

≤
[
1 + 2Cae

Cd(2δ)1/3+a(2δ)β
]
L|||h|||−

∑
i∈L1(W )

ˆ
TWi

ψ

≤
[
1 + 8Ca

]
L|||h|||−

ˆ
W

ψ ,

(7.45)

recalling that by [9, Sect. 5.3], δ is small enough that ea(2δ)β and eCd(2δ)1/3

are each less than 2.
Next we estimate the contribution from short pieces in (7.43), using (7.4),

∑
i∈S1(W )

ˆ
Wi

h (ψ ◦ T JWiT +Bi)−Bi
∑

i∈S1(W )

ˆ
Wi

h

≤ |||h|||−
∑

i∈S1(W )

Aδ1−q|Wi|q
 
Wi

(ψ ◦ T JWi
T + 2Bi)

≤ |||h|||−Aδ
[
1 + 2Ca)

]
|ψ|C0(W )

∑
i∈S1(W )

|JWi
T |C0(Wi).

(7.46)

Since ψ ∈ Da,β(W ) and |W | ≥ δ, we estimate δ|ψ|C0(W ) ≤ δea|W |
β ffl

W
ψ ≤ 2

´
W
ψ, recalling again that

ea(2δ)β ≤ 2. The sum over Jacobians is bounded by C0θ0, which is the uniform one-step expansion estimate
stated in [9, eq. (3.4)], where C0 ≥ 1 and θ0 < 1. Putting these bounds together yields,

(7.47)
∑

i∈S1(W )

ˆ
Wi

hψ ◦ T JWi
T ≤ |||h|||−A

[
1 + 2Ca

]
2C0θ0

ˆ
W

ψ .

Substituting (7.45) and (7.47) into (7.43) and taking the supremum over W ∈ Ws(δ) and ψ ∈ Da,β(W )
yields,

(7.48) |||Lh|||+ ≤ |||h|||−
(
L
[
1 + 8Ca

]
+A

[
1 + 2Ca

]
2C0θ0

)
.

Next, we need the analogous lower bound for |||Lh|||−. Taking W ∈ Ws(δ) and ψ ∈ Da,β(W ), we first
change variables as in (7.43). For the estimate on long pieces, we use the fact that integrals of h against
valid test functions on curves of length at least δ are positive by the first cone condition, (7.3). Then, using
(7.44) and the distortion bounds as before,

∑
i∈L1(W )

ˆ
Wi

h (ψ ◦ T JWi
T +Bi)−Bi

∑
i∈L1(W )

ˆ
Wi

h

≥
∑

i∈L1(W )

|||h|||−
ˆ
Wi

(ψ ◦ T JWi
T +Bi)− |||h|||+

ˆ
Wi

Bi

≥
∑

i∈L1(W )

|||h|||−2

ˆ
TWi

ψ − L|||h|||−Cae
Cd(2δ)1/3+a(2δ)β

ˆ
TWi

ψ

≥ |||h|||−
[
2− 4LCa

]ˆ
W

ψ .

(7.49)
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The contribution from short pieces is estimated using (7.4) as in (7.47), but with the observation that the
integrals of h on short pieces can be negative,∑

i∈S1(W )

ˆ
Wi

hψ ◦ T JWi
T +Bi)−Bi

∑
i∈S1(W )

ˆ
Wi

h

≥ −|||h|||−
∑

i∈S1(W )

Aδ1−q|Wi|q
 
Wi

(ψ ◦ T JWiT + 2Bi)

≥ −|||h|||−A
[
1 + 2Ca

]
2C0θ0

ˆ
W

ψ .

(7.50)

Putting together (7.49) and (7.50) and taking the appropriate infima yields,

(7.51) |||Lh|||− ≥ |||h|||−
(

2− 4LCa −A
[
1 + 2Ca

]
2C0θ0

)
.

