ON CROSS NUMBERS OF MINIMAL ZERO SEQUENCES IN CERTAIN CYCLIC GROUPS

PAUL BAGINSKI, SCOTT T. CHAPMAN, KATHRYN MCDONALD, AND LARA PUDWELL

Abstract. Let p and q be distinct primes with p > q and n a positive integer. In this paper, we consider the set of possible cross numbers for the cyclic groups Z_{2p}n and Z_{pq}. We completely determine this set for Z_{2p}n and also Z_{pq} for q = 3, q = 5 and the case where p is sufficiently larger than q. We view the latter result in terms of an upper bound for this set developed in a paper of Geroldinger and Schneider [8] and show precisely when this upper bound is an equality.

1. Introduction

A nonempty sequence S = {g_1, . . . , g_n} of not necessarily distinct elements of an additive group G is called a zero sequence if ∑_n i=1 g_i = 0. A zero sequence with no proper nonempty zero subsequence is called a minimal zero sequence. If a sequence contains no zero subsequence, it is known as zero free. We define

U(G) = {T | T is a minimal zero sequence in G}.

Several constants can be extracted from the study of such sequences. The Davenport constant, D(G) is the maximum length of a minimal zero sequence in G. The Davenport constant is at most the order of G, and in the case of cyclic groups it indeed attains that value. We additionally define the cross number of a sequence as k(S) = n∑ i=1 1 |g_i| and the cross number of a group as K(G) = max{k(S) | S ∈ U(G)}. A formula for the cross number of a finite abelian group is not known in general. Formulas are known for particular classes of groups, including p-groups. We will use the following well-known results in our work.

(i) K(G) = 1 if and only if G ∼= Z_pn for p prime and n ∈ N [9].

(ii) If p and q are distinct primes then K(Z_{pq}) =^{2pq−p−q+1}_{pq} [10, Theorem 3].

(iii) If p is an odd prime and n ∈ N, then K(Z_{2p}n) =^{3pn−1}_{2pn} [10, Theorem 3].

We mention some additional facts about such sequences that will be used frequently throughout this paper: 1

1. If S = {g_1, g_2, . . . , g_n} is a zero, minimal zero, or zero free sequence, then T = {g_1 + g_2, . . . , g_n} also is a zero, minimal zero, or zero free sequence. We call the process of attaining T from S amalgamation of elements of S.

2. If S = {g_1, g_2, . . . , g_n} is a zero free sequence, then T = S ∪ {− ∑_n i=1 g_i} is a minimal zero sequence.

A particularly important inference from the last fact is that any sequence of length greater than or equal to D(G) must contain a zero subsequence.

In this paper, we extend the work presented in [3] and consider the set W (G) = {k(T ) | T ∈ U(G)} of cross numbers of all the minimal zero sequences in a finite abelian group G. We consider in particular the case G ∼= Z_{pq} where p > q are primes. Several general results appear in the literature concerning the set W (G). If G ∼= ∑_t i=1 Z_pni is a p-group where p is an odd prime and n_i ≤ n_j for all 1 ≤ i ≤ j ≤ t, then the main theorem of [5] implies that K(G) = [_t ∑ i=1 p^{ni} − 1 p^{ni} ] + 1 p^{nt} . Setting K(G) =^x_{pnt} , [3, Theorem 4] shows that W (G) = {^λ_{pnt} | 2 ≤ λ ≤ x}. Moreover, [3, Theorem 2] also shows if W^∗(G) = {k(S) | S ∈ U(G), k(S) ≤ 1}, then W^∗(G) = {^λexp_{(G)} | 2 ≤ λ ≤ exp(G)}, for every abelian group G of odd order.

Using the main theorem of [8], which describes the structure of zero free sequences with large cross number in the group G = Z^r_p ⊕ Z^s_q, the authors obtain an upper bound for the set W (G) [8, Corollary 2]. In particular, if p and q are distinct odd primes and p > q, then their result reduces to W (Z_{pq}) ⊆ { λ pq | 2 ≤ λ ≤ 2pq − p − 2q + 2 or λ = 2pq − p − q + 1}. (∗) Our interest in the set W (Z_{pq}) originated in our attempt to determine when the containment in (∗) is actually an equality. A combination of Example 5.2 and Corollaries 5.1, 5.4, 5.9 and 5.11 yields a proof of the following proposition.

