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ABSTRACT. Let p and g be distinct primes with p > ¢ and n a positive integer.
In this paper, we consider the set of possible cross numbers for the cyclic groups
Zapn and Zpq. We completely determine this set for Zspn and also Zpq for
q = 3, ¢ = 5 and the case where p is sufficiently larger than q. We view the
latter result in terms of an upper bound for this set developed in a paper of
Geroldinger and Schneider [8] and show precisely when this upper bound is an
equality.

1. INTRODUCTION

A nonempty sequence S = {g1, ... ,gn} of not necessarily distinct elements of an
additive group G is called a zero sequence if 2?21 g; = 0. A zero sequence with no
proper nonempty zero subsequence is called a minimal zero sequence. If a sequence
contains no zero subsequence, it is known as zero free. We define

U(G) ={T | T is a minimal zero sequence in G}.

Several constants can be extracted from the study of such sequences. The Daven-
port constant, D(G) is the maximum length of a minimal zero sequence in G. The
Davenport constant is at most the order of G, and in the case of cyclic groups it
indeed attains that value. We additionally define the cross number of a sequence
as

“ 1
k(S) =2 7o
— lgil
and the cross number of a group as
K(G) =max{k(S) | S e U(G)}.

A formula for the cross number of a finite abelian group is not known in general.
Formulas are known for particular classes of groups, including p-groups. We will
use the following well-known results in our work.

(i) K(G)=1if and only if G = Z,~ for p prime and n € N [9].

ii) If p and q are distinct primes then K(Z,,) = 224=P=9*L 110, Theorem 3].
Pq pq

(iii) If p is an odd prime and n € N, then K(Zgpn) = 3’;7;;1 [10, Theorem 3].

We mention some additional facts about such sequences that will be used fre-
quently throughout this paper:
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1. If S = {g1,92,... ,gn} is a zero, minimal zero, or zero free sequence, then
T ={g1+9g2,...,9s} also is a zero, minimal zero, or zero free sequence. We
call the process of attaining T' from S amalgamation of elements of S.

2. It S={g1,92,... ,9n} is a zero free sequence, then T'=SU{->"""  ¢;} is a
minimal zero sequence.

A particularly important inference from the last fact is that any sequence of length
greater than or equal to D(G) must contain a zero subsequence.

In this paper, we extend the work presented in [3] and consider the set
W(G) ={k(T) | T € U(G)}
of cross numbers of all the minimal zero sequences in a finite abelian group G. We

consider in particular the case G = Z,, where p > ¢ are primes. Several general

results appear in the literature concerning the set W(G). If G & 22:1 Lypni is a
p-group where p is an odd prime and n; < n; for all 1 <4 < j <t, then the main
theorem of [5] implies that

K(G) =

t .

i—1 1
Zp T + ny
- P P

Setting K(G) = %, [3, Theorem 4] shows that W(G) = {pj\lt | 2 <A<z}

Moreover, [3, Theorem 2] also shows if W*(G) = {k(S) | S € U(G), k(S) < 1},
then W*(G) = { | 2 < X <exp(G)}, for every abelian group G of odd order.

X
exp(G)

Using the main theorem of [8], which describes the structure of zero free se-
quences with large cross number in the group G = Z; @ Z3, the authors obtain an
upper bound for the set W(G) [8, Corollary 2]. In particular, if p and ¢ are distinct
odd primes and p > ¢, then their result reduces to

A
(*) W(qu)é{p—q | 2<A<2pg—p—2¢+20r A=2pg—p—q+1}.

Our interest in the set W (Z,q) originated in our attempt to determine when the
containment in () is actually an equality. A combination of Example 5.2 and
Corollaries 5.1, 5.4, 5.9 and 5.11 yields a proof of the following proposition.

Proposition 1.1. If p > q are odd primes, then
A
W (Zyq) ={p—q | 2<A<2pg—p—2¢+20r \=2pg—p—q+1}
if and only if

1. ¢g=3, or
2.q=5andp=1T.