We are now in a position to choose λ > 0 so that λ+Lh satisfies the first cone condition (7.3). To simplify
notation, define H0 = L

[
1 + 8Ca

]
+A

[
1 + 2Ca

]
2C0θ0 and H1 = −2 + 4LCa +A

[
1 + 2Ca

]
2C0θ0 > 0. Then

using (7.48) and (7.51),
|||λ+ Lh|||+
|||λ+ Lh|||−

≤ L ⇐=
λ+H0|||h|||−
λ−H1|||h|||−

≤ L .

This later inequality is satisfied as soon as

(7.52) λ ≥ |||h|||−
H0 + LH1

L− 1
.

To guarantee that λ+ Lh satisfies the second cone condition (7.4), we need

(7.53) |W |−q
|
´
W

(λ+ Lh)ψ|ffl
W
ψ

≤ Aδ1−q|||λ+ Lh|||− .

for all W ∈ Ws
−(δ) and ψ ∈ Da,β(W ). Using (7.45) and (7.46), the left hand side is bounded above by

(7.54) |W |1−qλ+ |W |−q
|
´
W
Lhψ|ffl
W
ψ

.

Changing variables as in (7.43), we estimate the contribution from long pieces precisely as in (7.45). Yet
the contribution from short pieces must be done with care since W itself may be short. As in (7.46), we
estimate, ∑

i∈S1(W )

ˆ
Wi

h (ψ ◦ T JWi
T +Bi)−Bi

∑
i∈S1(W )

ˆ
Wi

h

≤ |||h|||−
∑

i∈S1(W )

Aδ1−q|Wi|q
 
Wi

(ψ ◦ T JWi
T + 2Bi)

≤ |||h|||−Aδ
1−q[1 + 2Ca

] ∑
i∈S1(W )

|Wi|q|ψ|C0 |JWi
T |C0(Wi) .

Now |ψ|C0 ≤ ea(2δ)β
ffl
W
ψ ≤ 2

ffl
W
ψ so that,∑

i∈S1(W )

|
´
Wi
hψ ◦ TJWi

T |
|W |q

ffl
W
ψ

≤ 2|||h|||−A
[
1 + 2Ca

]
δq−1

∑
i∈S1(W )

|Wi|q

|W |q
|JWi

T |C0(Wi)

≤ |||h|||−4Aδ1−q[1 + 2Ca
] ∑
i∈S1(W )

|TWi|q

|W |q
|TWi|1−q

|Wi|1−q

≤ |||h|||−4Aδ1−q[1 + 2Ca
] ∑

i∈S1(W )

|TWi|
|Wi|

1−q

≤ |||h|||−4Aδ1−q[1 + 2Ca
]

(C0θ0)
1−q

(7.55)
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where in the third line we have used the Hölder inequality together with the fact that
∑
i
|TWi|
|W | ≤ 1, and in

the last line we have again used the one-step expansion from [9, eq. (3.4)].
Putting this estimate together with the estimate on long pieces yields an upper bound for the left side of

(7.53) (using the fact that |W | ≤ 2δ),

(2δ)1−qλ+ |||h|||−
(

(2δ)1−q[1 + 8Ca
]
L+ 4Aδ1−q[1 + 2Ca

]
(C0θ0)1−q

)
=: 21−qδ1−qλ+ δ1−q|||h|||−H2 .

(7.56)

On the other hand, we obtain a lower bound on the right side of (7.53) using (7.51)

Aδ1−q|||λ+ Lh|||− ≥ Aδ
1−q(λ−H1|||h|||−) .

This together with (7.56) implies that (7.53) is satisfied provided

21−qδ1−qλ+ δ1−q|||h|||−H2 ≤ Aδ1−q(λ−H1|||h|||−) .

The above holds true provided,

(7.57) λ ≥ |||h|||−
H2 +AH1

A− 21−q .

Remark 7.18. Although Lh may not be in the cone, the estimates (7.54) and (7.56) together prove that for
all W ∈ Ws

−(δ) and all ψ ∈ Da,β(W ),∣∣∣∣ˆ
W

Lhψ
∣∣∣∣ ≤  

W

ψ|W |qδ1−qH2|||h|||− ,

which will be useful in what follows.