Proposition 1.1. If p > q are odd primes, then W (Z_{pq}) = { λ pq | 2 ≤ λ ≤ 2pq − p − 2q + 2 or λ = 2pq − p − q + 1} if and only if

1. q = 3, or 2. q = 5 and p = 7.

Our work shows in the case where G = Z_{pq} that the main result in [8] is essentially the best possible. While there is no “global” result for the structure of zero free sequences in Z_{pq} of cross number less than (2pq − p − 2q + 1)/pq, Theorems 5.3 5.8 and 5.10 show that the structure of such sequences is dependent on the size of p relative to q. In the case where p is large relative to q (in fact, when p > q^2 −3q +2) we prove a stronger version of the main theorem of [8] which allows us to determine the set W (Z_{pq}). We show for q fixed that the size of W (Z_{pq}) stabilizes as p increases (see Corollary 5.6). In the other cases (2p − 4 ≥ 2q ≥ p + 3), we prove a modified form of the main result in [8] with which we are able to show the existence of a second “gap” in W (Z_{pq}).

2. The Case q = 2

We begin by considering W (Z_{2p}) and, using (iii) from the Introduction, actually determine this set for a slightly larger class of cyclic groups. If S is a finite sequence which contains exactly n copies of the element g, then we will represent this with the notation g^n.

Theorem 2.1. Let p be an odd prime and n ∈ N. Then

W (Z_{2p}n) = { k 2p^n | k even, 2 ≤ k ≤ 3p^n − 1}

Proof. By [3] and [10], we have the following inclusions: { k 2p^n | k even, 2 ≤ k ≤ 2p^n} ⊆ W (Z_{2p}n) ⊆ ⊆ { k 2p^n | k even, 2 ≤ k ≤ 2p^n} ∪ { k 2p^n | 2p^n ≤ k ≤ 3p^n − 1} Let 1 ≤ m ≤^{pn−1}_2 be given. We wish to show that^{3pn−2m+1}_{2pn} ∈ W (Z_{2p}n). View Z_{2p}n as Z_2 ⊕ Z_pn.

Case 1: If p does not divide m, then, B = {(1, 0), (0, m), (0, 1)^{pn−m−1}, (1, 1)} ∈ U(Z_{2p}n) and k(B) =^{3pn−2m+1}_{2pn} .

Case 2: If p | m, then, B = {(1, 0), (0, 2), (0, m − 1), (0, 1)^{pn−m−2}, (1, 1)} ∈ U(Z_{2p}n) and k(B) =^{3pn−2m+1}_{2pn} .

Thus, {^k_{2pn} | k even, 2 ≤ k ≤ 3p^n − 1} ⊆ W (Z_{2p}n). To complete the argument, let x odd, with 2 < x < 3p^n − 1, be given. Assume^x_{2pn} ∈ W (Z_{2p}n). Thus, there exists S = {g_1, . . . , g_t} ∈ U(Z_{2p}n) such that ∑_t i=1 1 |g_i| = x 2p^n . The only possible

values for^1_{|gi |} are^{pk}_{2pn} and^{2pk}_{2pn} , for 0 ≤ k ≤ n. Note that if^1_{|gi|} =^{2pk}_{2pn} , then g_i (when viewed as its least positive residue in Z) is necessarily even, while if^1_{|gi |} =^{pk}_{2pn} , then g_i is necessarily odd. Thus, x 2p^n = t∑ i=1 1 | g_i | = ∑ g_i even 1 | g_i | + ∑ g_i odd 1 | g_i | = 2m 2p^n + ∑ g_i odd 1 | g_i | for some positive integer m. Since x is odd, it must be that the number of odd g_i is odd. But, since S ∈ U(Z_{2p}n), we must have for some positive integer k,

2p^nk = t∑ i=1 g_i = ∑ g_i even

g_i + ∑ g_i odd

g_i = 2l_1 + (2l_2 + 1)

which is a contradiction. Thus,^x_{2pn} /∈ W (Z_{2p}n) when x is odd and 2 < x < 3p^n − 1, completing the proof.

3. Zero free Sequences in Z_{pq}

We prove two lemmas which will later be useful. When considering zero free sequences in Z_{pq}, we will use the following notation. If S is such a sequence, write S = A ∪ B ∪ C where A consists of elements of order p, B consists of elements of order q and C consists of elements of order pq. For ease of notation, viewing Z_{pq} as Z_p ⊕ Z_q we will say that A ⊆ Z_p, B ⊆ Z_q and C ⊆ Z_{pq}\Z_p ∪ Z_q. Moreover, if A is a finite sequence from an abelian group G, then let ∑ A represent the set of all nonempty subsums of elements in A.

