Solutions to Practice Problems for Exam 3
Calculus I, MATH 1141
Fall 2020

Read each question carefully and practice showing all work to earn full credit.

1. Find the absolute maximum and minimum values of the function on the given interval.
a) f(x) = 3x* — 42® — 1222 4+ 1 on the interval [—2, 3]
Solution. f'(x) = 122% — 122% — 24x = 12x(2* — v — 2) = 122(x — 2)(z + 1).

0=12z(z —2)(x+1) = x=0,2,—1 critical numbers

critical values: f(0) =1, f(2) = -31, f(-1)=—4
endpoint values: f(—2) =33, f(3) =28

So f has an absolute maximum value of 33 at * = —2, and f has an absolute minimum
value of —31 at z = 2. O

b) f(x) = 1/x on the interval [1, c0)
Solution. f'(xr) = —1/2?. f'(z) is never zero so there are no critical numbers. In fact,
f'(x) < 0 on the interval [1,00) so that f is decreasing on this interval. Thus the absolute
maximum occurs at the left endpoint: f(1) = 1. But there is no absolute minimum since
f(z) approaches the horizontal asymptote y = 0 as x — co. U

T

c) f(z) = ] j on the interval [0, 3]

72
Solution.
(1+2?)e” —e®(2z)  e*(z* —2x+1) e (z—1)(z—1)

@ ="——armpy  ~ " arar ~ atop

0=f(r) = 0=€"(z—1)(x—1) = x =1 critical number
critical value: f(1) = §
endpoint values: f(0) =1, f(3) = %

So f has an absolute maximum value of % at x = 3, and f has an absolute minimum value
of 1 at x = 0. U

d) f(t) = 1+ cos®(t) on the interval [Z,7].
Solution. f'(t) = —2cos(t)sin(t)

0 = —2cos(t)sin(t) = either cos(t) =0 or sin(t) =0 = eithert =7/2ort ==
critical values: f(m/2) =1+ cos*(n/2) =1, f(r) =1+ cos*(r) =1+ (=1)? =2

endpoint values: f(7/4) =1+ cos®*(7/4) =1+ (‘/75)2 =3, f(r) =14 cos®(m) =2



So f has an absolute maximum value of 2 at ¢ = 7, and f has an absolute minimum value
of 1l at t =m/2. O

2. For each function, find the intervals on which f is increasing or decreasing. Find all local
maximum and minimum values of f. Be sure to state both the critical numbers and the
critical values.

a) f(z) = 6x* —162° + 1
Solution. f'(z) = 24x® — 48x? = 24x*(x — 2)

0 =242%(r —2) = x=0,2 critical numbers; critical values: f(0) =1, f(2) = —31

First derivative sign chart.

-0 - 0 4+ F'(=1) = 24(-1)*(=3) <0
f | | f/(1) = 24(1)*(=1) < 0
-1 0 1 2 3 f'(3) =24(3)*(1) > 0

f is increasing on (2,00). f is decreasing on (—o00, 2).
f has a local minimum of —31 at x = 2. f has no local maximum. f has neither a local
maximum nor a local minimum at x = 0. U

b) f({]j) = 81'1/3 + x4/3
Solution. f/({]j‘) = §$_2/3 + §$1/3 — %11:—2/3(2 . J:) _ 43(52,/?

42 -
0= % —  critical numbers: x = 0 (f/(0) DNE), z =2 (f'(2) = 0)
ua

critical values: f(0) =0, f(2) = 8V/2+2v/2 =10v/2

First derivative sign chart.

+ DNE + 0 - o 3

! | f'(1 2= > 0
/ 1 0 1 9 3 ,( ) 00
f'(3) = 5@ < 0

f is increasing on (—o0,2). f is decreasing on (2, 00).
f has a local maximum of 104/2 at = 2. f has no local minimum. f has neither a local
maximum nor a local minimum at x = 0. U

¢) f(z) =In(2 + sin(x)), 0<ux
Solution. Using the Chain Rule, f’(z) ﬁ - cos(z) = ;=)

2+sin(x)

cos(z)

o4 sin(z) — cos(x) =0 = z =7/2,31/2 critical numbers



critical values: f(7/2) =1n(3), f(37/2) =1In(1)

0
Notice that the denominator of f’(x) is never 0 since —1 < sin(z) < 1 so f’(z) is defined
everywhere.

First derivative sign chart.

f/(O) _ cos(0) =0

S I I il
! 0 I/2 T 3 I/2 2 f(m) = 55 <0
s ™ ™ _ cos(2m)
f(2r) = T rsin(2m) — 0

f is increasing on (0,7/2), (37/2,2x). f is decreasing on (7/2,37/2).

f has a local maximum of In(3) at x = 7/2. f has a local minimum of 0 at z = 37 /2. O

3. For each function, find the intervals on which f is concave up and concave down. Find
all inflection points for f.

a) flz) ="
Solution. Using the Chain Rule, f'(z) = e *"(—2x) = —2ze~*". Using the Product Rule,

fll@)=—2 e =2z e (=2z) = e (427 — 2)
0=e"(4?-2) = 2’ =} = r=%+7
y values: f(\/ii) =712, fl=25) = e~ 1/2

Second derivative sign chart.