It remains to choose λ large enough to satisfy the third cone condition (7.5). For this we need,

(7.58)

∣∣∣∣
´
W 1(λ+ Lh)ψ1ffl

W 1 ψ1
−

´
W 2(λ+ Lh)ψ2ffl

W 2 ψ2

∣∣∣∣ ≤ dWs(W 1,W 2)γ δ1−γcA|||λ+ Lh|||− ,

for W j ∈ Ws
−(δ) and ψj ∈ Da,α(W ) with d∗(ψ1, ψ2) = 0. As before, using (7.51) the right hand side of

(7.58) is bounded below by

(7.59) dWs(W 1,W 2)γδ1−γcA(λ−H1|||h|||−) .

We proceed to obtain an upper bound for the left hand side of (7.58). Without loss of generality, we may
assume that

ffl
W 1 ψ1 = 1 and |W 2| ≥ |W 1|. Also, we assume

(7.60) |W 2|q ≥ 1
4cδ

q−γdWs(W 1,W 2)γ .

Otherwise, applying (7.4) to both terms separately and using (7.48), we obtain,∣∣∣∣
´
W 1(λ+ Lh)ψ1ffl

W 1 ψ1
−

´
W 2(λ+ Lh)ψ2ffl

W 2 ψ2

∣∣∣∣ ≤ 2|W 2|qAδ1−q|||λ+ Lh|||−

≤ 1
2cAdWs(W 1,W 2)γδ1−γ(λ+H0|||h|||−) .

This, together with (7.59) implies that (7.58) holds whenever λ ≥ |||h|||−(H0 + 2H1).
We proceed to prove the upper bound under the assumption (7.60). Now,∣∣∣∣

´
W 1(λ+ Lh)ψ1ffl

W 1 ψ1
−

´
W 2(λ+ Lh)ψ2ffl

W 2 ψ2

∣∣∣∣ ≤ ∣∣|W 1| − |W 2|
∣∣λ+

∣∣∣∣
´
W 1 Lhψ1ffl
W 1 ψ1

−
´
W 2 Lhψ2ffl
W 2 ψ2

∣∣∣∣
≤
∣∣|W 1| − |W 2|

∣∣λ+

∣∣´
W 2 Lhψ2

∣∣ffl
W 2 ψ2

∣∣∣∣ 
W 2

ψ2 − 1

∣∣∣∣+

∣∣∣∣ˆ
W 1

Lhψ1 −
ˆ
W 2

Lhψ2

∣∣∣∣ .
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Using (7.35), (7.36) and Remark 7.18, we can write∣∣∣∣
´
W 1(λ+ Lh)ψ1ffl

W 1 ψ1
−

´
W 2(λ+ Lh)ψ2ffl

W 2 ψ2

∣∣∣∣ ≤ ∣∣∣∣ˆ
W 1

Lhψ1 −
ˆ
W 2

Lhψ2

∣∣∣∣
+ λ2CsdWs(W 1,W 2) +

(
δ

|W 2|

)1−q

6CsH2|||h|||−dWs(W 1,W 2)

≤
∣∣∣∣ˆ
W 1

Lhψ1 −
ˆ
W 2

Lhψ2

∣∣∣∣
+ δ1−γdWs(W 1,W 2)γ

(
2CqsH2|||h|||− + 2λCs

)
,

(7.61)

where in the last line we have used (7.60) together with dWs(W 1,W 2) ≤ δ, γ ≤ q < 1/2 and the constraint
c ≥ 16Cqs from (7.6) (see [9, eq. (5.7)]for more details).