Lemma 3.1. Let S = A ∪ B ∪ C be a zero free sequence in Z_{pq} such that there exist integers 1 ≤ i ≤ p − 1 and 1 ≤ j ≤ q − 1 with |A| = p − i, |B| = q − j. (a) |B ∪ C| < iq and |A ∪ C| < jp. (b) |C| < min {(i − 1)q + j, (j − 1)p + i}. (c) If min {i, j} = 1 then |C| < max {i, j}.

Proof. For (a), we show that |B ∪C| < iq as the argument for the second inequality is similar. If |B ∪C| ≥ iq, then there are i nonempty, non-overlapping subsequences in B ∪ C which sum to zero in Z_q. Let the sums of these i subsequences be given by (y_t, 0) for 1 ≤ t ≤ i. Then |A ∪ {(y_t, 0)}^i_{t=1}| = p and so A ∪ {(y_t, 0)}^i_{t=1} is not a zero free sequence, contradicting the zero freeness of S. For (b), (a) implies that iq > |B ∪ C| = |B| + |C| = q − j + |C| and jp > |A ∪ C| = |A| + |C| = p − i + |C| and from this the result follows. Part (c) now follows directly from part (b).

Lemma 3.2. Let S = A ∪ B ∪ C be a zero free sequence in Z_{pq}. If | A |= p − 2 and | B |= q − 2, then | C |≤ 2.

Proof. By [4, Lemma 13], | | | ∑ A | | | = { p − 2 if A = {g^{p−2}} p − 1 if A = {g^{p−3}, 2g} and | | | ∑ B | | | = { q − 2 if B = {h^{p−2}} q − 1 if B = {h^{p−3}, 2h} where g ≠ 0 in Z_p and h ≠ 0 in Z_q. Suppose that |C| > 2 and that (a_1, b_1), (a_2, b_2), (a_3, b_3) are in C with each a_i and b_j nonzero. Suppose | ∑ A| = p − 1. Let T be a sequence in B ∪ C with sum (x, 0). Now, −x ∈ ∑ A and if V is a sequence in A with sum (−x, 0), then V ∪ T is a zero sequence in Z_{pq}. A similar argument holds if | ∑ B| = q − 1. Hence, if S is zero free then | ∑ A| = p − 2 and | ∑ B| = q − 2. Thus A = {(g, 0)^{p−2}}, B = {(0, h)^{q−2}} and hence ∑ A = {(x, 0) | x ≠ −g, x ≠ 0}, ∑ B = {(0, y) | y ≠ −h, y ≠ 0}. If T is a sequence in B ∪ C which sums to zero in Z_q, then its sum is (g, 0) (otherwise, using A we can construct a zero sequence in S). We consider two cases.

Case 1: Suppose that b_1 + b_2 + b_3 ≠ h. Then a_1 + a_2 + a_3 = g. If for 1 ≤ s < t ≤ 3 we have b_s +b_t ≠ h, then a_s +a_t = g which yields a_r = 0 for some r, a contradiction. Thus b_1 + b_2 = b_2 + b_3 = b_1 + b_3 = h. Hence, b_1 = b_2 = b_3 and each b_s ≠ h. Now, g = a_1 = a_2 = a_3 and our previous observation implies that a_1 = a_1 + a_1 + a_1. Thus a_1 = 0, a contradiction.

Case 2: Suppose that b_1 + b_2 + b_3 = h. Then b_1 + b_2 ≠ h, b_1 + b_3 ≠ h and b_2 + b_3 ≠ h and hence a_1 + a_2 = a_1 + a_3 = a_2 + a_3 = g. Thus a_1 = a_2 = a_3 ≠ g and hence b_1 = b_2 = b_3 = h. In a manner similar to Case 1, we obtain that b_1 = 0, a contradiction.