) =1y =e(2) > 0
p— 1(0) = (~2) < 0
1% 73 (1) = e1(2) > 0

f is concave up on (—oo, _\/Li)’ (\/Li’ o0). f is concave down on (—

o
%_,:

Since the concavity changes sign, f has points of inflection at (-, f(—=%)) = (=L, e"1/?)
and (2, (1)) = (&, e-1/2) a

b) f(z) = 2*In(z), > 0
Solution. Using the Product Rule, f'(z) = 2z - In(z) + 22 - % = 2xIn(z) + . Using the
Product Rule again,

f(x) =2 In(2)+22- L +1=2In(z) +3

0=2In(z)+3 = In(z)=-3 = z= e=3/2
y values: f(e_3/2) = (6_3/2)21n(e_3/2) = —%e_3
Second derivative sign chart.
B 0 N f"(e?)=2In(e?)+3=-1<0

o | (1) =2In(1)+3=3>0
. (1) = 2In(1)




f is concave down on (0,e~%/2). f is concave up on (e=%/% 00).

Since the concavity changes sign, f has a point of inflection at

(€ () = (%, —e ) 0
1
c) f(z) = R 2
Solution. Using the Quotient Rule, f'(x) = (2 H(;(fh)(;)(zx) = (x;ﬁ)Q. Using the Quotient
Rule again,
() = (2 +1)%(=2) — (—22)(2(z* + 1)(2x)) _ (2* +1)[-2(a* 4 1) + 827 _ 622 — 2
(I2 + 1)4 (.§C2 + 1)4 (12 + 1)3
6a? — 2 2 2 _ 1 1
0= 1) — 62" —2=0 = 2" =35 = x:iﬁ
1 3 1 3
. 1y -z 1y _ e
yvalues.f(\/g)—%+1—4,f( \/g)—%_'_l 1
Second derivative sign chart.
"—1) = 2->0
+ 0 - 0 4 / ,E ) 2
T v (1) = g >0
f is concave up on (—o0, —\/Lg), (\/ig, o0). f is concave down on (—\/Lg, \/Lg)

Since the concavity changes sign, f has points of inflection at (—
and (2, f(2)) = (&, 2). O

4. Evaluate the following limits. Use L’Hospital’s Rule where appropriate.

. sin(z) — cos(x)

a) lim
emr/d tan(z) — 1

Solution. sin(mw/4) — cos(w/4) = 0 and tan(7w/4) — 1 = 0 so this limit is of the form 0/0 and

we may apply L’Hospital’s rule.

y sin(x) —cos(x) g ,.  cos(x)+sin(r)  cos(m/4) + sin(r/4) \/75 + ‘/75 V2
x~1>1754 tan(z) —1  oor/4 sec?(x) B sec?(m/4) 2 2
O
b) lim tan(bz)

z—0 sin(3x)

Solution. tan(0) = 0 and sin(0) = 0 so this limit is of the form 0/0 and we may apply
L’Hospital’s rule.
tan(5x) r'u " 5sec’(5bx)  5sec’(0) 5

) sin(3z) v50 3cos(3z)  3cos(0) 3



et —1
c) lim —
t—0 sin(t)

Solution. ¢ —1 = 0 and sin(0) = 0 so this limit is of the form 0/0 and we may apply

L’Hospital’s rule.
— 1w 2e% 2¢e” 2
t—0 sm(t) 0 cos(t)  cos(0) 1

.1+ cos(f)
d) lim ———=
) 01 — cos(0)
Solution. 1+ cos(0) =2 and 1 — cos(0) = 0 so this limit is not of the form 0/0 or co/oco and
we may not apply L’Hospital’s rule. In fact,

lim 1 +cos(f) oo
6-0 1 —cos(f)

since 1 — cos(f) > 0 for small 6 # 0. O
e) lim (1+ 2)*
T—r00
Solution. This expression looks like 1°°, which is an indeterminate form that we must
manipulate in order to apply L’Hospital’s rule.

. In(1+ 2

T

This last expression is of the form 0/0 so we may apply L'Hospital’s rule.

1 -2
. 1(1+)H. 142" 22 . 2 2
Jip win(l43) = Jim = i o = i e = =2
Thus lim (1 + %)x = lim exln(H%) =¢?
Xr—r0Q0 Xr—r00
since e® is a continuous function. O

5. Find the general antiderivative of the following functions.

a)f(:v): —5x® — 3x + 19 Fz)=qa* — 323 - 32 + 192+ C

b) g(t) = t—2 — 8Vt =3t72 — gt/ Gt)=-3t"1-8-2324+C=-3 1324 C
o) f(x) = 3¢” +3 Flz) = 3¢ + 2In(x) + C

d) f(t) =si ()—5sec (t) F(t) = —cos(t) — 5tan(t) + C

e) g(z) = 4smlh( ) — 3 cosh(x) G(z) = 4cosh( ) — 3sinh(t) + C

f) fz) = F(z) =sin!(z) + C



6. Suppose f”(x) = —2+ 12z — 1222, f(0) =4 and f(1) = 6. Find f(z).
Solution.
f'(x) =122 + 122 — 2 = f'(2) = —42° + 62 — 20+ C