Our work shows in the case where G = Z,, that the main result in [8] is essentially
the best possible. While there is no “global” result for the structure of zero free
sequences in Z,, of cross number less than (2pg —p —2g + 1)/pg, Theorems 5.3 5.8
and 5.10 show that the structure of such sequences is dependent on the size of p
relative to q. In the case where p is large relative to ¢ (in fact, when p > ¢> —3¢+2)
we prove a stronger version of the main theorem of [8] which allows us to determine
the set W (Z,4). We show for ¢ fixed that the size of W (Z,,,) stabilizes as p increases
(see Corollary 5.6). In the other cases (2p — 4 > 2¢ > p + 3), we prove a modified
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form of the main result in [8] with which we are able to show the existence of a

second “gap” in W (Z,,).

2. THE CASE ¢ =2
We begin by considering W (Zs),) and, using (iii) from the Introduction, actually
determine this set for a slightly larger class of cyclic groups. If S is a finite sequence

which contains exactly n copies of the element g, then we will represent this with
the notation g”.

Theorem 2.1. Let p be an odd prime and n € N. Then
k
W(Zopn) = {Q—n\ k even, 2 <k <3p" —1}
p
Proof. By [3] and [10], we have the following inclusions:
k
{2—” | keven, 2 <k <2p"} CW(Zopn) C
P

{—|keven2<k<2p}u{ — | 2p" <k <3p" -1}

wish to show that ?’pgp# € W(Zapn). View

ngn as ig D ipn.
Case 1: If p does not divide m, then, B = {(1,0), (0,m), (0,1)?"~™~1 (1,1)} €

U(Zagyn) and k(B) = 3?";#

Case 2: If p | m, then, B = {(1,0),(0,2),(0,m — 1),(0,1)?"~™=2 (1,1)} €
U(Zgpn) and k(B) = 2-2mtl

2pn
Thus, {% k even, 2 <k < 3p" — 1} C W(Zgpn). To complete the argument,

let x odd, with 2 < < 3p™ — 1, be given. Assume 2””,7, € W(Zapn). Thus, there

exists S = {gl,... gt} € U(ngn) such that S0, Ig [ = g The only possible

k
values for are 2 and 2 —m for 0 < k < n. Note that if = = 22,
g Tg:l 2p 2p Tgil 2p

then gZ (when

viewed as its least positive residue in Z) is necessarily even, while if ‘g = 5=, then
g; is necessarily odd. Thus,

ER
2" g

for some positive integer m. Since x is odd, it must be that the number of odd g;
is odd. But, since S € U(Zzpn), we must have for some positive integer k,

t
2pnk}:zgi: Z gi—l— Z gi:211+(2l2+1)
=1

gi even gi odd

1 1 2m 1
-+ _ = — 4 -
gi;enlgz-l ggdw 2p" ggldm\

which is a contradiction. Thus, 57 & W (Zgpr) when 2 is odd and 2 <z < 3p" —1,

completing the proof. O
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3. ZERO FREE SEQUENCES IN Zy,

We prove two lemmas which will later be useful. When considering zero free
sequences in Zy,, we will use the following notation. If S is such a sequence, write
S = AU B UC where A consists of elements of order p, B consists of elements of
order ¢ and C' consists of elements of order pg. For ease of notation, viewing Z,,
as Zp ® Zq we will say that A C Z,,, B C Z, and C' C Zp,\Z, U Z,. Moreover, if A
is a finite sequence from an abelian group G, then let Y A represent the set of all
nonempty subsums of elements in A.

Lemma 3.1. Let S = AUBUC be a zero free sequence in Zpq such that there
exist integers 1 <i<p—1and1<j<qg—1with|Al=p—1, |Bl=q—7j.

(a) |BUC| <igq and |[AUC| < jp.

(b) |C] <min{(i — 1)g+j, (j = Dp+i}.
(¢) If min{i,j} =1 then |C| < max {3,j}.