4. Some Minimal Zero Sequences in Z_{pq}

We begin by generating a family of minimal zero sequences in Z_{pq} ∼= Z_p ⊕ Z_q. For 1 ≤ k < q, define T^{kp} = {(1, 1)^k, (k, 0)^{p−1}, (0, 1)^{q−k}}, (1) T^{kq} = {(1, 1)^k, (1, 0)^{p−k}, (0, k)^{q−1}} (2) and for q ≤ k < p, define T^{kp} = {(1, 1)^{q−1}, (1 + k − q, 2), (0, 1)^{q−1}, (1, 0)^{p−k}}. (3) Elementary arguments show that each T^{kp} and T^{kq} ∈ U(Z_{pq}) and clearly k(T^{kp}) =^{2pq−kp−q+k}_{pq} or^{2pq+q−kq−p}_{pq} , k(T^{kq}) =^{2pq−p−kq+k}_{pq} . By amalgamating elements of the same order within (1), (2) and (3), we obtain new minimal zero sequences, each of which has a cross number easily calculated from the list above. We compile these numbers in the following lemma. Lemma 4.1. Let p and q be odd primes with p > q. The following sets are subsets of W (Z_{pq}): 1. {^{2pq−m3 p−m2q+m1} pq | 1 ≤ k < q, 1 ≤ m_1 ≤ k, 1 ≤ m_2 < p, k ≤ m_3 < q}, 2. {^{2pq−m2 p−m3q+m1} pq | 1 ≤ k < q, 1 ≤ m_1 ≤ k, 1 ≤ m_2 < q, k ≤ m_3 < p} and 3. {^{2pq+q−m3 q−m2 p−m1} pq | q ≤ k < p, 0 ≤ m_1 ≤ q − 2, 1 ≤ m_2 < q, k ≤ m_3 < p}. The lemma implies a general result.

Proposition 4.2. For any p > q odd primes, we have the following inclusion:

(4) W (Z_{pq}) ⊇ { x pq | 2 ≤ x ≤ 2pq − (q − 1)q − p + (q − 1)} ∪ ∪ q−2⋃ t=1 { x pq | 2pq − tq − p + 1 ≤ x ≤ 2pq − tq − p + t} Proof. [3, Theorem 2] shows that if 2 ≤ x ≤ pq, then^x_{pq} ∈ W (Z_{pq}). Consider x with 2pq − tq − p + 1 ≤ x ≤ 2pq − tq − p + t for some 1 ≤ t ≤ q − 2. Then x = 2pq − tq − p + γ for some 1 ≤ γ ≤ t. We may generate a sequence with cross number x pq by considering sequence 2 with k = m_3 = t, m_1 = γ, and m_2 = 1, namely the minimal zero sequence S = {(t + 1 − γ, t + 1 − γ), (1, 1)^{γ−1}, (1, 0)^{p−t}, (0, t)^{q−1}}.

Now consider x with 2pq − p − q^2 + q < x ≤ 2pq − p − q^2 + 2q − 1. Thus, x = 2pq −p−(q −1)q +γ for some 1 ≤ γ ≤ q −1. We may generate a sequence with cross number^x_{pq} by considering sequence 2 with k = m_1 = γ, m_2 = 1, and m_3 = q − 1, namely the minimal zero sequence S = {(1, 1)^γ, (q − γ, 0), (1, 0)^{p−q}, (0, γ)^{q−1}}.

Finally, we must consider x with pq < x ≤ 2pq − p − q^2 + q. Evidently, x = 2pq −αp−βq −γ for some 1 ≤ α ≤ q −1, 1 ≤ β ≤ p−1, 0 ≤ γ ≤ q −1. However, in order for pq < x ≤ 2pq−p−q^2+q to hold, we must have q−1 ≤ β ≤ p−2. If γ ≠ q−1, then we may rewrite x as x = 2pq+q−αp−(β+1)q−γ and generate a sequence with cross number^x_{pq} by taking sequence 3 with k = m_3 = β + 1, m_1 = γ, and m_2 = α, namely

S = {(1, 1)^{q−γ−2}, (γ + 1, γ + 1), (β + 2 − q, 2), (0, α + 1), (0, 1)^{q−α−2}, (1, 0)^{p−β−1}}.

Otherwise, if γ = q − 1, then x = 2pq − αp − (β + 1)q + 1 and we may use sequence 1 with k = m_1 = 1, m_2 = β + 1, and m_3 = α, namely S = {(1, 1), (β + 1, 0), (1, 0)^{p−β−2}, (0, α), (1, 0)^{q−α−1}}.