= f(r)=—-2*+22° 2> +Ca+ D
Since f(0) = 4, we must have,
4=f(0)=—(0)*"+2(00°—-(0>*+C0)+D = 4=D
So f(z) = —a* 4 22® — 2? + Cz + 4. Then we use f(1) =6 to get,
6=Ff(1)=—(1)"+201-(1)*+C(1)+4 = 6=C+4 = C=2
So f(z) = —at + 223 — 2% + 22 + 4. O
7. Suppose the acceleration of an object is given by a(t) = 2t + 1. Find the position z(t) if
z(0) = 3 and v(0) = —2.

Solution.
alt)=2t+1 = v(t)=t*+t+C

Since v(0) = —2, we must have,
—2=0(0)=(0074+0+C = —2=0C = v(t)=t*+t—2
vt) =t +t-2 = 2(t)=3*+ 1 -2+ C
Since z(0) = 3, we must have,
3=x(0) =3(0)> + 1(0)* - 2(0)+ C = 3=C
— 2(t) = 3t° + 3* — 2t + 3
O

8. Approximate the area under the curve f(z) = sin*(x) from r = 0 to x = 7 using 4
rectangles with function values evaluated at:

a) left endpoints; b) right endpoints; ¢) midpoints

Round your answers to 4 decimal places. Use your calculator to find the error in each
approximation.

Solution.

[e=]

0 1

| | Ax =7 =
3r T
4

-]
N

N S

a) Left endpoints

L, = Ax [f(O) + f(m/4) + f(w/2) + f(37r/4)} = %[sinQ(O) + sinQ(g) + sin2(%) + sinQ(‘%)}
2] =2 ~ 1.5708

N

In this case, the answer is exact and the error is 0.



b) Right endpoints

Ry = Ax[f(n/4) + f(7/2) + f(3n/4) + f(m)] = F[sin*(%) + sin®(5) + sin®*(2F) + sin®(m)]
=7[2] = Z ~ 1.5708

In this case, the answer is exact and the error is 0.
c¢) Midpoints

My = Az[f(r/8) + f(31/8) + f(57/8) + f(7m/8)] = Z[sin®(%) + sin®(3F) + sin®(5F) + sin®(

2[2] = Z ~ 1.5708

In this case, the answer is exact and the error is 0.
O

9. Express the following integral as the limit of Riemann sums and then evaluate the limit.

/04@ _ ) da.

Solution. f(z) =z — x?

Ap = 40 _ 4
z0=0, x, =4
Ry=) fla)Ae=) (xi—af)- 3= (F—(2)?°) 1=) %%
=1 =1 =1 =1
160 16~. 16 n(n+1) 16n%4+ 16n 8
N 2lETaliTe T s T e oty

i=1 =1
i 642  6dx~ ., 64 m(n+1)2n+1)  128n° + 19202 +64n 64 32 32

— ==Y = -
— n3 n3 4 - n3 6 6m3 3 n  3n?
1= 1=

and
Putting these into the expression for R, gives,
4
8 64 32 32 64 40
/O(x %) dx Jl_gloRn n11_>rrolo(8+n) <3+n+3n2) 8+0 (3+O+O) 3
OJ

10. Use part one of the Fundamental Theorem of Calculus to find the derivative of each
function.

2z 0 2z T 2z
a) f(z) = / e dt = / e dt +/ e dt = —/ e’ dt + / e dt
T T 0 0 0

By the Chain Rule, f/(z) = —e% + e .2 = —¢7* 4 2¢%°

b) f(z) = /lﬁln(l + %) dt



11.

Since %\/E = %:L"*l/2 = -1, we again use the Chain Rule:

2¢/z?
f/<x) — ln(l + (\/5)2) . 2\1/5 _ ln(zl\;;q;)

Use part two of the Fundamental Theorem of Calculus to evaluate the definite integrals.

8 8
a) / 23 do = 3:31/3‘ —3(8)Y% —3(1)/*=6-3=3
1 1

b) /13 (%2*%3) dt—/13<t‘2+t‘3>dt— (' =5t = (—%—%)
- (-0)- 0D (- ()33

w/2 /2
c) / sin(f) df = — cos(6)
0

3

1

= —cos(m/2) + cos(0)=—-0+1=1

0

/3 /3
d) /o sec(6) tan(0) df = sec(@)‘o/ =sec(m/3) —sec(0) =2—-1=1

3 3
e)/ ed:c:e:c’ =e3 —e(—3) =6e

_3 -3

Y oa 4 @ -1 Yo -1 0 -1
f)/o (e - 1+x2) dr = (¢® — 4tan ' (x)) ‘0_ (¢! —4tan™'(1)) — (" — 4tan"'(0))
=(e—4-3)-(1-4-0)=(e—m)—(1)=e—7m—1