It remains to estimate the difference in integrals in (7.61). For this, we change variables as usual and
integrate on elements of Gδ1(W k) = {W k

i }i, the homogeneous connected components of T−1W k, with long
pieces subdivided to have length between δ and 2δ. As in Section 7.10 and following [9, Sect. 5.2.3], we
subdivide elements of G1(W k) into matched and unmatched pieces by defining a foliation of vertical line
segments {`x}x∈W 1

i
centered at x of length at most 3C1dWs(W 1,W 2) such that their images under T either

terminate on a singularity curve in SH−1 or else are unstable curves having length at least dWs(W 1,W 2) on
either side of T (x) ∈W 1. In the latter case, either T (`x) intersects W 2, or by the uniform transversality of
stable and unstable curves, lies within distance C2dWs(W 1,W 2) of an endpoint of W 1, where C2 depends
only on the minimum angle between stable and unstable curves. When T (`x) intersects W 2, then necessarily
`x intersects an element of Gδ1(W 2). We call subcurves for which all points are connected by such vertical
line segments ‘matched.’ The rest we call ‘unmatched.’

With this identification, we may label elements of Gδ1(W 1) and Gδ2(W 2) so that each element of Gδ1(W 1)
contains at most one matched subcurve and at most 2 unmatched subcurves. We will use the decomposition
Gδ1(W k) = (∪jUkj )∪ (∪jV kj ), so that U1

j and U2
j are matched and so recalling (7.1), are defined as the graphs

of functions GUkj over the same r-interval Ij for each j. Using this decomposition, we writeˆ
Wk

Lhψk =
∑
j

ˆ
Ukj

hψk ◦ T JUkj T +
∑
j

ˆ
V kj

hψk ◦ T JV kj T .

We estimate the contribution to (7.61) from unmatched pieces first.
As noted previously, an unmatched curve in V kj has image satisfying |T (V kj )| ≤ C2dWs(W 1,W 2). Choos-

ing Bi as in (7.44), we estimate the sum on V kj using (7.55) to obtain,

2∑
k=1

∑
j

ˆ
V kj

hψk ◦ T JV kj T ≤ |||h|||−Aδ
1−q[1 + 2Ca

]
×

2∑
k=1

∑
j

|ψk|C0 |JV kj T |C0(V kj )|V kj |q

≤ 6Aδ1−q|||h|||−C
q
2dWs(W 1,W 2)q

∑
j

|JV 2
j
T |1−q
C0(V 2

j )
,

(7.62)

where we have used the fact that since
ffl
W 1 ψ1 = 1, we have |ψ1|C0 ≤ ea(2δ)α ≤ 2, and also |ψ2|C0 ≤ 4 as in

[9, eq. (5.9)]. Since q < 1/2 and there are at most 2 curves V kj corresponding to each element of Gδ1(W k) the

final sum converges uniformly for W k ∈ Ws and T ∈ F(τ∗,K∗, E∗) by [10, Lemma 3.4].
Finally, we estimate the contribution to (7.61) from matched pieces Ukj . For this we will need to change

test functions on the matched curves since it may be that d∗(ψ1 ◦ T JU1
j
T, ψ2 ◦ T JU2

j
T ) 6= 0. We define the

following functions on U1
j ,

ψ̃2 = ψ2 ◦ T ◦GU2
j
◦G−1

U1
j

; J̃U2
j
T = JU2

j
T ◦GU2

j
◦G−1

U1
j

T̃U2
j
(ψ2) = ψ̃2 · J̃U2

j
T
‖G′

U2
j
‖ ◦G−1

U1
j

‖G′
U1
j
‖ ◦G−1

U1
j

; T̂Ukj (ψk) = ψk ◦ T JUkj T .
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Since these functions may not belong to the cone of test functions, we choose a constant Bj as in (7.44) so

that T̂U2
j
(ψ2) +Bj ∈ D a

2 ,α
(U2

j ).30 Define

B̃j = Bj ·
‖G′

U2
j
‖

‖G′
U1
j
‖
◦G−1

U1
j
.

Then by construction, d∗(T̂U2
j
(ψ2) + Bj , T̃U2

j
(ψ2) + B̃j) = 0. Moreover, the bounds of (7.38) apply to G′

Ukj

since in particular, dWs(U1
j , U

2
j ) ≤ CdWs(W 1,W 2) for some uniform C > 0 by [11, Lemma 3.3]. This

implies, as before, that B̃j ≤ 2Bj and that T̃U2
j
(ψ2) + B̃j ∈ Da,α(U2

j ) by [9, eq. (5.31)].