5. Particular cases

5.1. When q = 3. Setting q = 3, Proposition 4.2 and (∗) imply the following.

Corollary 5.1. If p > 3 is an odd prime, then

W (Z_{3p}) = { λ 3p | 2 ≤ λ ≤ 6p − p − 4 or λ = 6p − p − 2}. The containment in (4) is not always an equality. Here is an example which will later be useful in our work.

Example 5.2. Let p = 7 and q = 5. The containment in (4) yields

W (Z_{35}) ⊇ { 2 35 , . . . , 47 35 } ∪ { 49 35 , 50 35 , 51 35 } ∪ { 54 35 , 55 35 } ∪ { 59 35 }. Now, the minimal zero sequence T^{2p} yields that^{53}_{35} is in W (Z_{35}). Also, the minimal zero sequences T^{2q} and T^p can be amalgamated to {(1, 1)^2, (0, 2)^2, (0, 4), (1, 0)^5}, and {(1, 1), (0, 2), (1, 0)^6, (0, 1)^2} which implies that^{48}_{35} and^{52}_{35} are in W (Z_{35}). Hence, (∗) implies that

W (Z_{35}) = { 2 35 , . . . , 55 35 , 59 35 }. 5.2. When p is large relative to q. As p becomes large relative to q, we are able to show that the gaps which appear in the right hand side of the containment (4) are actual gaps in W (Z_{pq}).

Theorem 5.3. Let p > q > 3 be odd primes with p+k > kq for some 1 ≤ k < q−1. If S is a zero free sequence in Z_{pq} and

2pq − (k + 1)q − p + (k + 1) pq ≤ k(S) ≤ 2pq − kq − p pq (5) then S = A ∪ B, where A ⊆ Z_p, B ⊆ Z_q, |A| = p − k and |B| = q − 1.

Proof. Let S be as in the hypothesis. Clearly, since S is zero free and k(S) > 1, we have 1 ≤ |A| < p, 1 ≤ |B| < q, and 0 ≤ |C| < pq. Let 0 < i < p and 0 < j < q be integers such that |A| = p − i and |B| = q − j and write |C| = c. Then, k(S) = 2pq − iq − jp + c pq First, we show the theorem holds if c = 0. In this case, (5) indicates that k + 1 ≤ (k + 1 − i)q + (1 − j)p ≤ q. Assume j > 1. Then k + 1 ≤ (k + 1 − i)q + (1 − j)p ≤ kq − p + (1 − i)q < k + (1 − i)q ≤ k, which is clearly a contradiction. Thus, j = 1 and the previous inequality reduces to (k + 1) ≤ (k + 1 − i)q ≤ q. However, since 0 < k + 1 ≤ q, it must be the case that i = k. We now assume that c > 0 and consider two cases:

Case 1: j = 1. Notice that if i ≤ k, then (5) implies 2pq − kq − p pq ≥ k(S) = 2pq − iq − p + c pq ≥ 2pq − kq − p + c pq which yields c ≤ 0, a contradiction. Thus i ≥ k + 1. From (5) one also has 2pq − (k + 1)q − p + k + 1 pq ≤ k(S) = 2pq − iq − p + c pq which implies c ≥ k + 1 + (i − k − 1)q. Consequently, |A ∪ C| = (p − i) + c ≥ p + (q − 1)i + (1 − q)(k + 1) which is at least p since i ≥ k + 1. The result now follows from Lemma 3.1 (a).

Case 2: j > 1. Using (5), we have k(S) = 2pq − iq − jp + c pq ≥ 2pq − (k + 1)q − p + (k + 1) pq , which yields

c ≥ (i − k − 1)q + (j − 1)p + k + 1 = (i − 1)q + (j − 2)p + (p + k + 1 − kq) Since p + k > kq, c is nonnegative. It follows that |B ∪ C| ≥ (q − j) + (i − k − 1)q + (j − 1)p + k + 1 ≥ iq − 1 + (p + k − kq) ≥ iq. Thus, the result follows from Lemma 3.1 (a).

Theorem 5.3 leads to several corollaries. Corollary 5.4. Let p > q > 3 be odd primes.

a) If p + k > kq for some 0 < k < q − 1, then W (Z_{pq}) ⊆ { x pq | 2 ≤ x ≤ 2pq − (k + 1)q − p + (k + 1)} ∪ ∪ k⋃ t=1 { x pq | 2pq − tq − p + 1 ≤ x ≤ 2pq − tq − p + t}.

b) If p > q^2 − 3q + 2. Then W (Z_{pq}) = { x pq | 2 ≤ x ≤ 2pq − (q − 1)q − p + (q − 1)} ∪ ∪ q−2⋃ t=1 { x pq | 2pq − tq − p + 1 ≤ x ≤ 2pq − tq − p + t}.