Proof. For (a), we show that |[BUC| < iq as the argument for the second inequality
is similar. If |[BUC| > ig, then there are ¢ nonempty, non-overlapping subsequences
in BUC which sum to zero in Z,. Let the sums of these ¢ subsequences be given
by (y:,0) for 1 <t <. Then |AU {(y:,0)}i_;| = p and so AU {(y;,0)}:_; is not a
zero free sequence, contradicting the zero freeness of S. For (b), (a) implies that

ig>|BUC| = |B|+|C]=q—j+I|C|
and
jp> |AUC| = |A|+1C] =p—i+]C]
and from this the result follows. Part (c) now follows directly from part (b). O

Lemma 3.2. Let S = AUBUC be a zero free sequence in Zyq. If | Al=p—2
and | B |=q—2, then | C' |< 2.

Proof. By [4, Lemma 13],

Cfp-2 i A={g"?}
’ZA’_{p—l if A= {g"* 29}

and

f[q-2 if B={w?
‘ZB‘_{Q—1 if B={h"732h}

where g # 0in Z, and h # 0 in Z,. Suppose that |C| > 2 and that (a1, b1), (a2, b2),
(a3,bs) are in C with each a; and b; nonzero. Suppose |>_ A| =p—1. Let T be a
sequence in B U C with sum (z,0). Now, —z € }_ A and if V is a sequence in A
with sum (—,0), then V' UT is a zero sequence in Z,,. A similar argument holds
if 3" B| = g — 1. Hence, if S is zero free then |Y Al =p—2and |> B| = ¢ — 2.
Thus A = {(g,0)?72}, B = {(0,h)972} and hence > A = {(x,0) |z # —g, x # 0},
> B={(0,y) |y # —h,y #0}. If Tis a sequence in B U C which sums to zero in
Zg, then its sum is (g,0) (otherwise, using A we can construct a zero sequence in
S). We consider two cases.
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Case 1: Suppose that by +by+b3 # h. Then a1 +as+az =g. Iffor1 <s <t <3
we have b;+b; # h, then as+a; = g which yields a,, = 0 for some r, a contradiction.
Thus by + by = by + b3 = by + b3 = h. Hence, by = bs = b3 and each bs; # h. Now,
g = a1 = as = a3 and our previous observation implies that a1 = a1 + a1 + a;.
Thus a; = 0, a contradiction.

Case 2: Suppose that by + by + b3 = h. Then by + by # h, by + bs # h and
bs + bs # h and hence a1 + a2 = a1 +as =azy+az3=g¢g. Thusay =ay =a3 # g
and hence by = by = b3 = h. In a manner similar to Case 1, we obtain that b; = 0,
a contradiction. O

4. SOME MINIMAL ZERO SEQUENCES IN Zp,

We begin by generating a family of minimal zero sequences in Zy,q = Z), ® Zj.
For 1 < k < g, define

(1) T = {(1,1)%, (k,0"~",(0,1)77"},

(2) T = {(1,1)*, (1,00P%, (0,k)* "1}

and for ¢ < k < p, define

(3) T = {(1,1)7, (1 4+ k —q, 2), (0,1)7, (1,07},

Elementary arguments show that each T%P and T € U (Zpq) and clearly

k(Tkp) — 2pg—kp—qtk . 2pqtq—kq—p

k(qu) — 2pq—p—kq+k.pq

Pq
By amalgamating elements of the same order within (1), (2) and (3), we obtain
new minimal zero sequences, each of which has a cross number easily calculated
from the list above. We compile these numbers in the following lemma.

Lemma 4.1. Let p and q be odd primes with p > q. The following sets are subsets
of W(Zpqg):

1. {Zpammapmagting | 1 <k <g,1<my <k 1<my<p, k<my<q},
2. {2”‘1_7””’17%‘”%1 | 1<k<qg 1<m <k, 1<mg<gq, k<m3<p} and

3. {Fpatemetomapoin | g <f<p, 0<my <q—2,1<my<gq,k<ms<p}

The lemma implies a general result.