For each j we split the difference between matched pieces in (7.61) as follows,∣∣∣∣∣
ˆ
U1
j

hT̂U1
j
(ψ1)−

ˆ
U2
j

hT̂U2
j
(ψ2)

∣∣∣∣∣ ≤
∣∣∣∣∣
ˆ
U1
j

h(T̂U1
j
(ψ1)− T̃U2

j
(ψ2))

∣∣∣∣∣
+

∣∣∣∣∣
ˆ
U1
j

hT̃U2
j
(ψ2)−

ˆ
U2
j

hT̂U2
j
(ψ2)

∣∣∣∣∣ ≤
∣∣∣∣∣
ˆ
U1
j

h(T̂U1
j
(ψ1)− T̃U2

j
(ψ2))

∣∣∣∣∣
+

∣∣∣∣∣∣
´
U1
j
h(T̃U2

j
(ψ2) + B̃j)ffl

U1
j
T̃U2

j
(ψ2) + B̃j

−

´
U2
j
h(T̂U2

j
(ψ2) +Bj)ffl

U2
j
T̂U2

j
(ψ2) +Bj

∣∣∣∣∣∣
 
U2
j

(T̂U2
j
(ψ2) +Bj)

+

∣∣∣´U1
j
h(T̃U2

j
(ψ2) + B̃j)

∣∣∣ffl
U1
j
T̃U2

j
(ψ2) + B̃j

∣∣∣∣∣ |U2
j | − |U1

j |
|U1
j |

∣∣∣∣∣
 
U2
j

(T̂U2
j
(ψ2) +Bj)

+

∣∣∣∣∣
ˆ
U1
j

hB̃j −
ˆ
U2
j

hBj

∣∣∣∣∣ .

(7.63)

The following sublemma estimates the three most relevant terms of (7.63).

Sublemma 7.19. There exists C3 > 0, independent of j, W k and ψk, such that,

a)
∣∣∣´U1

j
h(T̂U1

j
(ψ1)− T̃U2

j
(ψ2))

∣∣∣ ≤ C3dWs(W 1,W 2)α−βδA|||h|||−|JU1
j
T |C0(U1

j )

b)

∣∣∣∣∣∣
´
U1
j
h(T̃U2

j
(ψ2) + B̃j)ffl

U1
j
T̃U2

j
(ψ2) + B̃j

−

´
U2
j
h(T̂U2

j
(ψ2) +Bj)ffl

U2
j
T̂U2

j
(ψ2) +Bj

∣∣∣∣∣∣ ≤ C3dWs(W 1,W 2)γδ1−γcA|||h|||−

c)

∣∣∣´U1
j
h(T̃U2

j
(ψ2) + B̃j)

∣∣∣ffl
U1
j
T̃U2

j
(ψ2) + B̃j

∣∣∣∣∣ |U2
j | − |U1

j |
|U1
j |

∣∣∣∣∣ ≤ C3dWs(W 1,W 2)δA|||h|||−.

We postpone the proof of the sublemma and use it to complete the proof of the bound on the third cone
condition. Using the 3 items of Sublemma 7.19 to bound the corresponding terms of (7.63) yields (recalling
again |ψ2|C0 ≤ 4), ∣∣∣∣∣

ˆ
U1
j

hT̂U1
j
(ψ1)

ˆ
U2
j

hT̂U2
j
(ψ2)

∣∣∣∣∣ ≤
∣∣∣∣∣
ˆ
U1
j

hB̃j −
ˆ
U2
j

hBj

∣∣∣∣∣
+ C3dWs(W 1,W 2)γδ1−γA|||h|||− (δγ + 4(c+ δ)(1 + Ca)) |JU2

j
T |C0(U2

j ) .