Proof. Part a) follows directly from the Theorem 5.3 and the observation that any minimal zero sequence with cross number greater than 1 contains an element of order pq. Part b) follows from part a) and Proposition 4.2 with k = q − 2.

Example 5.5. Part a) of Corollary 5.4 can sometimes easily be applied to determine the set W (Z_{pq} ) when p ≤ q^2 − 3q + 2. Let q = 5 and p = 11. Part a) above (with k = 2) and (4) yield { 2 55 , . . . , 83 55 , 85 55 , 86 55 , 87 55 , 90 55 , 91 55 , 95 55 } ⊆ W (Z_{55}) ⊆ { 2 55 , . . . , 87 55 , 90 55 , 91 55 , 95 55 }. Since these sets differ by one integer, one of these containments is an equality. The minimal zero sequence T^q can be amalgamated to {(1, 1), (0, 1)^2, (0, 2), (1, 0)^{10}} and hence^{84}_{55} ∈ W (Z_{55}). Thus

W (Z_{55}) = { 2 55 , . . . , 87 55 , 90 55 , 91 55 , 95 55 }. Define H(G) = {^x_{exp(G)} | 2 ≤ x ≤ exp(G)K(G)}, which represents the set of potential cross numbers for a minimal zero sequence in G.

Corollary 5.6. Let p > q > 3 be odd primes with p > q^2 − 3q + 2. The number of values in H(Z_{pq}) which do not appear in W (Z_{pq}) is^{(q−1)(q−2)}_2 . Thus, for fixed q,

lim sup p→∞ |W (Z_{pq})| |H(Z_{pq})| = 1.

Proof. This is a direct consequence of previous corollary, since the lengths of the contiguous gaps vary over all the integers from 1 to q − 2 inclusive. Hence, the total number of missing values is ∑_{q−2} i=1 i =^{(q−1)(q−2)}_2 , whence the second result of the corollary follows immediately.

5.3. When q = 5. Examples 5.2, 5.5 and part b) of Corollary 5.4 yield a determination of W (Z_{5p}).

Corollary 5.7. If p > 5, then

W (Z_{5p}) = { λ 5p | 2 ≤ λ ≤ 9p − 16, 9p − 14 ≤ λ ≤ 9p − 12, 9p − 9 ≤ λ ≤ 9p − 8, λ = 9p − 4} unless p = 7 or p = 11, in which case

W (Z_{35}) = { 2 35 , . . . , 55 35 , 59 35 } or W (Z_{55}) = { 2 55 , . . . , 87 55 , 90 55 , 91 55 , 95 55 }

5.4. When 2p − 4 > 2q ≥ p + 3. Theorem 5.3 determines the location of a second gap in W (Z_{pq}) when p + 2 > 2q. We now determine the location of a second gap (provided one exists) for all other odd primes p and q other than twin primes.

Theorem 5.8. Suppose p > q > 5 are odd primes with 2p − 4 > 2q ≥ p + 3. If S is a zero free sequence in Z_{pq} and p − 1 p + q − 2 q + 1 pq < k(S) ≤ p − 2 p + q − 1 q (6) then S = A ∪ B, where A ⊆ Z_p, B ⊆ Z_q, |A| = p − 2, and |B| = q − 1

Proof. Let S = A ∪ B ∪ C with the same assumptions on A, B and C as in the proof of Theorem 5.3. Suppose c = 0. After some simplification (6) becomes: 1 < (1 − i)q + (2 − j)p < q − 3. Since i and j are positive, in order for the left inequality to hold, we must have j = 1. Thus 1 < (1 − i)q + p < q − 3. Clearly, for i = 1, we obtain a contradiction of the hypothesis that p > q, while for i > 2, we have 1 < (1 − i)q + p ≤ −2q + p ≤ −3, the last inequality following from the hypothesis on p and q. This contradiction rules out all remaining possibilities except when i = 2 and j = 1, which are the conditions we seek. So suppose c > 0.