Proposition 4.2. For any p > q odd primes, we have the following inclusion:

(4) W(qu)2{]0%IZSIS%qf(qfl)quJr(q*l)} U

q—2
X
U U{;q|2qutqu+1§x§2pq7tqu+t}
t=1

Proof. [3, Theorem 2] shows that if 2 < z < pq, then % € W(Z,,). Consider x
with 2pg —tq—p+1 <z <2pg—tq—p+tforsomel <t <g—2. Then z =
2pq—tq—p—+y for some 1 < v < t¢. We may generate a sequence with cross number
ﬁ by considering sequence 2 with k = mg3 = t,m; = v, and mg = 1, namely the
minimal zero sequence S = {(t+1—~,t+1—7),(1,1)771 (1,0)P=%, (0,¢)?"1}.
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Now consider z with 2pg —p —¢®> + ¢ <z < 2pq—p —¢* +2q — 1. Thus, z =
2pg—p—(q—1)q+~ for some 1 < v < g—1. We may generate a sequence with cross
number ;"—q by considering sequence 2 with k =m; =, my =1, and m3=q—1,
namely the minimal zero sequence S = {(1,1)7, (¢ —7,0), (1,0)P=%,(0,~7)?"1}.

Finally, we must consider x with pg < < 2pq — p — ¢®> + ¢. Evidently, z =
2pg—ap—LBg—yforsomel <a<qg—1, 1< <p—1, 0 <~ <g—1. However, in
order for pg < x < 2pg—p—q>+q to hold, we must have g—1 < 8 < p—2. If y # ¢—1,
then we may rewrite x as x = 2pg+q¢—ap—(S+1)g—~ and generate a sequence with
cross number pw—q by taking sequence 3 with k = m3 = (+1, m; =, and mg = ¢,
namely

S={(1,1)"2 (y+1,7+1),(6+2—¢,2),(0,a+1),(0,1)77%72 (1,0)P7F~1}.

Otherwise, if v = ¢ — 1, then * = 2pqg — ap — (8 + 1)¢ + 1 and we may use
sequence 1 with k =m; =1, my =3+ 1, and m3 = o, namely S = {(1,1), (8 +
1,0),(1,0)P=A=2,(0, ), (1,0)7 "1}, O

5. PARTICULAR CASES

5.1. When q = 3. Setting ¢ = 3, Proposition 4.2 and (*) imply the following.

Corollary 5.1. Ifp > 3 is an odd prime, then

A
W(Z3p):{3_p | 2<A<6p—p—4orXA=6p—p—2}.

The containment in (4) is not always an equality. Here is an example which will
later be useful in our work.

Example 5.2. Let p =7 and ¢ = 5. The containment in (4) yields

49 50 51 54 55
35} {35 35 35} { } {35}
Now, the minimal zero sequence T ?? yields that 2 g isin W(Z35). Also, the minimal
zero sequences 727 and TP can be amalgamated to {(1,1)%,(0,2)2,(0,4), (1,0)°},
and {(1,1),(0,2),(1,0)% (0,1)?} which implies that §§ and 52 are in W(Zss).
Hence, (*) implies that

2
W (Zss) 2 {%7

2 95 59

W(Zas) = {55 50055

1.

5.2. When p is large relative to g. As p becomes large relative to ¢, we are able
to show that the gaps which appear in the right hand side of the containment (4)
are actual gaps in W (Z,q).

Theorem 5.3. Letp > g > 3 be odd primes with p+k > kq for somel <k < ¢g—1.
If S is a zero free sequence in Zy, and