(7.64)

Since d∗(Bj , B̃j) = 0, it is clear that we can use parts (b) and (c) of Sublemma 7.19 to estimate the last

difference of integrals with test functions Bj and B̃j , i.e.∣∣∣∣∣
ˆ
U1
j

hB̃j −
ˆ
U2
j

hBj

∣∣∣∣∣ ≤
∣∣∣∣∣∣
´
U1
j
hB̃jffl

U1
j
B̃j
−

´
U2
j
hBjffl

U2
j
Bj

∣∣∣∣∣∣
 
U2
j

Bj +

∣∣∣´U1
j
hB̃j

∣∣∣ffl
U1
j
B̃j

∣∣∣∣∣ |U2
j | − |U1

j |
|U1
j |

∣∣∣∣∣
 
U2
j

Bj

≤ C3dWs(W 1,W 2)γδ1−γA|||h|||− (4cCa + 4δCa) |JU2
j
T |C0(U2

j ) .

30Increasing Bj to 2Bj is sufficient to scale a to a/2.



58 MARK F. DEMERS AND CARLANGELO LIVERANI

Using this estimate together with (7.64) completes our estimate on matched pieces,∑
j

∣∣∣∣∣
ˆ
U1
j

hT̂U1
j
(ψ1)−

ˆ
U2
j

hT̂U2
j
(ψ2)

∣∣∣∣∣ ≤ C0C3dWs(W 1,W 2)γδ1−γA|||h|||− (δγ + 8c(1 + 4Ca)) ,

where we have used δ < c and the Jacobian to sum over j according to [9, Lemma 3.3]. Combining this
estimate with the estimate on unmatched pieces from (7.62) in (7.61) yields finally the upper bound on the
left hand side of (7.58)∣∣∣∣

´
W 1(λ+ Lh)ψ1ffl

W 1 ψ1
−

´
W 2(λ+ Lh)ψ2ffl

W 2 ψ2

∣∣∣∣ ≤ 2dWs(W 1,W 2)γ
(
CqsH2|||h|||− + λCs

)
δγ−1

+ C0C3dWs(W 1,W 2)γδ1−γA|||h|||− (δγ + 8c(1 + 4Ca))

+ 6ACδ1−γdWs(W 1,W 2)qCq2 |||h|||−
=: dWs(W 1,W 2)γδ1−γcA

(
H3|||h|||− + 2Cs(cA)−1λ

)
,

(7.65)

where we have used the fact that γ ≤ q and dWs(W 1,W 2) ≤ δ.
Using (7.65) as the upper bound on the left hand side of (7.58) and (7.59) as the lower bound on the right

hand side of (7.58), we conclude that (7.58) is satisfied if

H3|||h|||− + 2Cs(cA)−1λ ≤ λ−H1|||h|||− ⇐= λ ≥ H1 +H3

cA− 2Cs
cA|||h|||− .

This is a valid choice since cA > 2Cs by [9, eq. (5.36)].
Since |||h|||− ≤ ‖h‖ by Remark 7.6, this estimate together with (7.52) and (7.57) implies that λ+Lh ∈ CR

whenever h ∈ CR and

λ ≥ C̄L‖h‖ := max

{
H0 + LH1

L− 1
,
H2 +AH1

A− 21−q ,
H1 +H3

cA− 2Cs
cA

}
‖h‖.

We claim that this suffices to complete the proof of Proposition 7.9.
As in the proof of Corollary 7.7, for h ∈ BR, we have h + ‖h‖, ‖h‖ ∈ CR ∪ {0}. Thus with λ chosen as

above for the element h, and since ‖h+ ‖h‖ ‖ ≤ 2‖h‖, we may write,

3λ+ Lh = 2λ+ L(h+ ‖h‖) + (λ− ‖h‖) ,

where we have used L1 = 1. Then since both terms on the right belong to CR, so does 3λ + Lh. Now
replacing h with −h, and since ‖−h‖ = ‖h‖, we have also that 3λ−Lh ∈ CR. We conclude that ‖Lh‖ ≤ 3λ,
which completes the claim and the proof of Proposition 7.9 with CL = 3C̄L.