Case 1: j = 1. If i = 1 or 2, we get k(S) >^{p−2}_p +^{q−1}_q contradicting the conditions of the theorem. Hence i ≥ 3. Using the left inequality of (6), namely p − i p + q − 1 q + c pq > p − 1 p + q − 2 q + 1 pq , we obtain that c > (i − 1)q − p + 1. Consequently, |A ∪ C| = (p − i) + c > (p − i) + (i − 1)q − p + 1 = = (q − 1)i − q + 1 ≥ (q − 1)3 − q + 1 = 2q − 2 ≥ p + 1 The result now follows by Lemma 3.1 (a).

Case 2: j > 1. Then the right inequality of (6) yields c > (i − 1)q + (j − 2)p + 1, and since i ≥ 1 and j ≥ 2, we conclude that c > 0. From this we see that |B ∪ C| = (q − j) + c > (q − j) + (i − 1)q + (j − 2)p + 1 = = iq − 2p + 1 + j(p − 1) ≥ iq − 2p + 1 + 2(p − 1) = iq − 1.

Thus |B ∪ C| ≥ iq and the result follows from Lemma 3.1 (a).

Corollary 5.9 now follows from Theorem 5.8 and (∗).

Corollary 5.9. Suppose p > q > 5 are odd primes with 2p − 4 > 2q ≥ p + 3. Then W (Z_{pq}) ⊆ { λ pq | 2 ≤ λ ≤ 2pq − q − 2p + 2, 2pq − 2q − p + 1 ≤ λ ≤ 2pq − 2q − p + 2, or λ = 2pq − p − q + 1}. Computer calculations (see [1]) based on Lemma 4.1 indicate if 2p − 4 > 2q ≥ p + 3, then the structure of W (Z_{pq}) beyond the two gaps exhibited in Corollary 5.9 may not be as nice as that exhibited in Corollary 5.4. We demonstrate this by illustrating in the following table the values generated by Lemma 4.1 in W (Z_{pq}) for q = 7 and p = 11, 13, 17, 19, 23, 29. We use the notation [n, m] to represent the set of integers x such that n ≤ x ≤ m.

p values of x such that^x_{7p} is known to be in W (Z_{7p}) 11 [2, 120] ∪ [123, 127] ∪ [130, 131] ∪ {137} 13 [2, 133] ∪ [135, 139] ∪ [142, 145] ∪ [149, 151] ∪ [156, 157] ∪ {163} 17 [2, 192] ∪ [194, 199] ∪ [201, 203] ∪ [208, 209] ∪ {215} 19 [2, 211] ∪ [213, 217] ∪ [200, 223] ∪ [227, 229] ∪ [234, 235] ∪ {241} 23 [2, 275] ∪ [279, 281] ∪ [286, 287] ∪ {293} 29 [2, 347] ∪ [350, 353] ∪ [357, 359] ∪ [364, 365] ∪ {371}

5.5. When p and q are Twin Primes.

Theorem 5.10. Let p and q be twin primes with q = p − 2 > 5. Let S be a zero free sequence in Z_{pq} with 2pq − p − 3q + 3 pq ≤ k(S) ≤ 2pq − 2p − q pq . (#) Then S = A ∪ B where A ⊆ Z_p, B ⊆ Z_q, | A |= p − 1 and | B |= q − 2.

Proof. Let S = A ∪ B ∪ C and write |C| = c. We proceed as in the proofs of Theorems 5.3 and 5.8. Now k(S) = 2p^2 − (i + j + 4)p + 2i + c p(p − 2) . (†) For 1 ≤ i < p and 1 ≤ j < q, let S_{i,j} be a zero free sequence of Z_{pq} with k(S_{i,j} ) = p−i p +^{(p−2)−j}_{p−2} . Thus, k(S_{i,j} ) decreases as i or j increases. Set B_u =^{2p(p−2)−2p−(p−2)}_{p(p−2)} and B_l =^{2p(p−2)−p−3(p−2)+3}

p(p−2) . Suppose that c = 0. Calculations with (†) indicate

that k(S_{1,1}) > B_u, k(S_{1,2}) = B_u, and k(S_{1,3}) < B_l. For i = 2, k(S_{2,1}) > B_u and k(S_{2,2}) < B_l. Further k(S_{3,1}) < B_l. Hence, if S satisfies (#), then i = 1 and j = 2, which is the desired result. If c ≠ 0, then we again consider two cases.