2pq — (k+1)q — k+1 2pq — kq —

(5) pg — (k+1)q p+(+)§k(5)§ pq —kq—p
Y4 pq

then S = AU B, where AC Z,, BC Zq, |A|=p—Fk and |B|=¢—1.
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Proof. Let S be as in the hypothesis. Clearly, since S is zero free and k(S) > 1, we
have 1 < |A| <p, 1 <|B|<¢g and 0<|C|<pq. Let 0<i<pand 0<j<gqbe
integers such that |A| = p —i and |B| = ¢ — j and write |C| = ¢. Then,

g — g — i
k(S) = pqg—1g —Jp+c
bq
First, we show the theorem holds if ¢ = 0. In this case, (5) indicates that
E+1<(k+1—-d)g+(1-7p<gq.
Assume j > 1. Then
k+1<(k+1-i)g+(1—jp<kq—p+(1—i)g<k+(1—i)g<k,

which is clearly a contradiction. Thus, j = 1 and the previous inequality reduces
to (k+1) < (k+1—-1i)g <q. However, since 0 < k + 1 < g, it must be the case
that ¢« = k. We now assume that ¢ > 0 and consider two cases:

Case 1: j = 1. Notice that if i < k, then (5) implies

pq bq pq
which yields ¢ < 0, a contradiction. Thus ¢ > k + 1. From (5) one also has

2pq—kq—p>k(5): 2pg—ig—ptc_ 2pg—kq—p+tc

2pq — (k+1)q — k+1 2pq —i1q —
pg— (k+1)g—p+Fk+ < h(s) = Pl pte
pq pq
which implies ¢ > k+ 1+ (i — k — 1)q. Consequently,

JAUC|=(p—i)+c>p+(g—1)i+(1—-q)(k+1)

which is at least p since ¢ > k + 1. The result now follows from Lemma 3.1 (a).

Case 2: j > 1. Using (5), we have
yoZpaig—jpte 2pg— (k+Dg—pt(k+1)

- )

Ppq pq

k(S
which yields
cz(i—k-1g+G-p+k+1=0G0-1)g+ (G —-2)p+{+k+1-kq)
Since p + k > kq, ¢ is nonnegative. It follows that
IBUC|>(q—j)+(i—k—=1)g+ (G —-Dp+k+1>ig—1+(p+Fk—kq) >ig.
Thus, the result follows from Lemma 3.1 (a). O

Theorem 5.3 leads to several corollaries.
Corollary 5.4. Let p > q > 3 be odd primes.
a) If p+k > kq for some 0 < k < q—1, then

W(qu)Q{p%|2§x§2qu(k+1)qu+(k+1)} U

k
x
UU{p—q|2pq—tq—p—|—1§x§2pq—tq—p—|—t}.
t=1
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b) If p>q®>—3q+2. Then

W(Zm:{piq|2§w§zpq—<q—1>q—p+<q—1>} U

q—2
xr
U U{p—q|2pq—tq—p+1§x§2pq—tq—p+t}~
t=1

Proof. Part a) follows directly from the Theorem 5.3 and the observation that any
minimal zero sequence with cross number greater than 1 contains an element of
order pg. Part b) follows from part a) and Proposition 4.2 with k = ¢ — 2. O

Example 5.5. Part a) of Corollary 5.4 can sometimes easily be applied to deter-
mine the set W(Z,,) when p < ¢*> — 3¢+ 2. Let ¢ =5 and p = 11. Part a) above
(with k = 2) and (4) yield

2 83 85 86 87 90 91 95 2 87 90 91 95

e s CW(Zss) CT{—,...,—,—,—, —1

{55’ ’55’55’55’55’55’55’55}_ ( 55)_{55’ ’55’55’55’55}

Since these sets differ by one integer, one of these containments is an equality. The
minimal zero sequence T can be amalgamated to {(1, 1), (0,1)2,(0,2), (1,0)1°} and
hence £2 € W(Zs5). Thus

2 87 90 91 95

W(Zss) = {—,... = =2 22 22
(Z55) {55’ ' 55’ 55’ 55’ 55

}.
Define H(G) = {exg”w | 2 < z < exp(G)K(G)}, which represents the set of
potential cross numbers for a minimal zero sequence in G.