Proof of Sublemma 7.19. (a) We would like to simply apply the second cone condition (7.4) to the

integral in part (a), but T̂U1
j
(ψ1) − T̃U2

j
(ψ2) is not necessarily a valid test function. Following (7.44), it

suffices to choose

a−1Hβ(T̂U1
j
(ψ1)− T̃U2

j
(ψ2)) + |T̂U1

j
(ψ1)− T̃U2

j
(ψ2)|C0 ≤ Dj ≤ |T̂U1

j
(ψ1)− T̃U2

j
(ψ2)|Cβ(U1

j )

in order to guarantee that T̂U1
j
(ψ1) − T̃U2

j
(ψ2) + Dj ∈ Da,β(U1

j ). We proceed to estimate |T̂U1
j
(ψ1) −

T̃U2
j
(ψ2)|Cβ(U1

j ).

First, from [9, eq. (5.18)] it follows that,

(7.66) |T̂U1
j
(ψ1)− T̃U2

j
(ψ2)|C0(U1

j ) ≤ CdWs(W 1,W 2)α|T̂U2
j
(ψ2)|C0(U2

j ) .

Then by standard estimates (see, for example, the proof of Sublemma 7.17 or [11, Lemma 4.3]), we conclude

|T̂U1
j
(ψ1)− T̃U2

j
(ψ2)|Cβ(U1

j ) ≤ 3dWs(W 1,W 2)α−β max{C|T̂U2
j
(ψ2)|C0 , Hβ(T̂U1

j
(ψ1) +Hβ(T̃U2

j
(ψ2))} .

However, since ψk ∈ Da,α(W k) and JUkj T and
‖G′

U1
j
‖

‖G′
U2
j

‖ ◦G
−1
U1
j

enjoy similar distortion bounds by [9, Lemma 5.5],

we have

Hβ(T̂U1
j
(ψ1) +Hβ(T̃U2

j
(ψ2)) ≤ C ′(|T̂U1

j
(ψ1)|C0 + |T̃U2

j
(ψ2)|C0) ≤ C ′′|T̂U2

j
(ψ2)|C0 .
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Combining this estimate with (7.66) yields,

(7.67) |T̂U1
j
(ψ1)− T̃U2

j
(ψ2)|Cβ(U1

j ) ≤ CdWs(W 1,W 2)α−β |T̂U2
j
(ψ2)|C0(U2

j ) ,

for some uniform C > 0. We will use this as our upper bound on Dj .
With this bound established, we complete the proof of (a) using the second cone condition (7.4),∣∣∣∣∣

ˆ
U1
j

h(T̂U1
j
(ψ1)− T̃U2

j
(ψ2) +Dj)

∣∣∣∣∣+

∣∣∣∣∣
ˆ
U1
j

hDj

∣∣∣∣∣
≤

( 
U1
j

T̂U1
j
(ψ1)− T̃U2

j
(ψ2) + 2Dj

)
A|U1

j |qδ1−q|||h|||−

≤ 12CdWs(W 1,W 2)α−βA21−qδ|||h|||−|JU2
j
T |C0(U2

j ) ,

where we have used the previous bound |ψ2|C0 ≤ 4.

(b) Since have already verified that T̃U2
j
(ψ2)+B̃j ∈ Da,α(U1

j ) and T̂U2
j
(ψ2)+Bj ∈ Da,α(U2

j ), with d∗(T̃U2
j
(ψ2)+

B̃j , T̂U2
j
(ψ2) +Bj) = 0, we may apply the third cone condition (7.5) immediately to obtain,∣∣∣∣∣∣

´
U1
j
h(T̃U2

j
(ψ2) + B̃j)ffl

U1
j
T̃U2

j
(ψ2) + B̃j

−

´
U2
j
h(T̂U2

j
(ψ2) +Bj)ffl

U2
j
T̂U2

j
(ψ2) +Bj

∣∣∣∣∣∣ ≤ dWs(U1
j , U

2
j )γδ1−γcA|||h|||− .

Statement (b) of the lemma follows using again that dWs(U1
j , U

2
j ) ≤ CdWs(W 1,W 2) for some uniform C > 0

by [11, Lemma 3.3].