Case 1: j = 1. From the previous calculations with (†), we obtain that i ≥ 3. Hence k(S) = 2p^2 − (i + 5)p + 2i + c p(p − 2) ≥ 2p^2 − 4p − p − 3p + 9 p(p − 2) and thus c ≥ (p − 2)i − 3p + 9. So, | A ∪ C |= (p − i) + c > (i − 2)p + 9 − 3i ≥ p for i ≥ 3. The argument now follows from Lemma 3.1 (c).

Case 2: j > 1. Now

(p − i)(p − 2) + p(p − 2 − j) + c ≥ 2p(p − 2) − p − 3(p − 2) + 3. Thus c ≥ (i + j − 4)p + 9 − 2i and hence

(p − 2) − j + c ≥ ((p − 2) − j) + (i + j − 4)p + 9 − 2i = (p − 2)i + (p − 2)(j − 3) + j + 1.

Hence, if j ≥ 3, then | B ∪ C |≥ (p − 2)i and the argument follows from Lemma 3.1 (a). Thus, we merely need to deal with the case j = 2.

We have shown earlier that k(S_{1,2}) =^{2p(p−2)−2p−(p−2)}_{p(p−2)} . Hence, we can assume that i ≥ 2. Now, | B |= q − 2 and by [4, Lemma 13] we have that | ∑ B |≥ q − 2. Thus c < p + i for otherwise | A ∪ C |≥ (p − i) + (p + i) = 2p and we can appeal to Lemma 3.1 (a). If i > 2,

(p − i)(p − 2) + p(p − 4) + c < 2p^2 − (i + 5)p + 3i.

If i = 3 the result follows. If i > 3 then 2p^2 − (i + 5)p + 3i < 2p^2 − 8p + 9 and the result follows. To complete the proof, we need to show that the result holds for i = j = 2. In this case, Lemma 3.2 implies that

2p^2 − (i + j + 4)p + 2i + c = 2p^2 − 8p + 4 + c ≤ 2p^2 − 8p + 6 < 2p^2 − 8p + 9,

completing the proof.

Corollary 5.11. Let p and q be twin primes with q = p − 2 > 5. Then, W (Z_{pq}) ⊆ { λ pq | 2 ≤ λ ≤ 2pq − 3q − p + 3, 2pq − 2p − q + 1 ≤ λ ≤ 2pq − 2q − p + 2, or λ = 2pq − p − q + 1}.

References

[1] P. Baginski, Computer Routines for Generating Cross Numbers in Z_{pq},

http://www.andrew.cmu.edu/ paulb2/REU/.

[2] S. Chapman, On Davenport’s constant, the cross number, and their application in factorization theory, in Zero-dimensional commutative rings, Lecture Notes in Pure Appl. Math., Marcel Dekker 171(1995), 167-190.

[3] S. Chapman, A. Geroldinger, On cross numbers of minimal zero sequences, Australasian Journal of Combinatorics 14(1996), 85-92.

[4] A. Geroldinger, Systeme von Längenmengen, Abh. Math. Sem. Univ. Hamburg 60(1990), 115–130.

[5] A. Geroldinger, The cross number of finite abelian groups, J. Number Theory 48(1994), 219- 223.

[6] A. Geroldinger, R. Schneider, The cross number of finite abelian groups II, European J.

Combinatorics 15(1994), 399-405.

[7] A. Geroldinger, R. Schneider, The cross number of finite abelian groups III, Discrete Math.

150(1996), 123–130.

[8] A. Geroldinger, R. Schneider, On minimal zero sequences with large cross number, Ars Combinatoria 46(1997), 297-303.

[9] U. Krause, A characterization of algebraic number fields with cyclic class group of prime power order, Math. Z., 186(1984), 143-148.

[10] U. Krause, C. Zahlten, Arithmetic in Krull monoids and the cross number of divisor class groups, Mitt. Math. Ges. Hamburg, Bd. XII (3) (1991), 681-696

Carnegie Mellon University, Department of Mathematics, Pittsburgh, Pennsylvania 15213-3890

E-mail address: paulb2@andrew.cmu.edu

Trinity University, Department of Mathematics, 715 Stadium Drive, San Antonio, Texas 78212-7200, USA E-mail address: schapman@trinity.edu

The University of Oregon, Department of Mathematics, Eugene, Oregon 97403 E-mail address: kmcdonal@gladstone.uoregon.edu

Valparaiso University, Department of Mathematics, Valparaiso, Indiana 46383 E-mail address: lara.pudwell@valpo.edu