Corollary 5.6. Let p > q > 3 be odd primes with p > ¢*> — 3q + 2. The number of
values in H(Z,q) which do not appear in W(Zy,) is W. Thus, for fized q,

lim sup W =1.
p—oo [H(Zpg)|

Proof. This is a direct consequence of previous corollary, since the lengths of the
contiguous gaps vary over all the integers from 1 to ¢ — 2 inclusive. Hence, the total
number of missing values is Zf;f 1= %, whence the second result of the
corollary follows immediately. O

5.3. When q = 5. Examples 5.2, 5.5 and part b) of Corollary 5.4 yield a determi-
nation of W (Zs,).

Corollary 5.7. If p > 5, then

A
W(Zsp)z{5 | 2<A<9p—16,9p— 14 <\ < 9p— 12,
Ip—9<A<9—-8 A=9p—4}

unless p =7 or p =11, in which case

2 55 59 2 87 90 91 95
W(Zss5) = S’ ) 9r? aF W(Zss5) = FEY IO ER) EE) ER EE
(Zs5) = {35 357350 O WZss) = {5 555555755
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5.4. When 2p — 4 > 2q > p + 3. Theorem 5.3 determines the location of a sec-
ond gap in W(Z,,) when p + 2 > 2q. We now determine the location of a second
gap (provided one exists) for all other odd primes p and ¢ other than twin primes.

Theorem 5.8. Suppose p > q > 5 are odd primes with 2p —4 > 2q > p+3. If S
is a zero free sequence in Zpq and

-1 -2 1 -2 -1
(6) Po 872, - ey <2412

p q pq p q
then S = AU B, where ACZ,, BCZq, |A|=p—2, and |B|=¢q—1

Proof. Let S = AU B U C with the same assumptions on A, B and C as in the
proof of Theorem 5.3. Suppose ¢ = 0. After some simplification (6) becomes:
1<(1l—-i)g+2—-jp<qg-3.
Since ¢ and j are positive, in order for the left inequality to hold, we must have
j=1 Thus 1 < (1—i)g+p < g—3. Clearly, for i = 1, we obtain a contradiction of
the hypothesis that p > ¢, while for i > 2, we have 1 < (1—i)g+p < —2¢+p < =3,
the last inequality following from the hypothesis on p and ¢g. This contradiction
rules out all remaining possibilities except when ¢ = 2 and j = 1, which are the
conditions we seek. So suppose ¢ > 0.
Case 1: j = 1. If i =1 or 2, we get k(S) > pr2 + % contradicting the
conditions of the theorem. Hence i > 3. Using the left inequality of (6), namely
—1 -1 c —1 -2 1
AL A ) b Sk R
p q pq p q pq
we obtain that ¢ > (i — 1)g — p + 1. Consequently,
[AUC]=(p—i)+c>(p-1)+(i—-1)g—p+1=
=(qg—-1)yi—qg+1>(@-1)3—-gq+1=2¢g—-2>p+1
The result now follows by Lemma 3.1 (a).

Case 2: j > 1. Then the right inequality of (6) yields ¢ > (i—1)g+ (j —2)p+1,
and since ¢ > 1 and j > 2, we conclude that ¢ > 0. From this we see that

BUC|=(q=d)+c>(q=j)+(—-1g+(G—-2)p+1=
=ig—2p+1+4jp—-1)>ig—2p+1+2(p—1)=ig—1.
Thus |B U C| > iq and the result follows from Lemma 3.1 (a). O

Corollary 5.9 now follows from Theorem 5.8 and (x).

Corollary 5.9. Suppose p > q > 5 are odd primes with 2p—4 > 2q > p+3. Then
A
W(qu)g{p—q | 2<A<2pg—q—2p+2,
2pq—2¢—p+1<A<2pqg—2¢—p+2, or A\=2pg—p—q+1}.

Computer calculations (see [1]) based on Lemma 4.1 indicate if 2p — 4 > 2¢q >
p + 3, then the structure of W(Z,,) beyond the two gaps exhibited in Corollary
5.9 may not be as nice as that exhibited in Corollary 5.4. We demonstrate this by
illustrating in the following table the values generated by Lemma 4.1 in W(Z,) for
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qg="T7and p=11,13,17,19,23,29. We use the notation [n, m] to represent the set
of integers = such that n < x < m.