(c) Since the Ukj are vertically aligned, we use (7.42) to bound the difference in curve lengths. Statement (c)

follows immediately using the second cone condition (7.4) to estimate the integral since |U1
j | ≤ 2δ. �

Appendix A. Complexification

Proof of Lemma 2.5. We follow [40, Section 1 (b)]. We consider the real vector space B2
k and, for (x, y) ∈

B2
k, define the multiplication by a complex number a+ ib ∈ C by

(A.1) (a+ ib)(x, y) = (ax− by, ay + bx).

One can check directly that this defines a complex vector space. Next, we define the norms

‖(x, y)‖r,k =
√
‖x‖2k + ‖y‖2k

‖(x, y)‖c,k = sup
θ∈[0,2π]

‖eiθ(x, y)‖r,k.

Note that, since31

‖(x, y) + (w, z)‖r,k ≤
√
‖x‖2k + ‖w‖2k + ‖z‖2k + ‖y‖2k + 2‖x‖k‖w‖k + 2‖y‖k‖z‖k

≤ ‖(x, y)‖r,k + ‖(w, z)‖r,k

‖ · ‖r,k is a norm for B2
k and with such a norm B2

k is obviously a real Banach space. On the other hand,
‖eiθ(x, y)‖r,k is a continuous function of θ, hence there exists θ∗ such that

‖(x, y) + (w, z)‖c,k = sup
θ∈[0,2π]

‖eiθ[(x, y) + (w, z)]‖r,k = ‖eiθ∗ [(x, y) + (w, z)]‖r,k

≤ ‖eiθ∗(x, y)‖r,k + ‖eiθ∗(w, z)]‖r,k ≤ ‖(x, y)‖c,k + ‖(w, z)‖c,k.

31The second inequality follows from√
(‖x‖2k + ‖y‖2k)(‖w‖2k + ‖z‖2k) ≥

√
‖x‖2k‖w‖

2
k + ‖y‖2k‖z‖

2
k + 2‖y‖k‖w‖k‖x‖k‖z‖k

= ‖x‖k‖w‖k + ‖y‖k‖z‖k.
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In addition, for all ρ ∈ R+, ϕ ∈ R, we have

‖ρeiϕ(x, y)‖c,k = sup
θ
‖ρeiθ(x, y)‖r,k = ρ‖(x, y)‖c,k = |ρeiϕ|‖(x, y)‖c,k.

That is ‖ · ‖c,k is a norm for the complex vector space Bk. Note that, by equation (A.1), it is natural to
write the elements of Bk as x+ iy, x, y ∈ Bk.

Since the norm ‖ · ‖c,k dominates the real norm, we have that Bk is a complex Banach space. We have
then the canonical extension of Lk defined as Lk(x+ iy) = Lkx+ iLky. In addition,

‖x+ iy‖c,k ≤ ‖x‖c,k + ‖y‖c,k = ‖x‖r,k + ‖y‖r,k ≤
√

2‖x+ iy‖r,k ,

which implies

(A.2) ‖h‖c,k ≤
√

2‖h‖r,k.

To conclude the proof note that

‖Lk+m · · · Lk(x+ iy)‖c,k+m+1 = ‖Lk+m · · · Lkx+ iLk+m · · · Lky‖c,k+m+1

≤ ‖Lk+m · · · Lkx‖c,k+m+1 + ‖iLk+m · · · Lky‖c,k+m+1

= ‖Lk+m · · · Lkx‖k+m+1 + ‖Lk+m · · · Lky‖k+m+1

≤ C∗(‖x‖k + ‖y‖k) ≤ C∗
√

2‖(x, y)‖r,k
≤ C∗

√
2‖x+ iy‖c,k.

�
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[18] Dubois, Löıc An explicit Berry-Esséen bound for uniformly expanding maps on the interval. Israel J. Math. 186 (2011),

221–250.



CENTRAL LIMIT THEOREM FOR SEQUENTIAL DYNAMICAL SYSTEMS 61

[19] Feller, William An introduction to probability theory and its applications. Vol. II. Second edition John Wiley & Sons, Inc.,
New York-London-Sydney (1971).
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