D values of « such that - is known to be in W (Z)

11 [2,120] U [123, 127] U [130, 131] U {137}

13 [ 2, 133] U [135, 139] U [142, 145] U [149, 151] U 156, 157] U {163}
17 [2,192] U [194, 199] U [201, 203] U [208, 209] U {2151

19 | [2,211] U [213, 217] U [200, 223] U [227, 229] U [234, 235] U {241}
23 [2,275] U [279,281] U [286,287] U {293}

29 [2,347] U [350, 353] U [357, 350] U [364, 365] U {371}

5.5. When p and q are Twin Primes.

Theorem 5.10. Let p and q be twin primes with g = p—2 > 5. Let S be a zero
free sequence in Zpq with

2pg—p—3q+3 2pq —2p—q
(#) T T TR <
g Pq
Then S = AUB where ACZ,, BCZ,, |Al=p—1and|B|=q—2.

Proof. Let S = AU B U C and write |C| = ¢. We proceed as in the proofs of
Theorems 5.3 and 5.8. Now
2P —(i+j+4p+2itec

(1 K(S) s

For1 <i<pand1l<j<gq,letS;; be a zero free sequence of Zy, with k(S; ;) =
2p(p—2)(—2p)—(p—2)
p(p—2

and B; = 2p(p—2)p_§:;§p_2)+3. Suppose that ¢ = 0. Calculations with (1) indicate
that k(SlJ) > By, k(Sl,g) = B,, and k(SLg) < By. For 1 =2, k(SQJ) > B, and
k(S2,2) < B;. Further k(Ss,1) < B;. Hence, if S satisfies (#), then ¢ =1 and j = 2,

which is the desired result. If ¢ # 0, then we again consider two cases.

pT*lA—;(”;E)Q_j. Thus, k(S;,;) decreases as ¢ or j increases. Set B, =

Case 1: j = 1. From the previous calculations with (), we obtain that i > 3.
Hence
_2p* = (i+5)p+2i+c - 2% —4p—p—3p+9

H(S) p(p—2) - p(p—2)

and thus
c>(p—2)i—3p+0.
So,
|AUC |=(p—i)+c>(i—2)p+9—-3i>p
for ¢ > 3. The argument now follows from Lemma 3.1 (c).
Case 2: j > 1. Now
P—i)p-2)+pp—2-j)+c=2plp-2)—p-3p-2)+3.
Thus
c>(i+j—4)p+9—2i
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and hence

(p=2)—j+ec2((p—2) =5 +(i+j—4p+9—2
=(p—2i+(p—-2)(—-3)+j+1

Hence, if j > 3, then | BUC |> (p— 2)i and the argument follows from Lemma 3.1
(a). Thus, we merely need to deal with the case j = 2.

We have shown earlier that k(S 2) = W. Hence, we can assume
that ¢ > 2. Now, | B |= ¢ — 2 and by [4, Lemma 13] we have that | > B |> ¢ — 2.
Thus ¢ < p+ 1 for otherwise | AUC |> (p—1i)+ (p+14) = 2p and we can appeal to
Lemma 3.1 (a). If i > 2,

(p—i)p—2)+p(p—4)+c<2p”—(i+5)p+3i.

If i = 3 the result follows. If i > 3 then 2p? — (i + 5)p + 3i < 2p?> — 8p + 9 and
the result follows. To complete the proof, we need to show that the result holds for
i = j = 2. In this case, Lemma 3.2 implies that

20 —(i+j+4)p+2i+c=2p> —8p+4+c<2p° —8p+6<2p* —8p+9,

completing the proof. O

Corollary 5.11. Let p and q be twin primes with g =p —2 > 5. Then,

A
W(qu)g{p_q | 2<A<2pq -3¢ —p+3,

2pg—2p—q+1<A<2pq—2¢q—p+2, or A\=2pq—p—q-+1}.
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